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I^REFACE TO THE FIRST EDITION. 



This work was commenced by Mr. Gregory in the course 
of the year 1842 ; and in the Autumn of 1843 had received 
his final revision as far as the end of Chapter xi.: he had 
likewise made numerous extracts from various sources pre- 
paratory to writing Chapters xii., xiii., xiv., XV.; and had 
arranged a collection of Problems which, with slight additions, 
forms the subject of Chapter xvi., the last of the Treatise. 
His further progress in this work was unhappily arrested by 
death. 

Having, in accordance with the last wishes of my most 
valued friend, undertaken the completion of this work, I have 
fulfilled my task to the best of my ability. It is hoped that 
the natural diflSculty of bringing to a conclusion a treatise 
commenced by another, will secure for me the indulgence of 
the reader. 

The principal object of this Treatise is to develop a system 
of Solid Geometry, in a form suitable to mathematical students, 
by means of symmetrical equations. The general advantage 
of symmetry in this branch of mathematics is so striking, 
that the utility of such a work will be at once recognized. 



VI PREFACE. 

There are undoubtedly many cases in which unsymmetrical 
methods have the advantage of brevity; a bigoted adherence 
to symmetrical investigations has therefore been avoided. 

It is scarcely necessary for me to state that I have derived 
great assistance from Leroy's OSoniitrie des Trow DvnenstonSj 
Moigno's Calcul Diff^rentiel,, Gregory's Examples of the Pro- 
cesses of the Differential and Integral Calculus^ and from 
several articles in the Cambridge Mathematical Journal. My 
numerous obligations to my mathematical friends have been 
acknowledged in the course of the work. 

WILLIAM WALTON. 

Cambbidoe, January f 1845. 



PREFACE TO THE SECOND EDITION. 

In preparing for the press a Second Edition of Gregory's 
Treatise on Solid Geometry, I have carefully revised the 
original work and effected various alterations throughout, 
which it would be useless to enumerate. It is proper how- 
ever that I should acknowledge my obligations to Professor 
Thomson, whose valuable papers in the fourth volume of the 
Cambridge Mathematical Journal on the "Reduction of the 
General Equation to Surfaces of the Second Order," and " On 
the Lines of Curvature of Surfaces of the Second Order," 
have been incorporated in this work in place of the investiga- 
tions which appeared in the former edition. In the Appendix, 
I have given, together with some other matter, demonstra- 
tions of several theorems otherwise established in different 
parts of the treatise, some of which may be read by the 
Student as more simple than those in the body of the work, 
and others as mere varieties. The general design and arrange- 
ment of the work have not been changed. 

WILLIAM WALTON. 

Cambbtdoe, December y 1851. 
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APPLICATION OF ANALYSIS 



TO 



SOLID GEOMETRY. 



CHAPTER L 



EXPOSITION OF PRINCIPLES, AND FUNDAMENTAL THEOREMS. 



Elementary Notions, 

Art. 1. It Is necessary for the Application of Analysis to 
Geometry that we should have the means of expressing by 
symbols, not only the absolute magnitudes of geometrical quan- 
tities, such as lines, areas, angles, &c., but also the positions 
of points. Our habit of denoting arithmetical quantities by 
a single symbol naturally leads us also to denote the simplest 
geometrical magnitudes by a single symbol, and thus we re- 
present straight lines of different lengths by such symbols as 
o, J, a?, y, a, )8. An area is denoted by the product of two, 
and a solid by that of three such symbols considered as numbers. 
Angles, being a species of geometrical magnitude not homoge- 
neous with straight lines, we shall denote also by single letters, 
using generally the Greek letters \, /x., v, ^, <^, yfr. Functions 
of angles, such as sines, cosines, &c., we shall often denote 
also by single letters : they may always be considered as the 
ratios of two of the symbols of straight lines, 

2. The position of a point in space is determined by re- 
ferring it to three fixed lines intersecting each other in one 
point. And the mode by which this is done is the characteristic 
feature of the Application of Analysis to Geometry. 

B 



2 ELEMENTARY NOTIONS. 

Any fixed line is called an axis^ and the three fixed in- 
tersecting lines are called the coordinate cuces^ their point of 
intersection being named the origin. Each of these lines may 
be considered as determined by the intersection two and two 
of three planes. Thus, in fig. (1), if Oxj Ot/j Oz^ be the three 
coordinate axes, the origin, we may consider the axis Ox 
as the intersection of the planes zOx and t/Ox] the axis Oy 
as the intersection of zOy and xOt/^ and the axis Oz as the 
intersection of xOz and yOz. These planes are termed the 
coordinate planes^ and may be used as fixed planes to which 
the position of a point in space may be referred. In speaking 
of these planes we shall call xOy the plane a?y, yOz the plane 
y«, and z Ox the plane zx. 

3. To shew how a system of coordinate axes may be used 
for determining the position of a point in space, let P (fig. 1) 
be a point situate within the solid angle Oxyz^ and through P 
draw Pu4, PP, P(7, parallel to the three coordinate axes 
Oa?, Oy, 0«, respectively, and meeting the coordinate planes 
in -4, P, (7; then the position of the point P is known if we 
know the lengths of the lines PA^ PB^ and P(7, which are 
called the coordinates of P. For if along the line Ox we mea- 
sure a length OD equal to PA^ and through D draw a plane 
parallel to the plane yOz^ every point in this plane has a 
line equal to OD or PA as its coordinate parallel to Ox. In 
like manner, if we measure along Oy and Oz lengths 0-B and 
OF equal to PB and PG respectively, and through E and F 
draw planes parallel to zOx and xOt/^ every point in the 
former has its coordinate parallel to Oy equal to OF or PB^ 
and every point in the latter has its coordinate parallel to Oz 
equal to OF or PC, Hence, the point which is detetmlned by 
the intersection of these three planes has for its coordinates 
parallel to Ox, Oy, Oz^ the lines P4, PP, P(7, respectively. 
In other words, the position of the point P is detemiined by 
the preceding construction, and therefore the position of a point 
may be considered as known when the lengths of its coordi- 
nates are given. 



V 

ELEMENTARY NOTIONS. . . 3 

It is easy to see from the figure that the intersections of 
the three planes drawn through D^ E^ and F^ with each other 
and with the coordinate planes, determine a parallelepiped, of 
which O and P are opposite solid angles. Hence we may obtain 
the point P by a simpler construction ; for, since OD = PA^ 
DC = OE = PB^ if along Ox we measure OD = PA^ and at 
D draw DC parallel to Oy and equal to PB^ and through C 
draw GP parallel to Oz^ making it of the given length, the 
point P will be determined. We might of course equally well 
begin by measuring the first coordinate along either of the 
other axes. 

The coordinates PA^ PB^ PCy of a point P being different 
lengths of straight lines are, according to the explanation in 
Art. (1), usually represented by the symbols ar, y, z^ when they 
are indeterminate, and by other letters, as a, i, c, or a, /8, 7, 
when determinate values are assigned to them. 

4. In what precedes we assumed that the point P is within 
the solid angle Oxyz^ and that the coordinates ar, y, z^ are 
measured along Oxj Oy, and Oz^ in one direction only: we 
have therefore as yet the means of determining the position of 
a point only within a limited portion of space. For, since 
the lines which intersect at may be considered as infinite 
in length, the three plioies, which by their intersection deter- 
nAie these lines, divide space into eight solid angles, of which 
we have considered but one. If we indicate by a?', y\ z\ arbi- 
trary points in the prolongation of the axes, these eight solid 
angles may be denoted by 

Oocyz^ Ox'yZj Oxyz^ Oxyz\ 

Oxyz\ Oxyz\ Ox'y'z^ Oxy'z'] 

and for each of these divisions we should require to use a 
separate set of symbols to indicate in which octant the point 
under consideration is situate, so that eight sets of formulae 
would be required in discussing the position of a point in all 
possible positions. The artifices of analysis fortunately enable 
us to avoid this complexity by redncing all these sets to one; 
and this is done by the aid of the algebraical symbols + and —, 
in the following manner. ♦ 

B2 



4 ELEMENTARY NOTIONS. 

5. We agree, as may be done consistently with the pro- 
perties of the symbols, that, when starting from a given point 
a straight line of given length is considered as positive, a line 
of the same length measured in the opposite direction is to 
be reckoned as negative. Then, if lines measured from 
towards x (fig. 2) be positive, those measured from towards 
X* are negative; and if lines measured from towards y be 
positive, those measured from towards y are negative; and 
if those measured from towards z be positive, those from 
towards z' are negative. Now the coordinates of a point P 
in the octant Oxyz are measured along Ox^ Oy^ Oz^ and are 
therefore by agreement all positive. But the coordinates of a 
point P in the octant Oxyz' are measured along Ox, Oy, and Oz'] 
consequently the first two are positive and the third negative. 
Hence, any formula involving the coordinates of P may be 
transformed into one involving those of P simply by putting 
— z for z^ or changing the sign of z. In like manner, if we 
have a point P' in the octant Ox'y'z^ its coordinates are mea- 
(mred along Ox\ Oy\ Oz^ consequently the first two are nega- 
tive and the third positive; so that a formula involving the 
coordinates of P may be transformed into one involving those 
of P' by changing the sign of x and of y. In a similar manner 
we may proceed fo:^ ifll the octants according to the following 
scheme : — 

JH the octant Oxyz the coordinates are + x, + y, + «, 

Oxyz -a?, +y, +«, 

Oxy'z +a:, - y, -\- z^ 

Oxyz' +fl?, +y, -2J, 

Oxy'z +fl?, -y, -2?, 

....•* Oxyz' — a?, +y, — 0, 

Ox'y'z -ir, -y, + «, 

^Ox'y'z' -a?, -y, - «. 

It appears then that by supposing each of the quantities 
a?, y, «, to be both absolutely positive and absolutely negative, 
and by combining these in all possible ways, we can represent 
the position of a point in any octant, that is, in any part of 
space. 
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6. In defining the coordinate axes we made no restrictions 
as to the angles at which they are inclined to each other, but 
it is usually most convenient to use as coordinate axes three 
straight lines which are at right angles to each other: such a 
system is called a system of rectangular coordinates. 

Interpretation of Equations, 

7. The results of the applications of Analysis to Geometry 
are expressed in equations involving the coordinates which 
have been denoted by a?, ^, « ; we must therefore, before pro- 
ceeding further, consider what is the geometrical interpretation 
of such equations. Let us take a single equation, such as 

/(^9 y? ^) = : 

this may be considered as a relation which enables us to deter- 
mine any one of the variables when the other two are given, 
two being always arbitrary. Let these be x and y, so that the 
equation is equivalent to another of the form 

then we are at liberty to assign arbitrary and independent 
values to x and y, and for every such pair we obtain from the 
equation a definite value for z. Now to 'every pair of values 
ofic and y there corre^onds a point in the plane of ocy ; and 
i^hrough this we draw a line parallel to the axis of «, and 
measure along it a length equal to the value of z given by 
the equation, it is clear that we shall in that way obtain a 
series of points constituting a surface^ not forming a solid, since 
we take only one point in each coordinate parallel to the axis 
of «, which is drawn through every point in the plane of ocy. 
We here suppose that the equation 

^ = ^ («j y) 

gives only one value of z for each pair of values of x and y ; 
but if it should give several values, the only difference is that 
in each coordinate parallel to z we must take a determinate 
number of points, and these taken together will constitute a 
surface of several sheets. 
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It is to be remarked, that though we spoke of assigning 
arbitrary values to x and y, they must be such as will give 
only 'possible values to z ; that is to say, will affect it with the 
signs + and — only, for we confine our interpretations to such 
results. If the equation cannot be satisfied by combinations 
of possible values of the variables, its interpretation does not 
come within the scope of our present purpose. Should how- 
ever it be possible to satisfy the equation by dividing it into 
a system of two or three other simultaneous equations, it will 
then represent a limited number of lines or of points, according 
ti> a principle of which we shall speak immediately. Thus the 
equation ^^ _ ^). ^ ^_ j^y ^ ^^ _ ^y ^ ^^ 

which is satisfied by no possible values of the variables, except 

a? = a, ^ = J, z = Cj 

represents a point. If the equation be satisfied by several 
distinct independent equations, it represents as many distinct 
surfaces. 

8. If the equation involve only two out of three of the 
variables, it still represents a surface, but one of peculiar kind. 
Thus, if we have the equation 

it is satisfied by certain values of x and y, independently of z. 
Here x and y are no longer both arbitrary, but one is given 
in terms of the other by the equation j to each pair corresponds 
a point in the plane of jry, and the series of such points con- 
stitutes a curve in that plane. If through each point in this 
curve we draw a coordinate parallel to Zj every point in that 
coordinate has the same values of x and y as its coordinates 
parallel to these axes; and therefore the equation 

is true for every point along each coordinate parallel to z drawn 
through each point in the curve. That is to say, the equation 

f{^, y) = 

represents a surface such that every straight line drawn parallel 
to z through a certain series of points in the plane of xy lies 
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wholly in the surface. Such surfaces are called cylindrical, the 
common right cylinder having been the first of the kind of 
which the properties were known. 

If the equation contain only one of the variables, so that 
it is of the form 

f{x) = 0, 

it can always, by the theory of equations, be decomposed into 
simple factors of the form x — a. If the second term of this 
factor, or a, be a possible quantity, the equation 

a? — a = 

indicates a series of points of which the coordinates parallel to 

X are equal, that is, a plane parallel Xo yz\ if the second term 

be not possible we do not interpret the equation. Hence, the 

equation 

f{x) = 

represents as many planes parallel to yz as it contains possible 
linear factors of the form x - a. Thus we see that in all cases 
when a single equation is interpreted, it represents a surface 
of some kind or other. 

9. When two simultaneous equations are given, as 

/(«^? y^ «) = % /i(^j y? «) = Oj 

each of these represents a surface, and, when they are combined, 
the coordinates a?, y, «, must belong to points common to the 
two surfaces, that is to say, to the line of intersection of the 
two surfaces. Hence, two simultaneous equations represent a 
line which will be in general a curve of double curvature, unless 
either one of the equations be that to a plane, or the combina- 
tion of the two lead to the equation to a plane. Since two 
equations may be combined in an infinite number of ways, the 
result of any such combination is the equation to some surface 
which passes through the intersection of the two given surfaces. 
Any such result may be used instead of one of the given equa- 
tions, if such a change conduce to simplicity. Thus, if we 
combine the equations so as to eliminate any one of the 
variables, the resulting equation may be used instead of one 
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of the given equations. Suppose that z is the variable which 
is eliminated, so that 

is the resulting equation. This, by Art. (8), is the equation to 
a cylindrical surface parallel to the axis of z ; and as we may 
obtain similar equations for each of the other axes, it appears 
that any line in space may be considered as the intersection of 
two cylindrical surfaces parallel to two of the coordinate axes. 

10. If we wish to determine the curve in which a surface 
is cut by one of the coordinate planes, as that of ocy for instance, 
we must combine the equation to the surface 

f(x^ y^ z) =0 with « = 0, 

as for all points in the plane of xy the coordinate z is zero: 
these two equations taken together determine the curve of 
intersection, or, as it is called, the trace of the surface on the 
plane of xy. Even though the equation do not contain «, it 
must be combined with the equation 

2 = 0; 

since, when taken by itself, an equation of the form 

represents a cylindrical surface, as we have just seen. 
If, instead of supposing 2 = 0, we combine 

f[x^ y^ z) = with = a, 

we determine the intersection of the surface with a plane of 
which every point is at the same distance from the plane of a?y, 
that is, which is parallel to it. The substitution of a for is in 
the equation to the surface gives 

f{x, y, a) = 0, 

which, considered by itself, is a cylindrical surface, and when 
combined with = it gives us the trace of the cylinder on 
the plane of xy^ which is clearly the same curve as the inter- 
section of f^^x^ y, 2) = with = a. 

Of the intersection of a surface by other planes we shall speak 
elsewhere. 
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11. When three simultaneous equations are given, it is easy 
to see that they are sufficient for determining absolutely the 
values of the three variables cc, y, «, and consequently that they 
must represent one or more points. 

Fundamental Theorems, 

12. Theory of Projections. When a point is referred to a 
plane by means of a straight line drawn parallel to a fixed 
axis, the point where the line meets the plane is called the 
projection of the point on the plane. Thus in fig. (1) A is 
the projection of P on the plane of yzj B is the projection on 
the plane of zx^ and C that on xy. If a series of points, 
forming a line, be in this way projected on any plane, their 
projections constitute a line which is called the projection of 
the line on the plane. 

When one line or several lines connected together enclose 
a plane area, the area enclosed by the projection of the lines is 
called the projection of the first area. If the plane on which 
the projection is made be perpendicular to the fixed axis, the 
projection is called orthogonal, and it is this kind which we 
shall have chiefly to consider: unless, therefore, the contrary 
be expressly stated, the projection is always to be considered 
as orthogonal. 

This idea of projection may, in the case of the straight 
line, be somewhat extended; for if from the extremities of 
any terminated straight line we draw perpendiculars to a line 
fixed in position, the portion of the latter intercepted between 
the feet of the perpendiculars is also called the projection of 
the former line on the fixed line. 

From this definition, combined with what has been said in 
Art. (3), it is easy to see that the rectangular coordinates of a 
point are the orthogonal projections on the coordinate axes of 
its distance from the origin. 

13. The general property of all orthogonal projections of 
bounded straight lines or plane areas, is that the projections are 
equal to the original line or area multiplied by the cosine of the 
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angle between the straight line or plane area, and that on which 
it is projected. This must be proved separately in each case. 

(1). When a straight line is projected on a phine. Let PQ 
(fig. 3) be the given terminated straight line, ABCD the plane 
of projection : draw PM^ QN^ perpendicular to it ; then MN is 
by definition the projection of PQ on ABCD. Since PM and 
QN are both perpendicular to the same plane, they are parallel 
to each other; in the plane therefore in which they lie draw 
PR parallel to MN^ and meeting QN in R^ so that PR is equal 
to MN, Now the inclination of a straight line to a plane is 
the angle which the line makes with the intersection of the 
plane and a plane perpendicular to it passing through the line. 
Since, then, PM and QN are perpendicular to ABCD^ the 
plane of PQMN is also perpendicular to it, and the inclination 
of PQ to the plane ABCD is measured by the angle between 
PQ and MN or the equal angle QPR, Let this be 0^ then in 
the triangle PQR pji = pQ cos^, 

and therefore MN = PQ cos^, 

as was to be proved. 

It is to be observed that we consider the inclination of the 
straight line to the plane to be the acute angle which it makes 
with its projection. 

(2). When a straight line is projected on another straight 
line. Let PQ (fig. 4) be the terminated straight line, AB the 
line on which it is to be projected, and which is not necessarily 
in the same plane with PQ. In such a case, since the lines 
do not meet, their inclination is measured by the angle between 
one of them, and a parallel to the other drawn through any 
point in it. Draw PM, QNj perpendicular to AB', then, by 
definition, MN is the projection of PQ on AB. Through QN 
draw a plane perpendicular to AB, and let R be the point 
where it is met by a parallel to AB drawn through P: join QR. 
Then, since a straight line which is perpendicular to a plane is 
perpendicular to every straight line in the plane, the angle PRQ 
is a right angle ; and therefore 

PR = PQ cos QPR. 
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But since PRMN is a rectangle, PR = MN'^ so that, calling 9 
the inclination of PQ to AB^ we have 

MN = PQ iM^e^ 

as was to be proved. The angle is, as before, supposed to be 
the acute angle which PQ makes with AB. 

K instead of two fixed points PQ^ connected by a straight 
line, we have any number of points PQP^ Q^ (fig. 5) connected 
by straight lines PQ, QP^, P^Q^, and if from P, Q, P^, ^^, 
we draw on AB the perpendiculars PM, QN, PJ^i) Q\^\i ^'^ 
whole line MN^ is composed of the projections MN, NM^, M^N^. 
But MN^ may be considered as the projection of a single line 
PQ^ connecting P and Q^] therefore the projection of any 
single line connecting two points is equal to the sum of the 
separate projections of any number of connected lines which 
join the same points. Such a series of lines may be called a 
broken line ; and we may thus say generally, that if any two 
points be connected by a straight line or by any series of broken 
lines, their projections on any line are equal. This is a propo- 
sition which we shall frequently have occasion to use. 

In the figure we have supposed all the separate projections 
to be additive ; but if one of the points, as Q^, were in the posi- 
tion ^j, the projection of P^Q^ must be subtracted: we may, 
however, get rid of the necessity of attending to this. For if 
we consider the angles as measured by the inclination of lines 
estimated all in the same direction, as for instance the inclina- 
tion of PQ to AB and of P^Q^ to AB and not to BA, it is clear 
that the latter will be an obtuse angle whenever by the position 
of Q^ the projection of P^Q^ is to be subtracted; and hence the 
sign of the term is given by the sign of the cosine. 

(3). When a plane area is prelected on a plane. We shall 
begin with a triangle of which one side is parallel to the plane 
of projection. Let ABC (fig. 6) be the triangle, A'B'C' its 
projection, of which we suppose the side B'C to be parallel 
to BC. Through AA' draw a plane perpendicular to BC and 
B'C\ which therefore cuts the triangle and its projection in 
the lines AD and A'U perpendicular to BC and B'C. The 
area of the triangle ABC is then equal to i^BC.AB^ while 
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that of AB'C is equal to \B'C'.A'D' or ^BC.AD'. But 
A'U^ being the projection of AD on the plane, is equal to 
AD coaOj if ^ be the inclination of the plane of the triangle to 
the plane of projection, or of AD to A'D'. Hence we have 

AB'C' = ABCcos0. 

If one of the sides of the triangle be not parallel to the plane 
of projection, we may draw through one angle, as jB, (fig. 6a) 
a plane parallel to the plane of projection and meeting the 
plane of the triangle in some line BD. Then by what has 
preceded, ss A'BD is the projection of ABD^ BCD of BCD^ 
and A'BC of ABC^ we shall have 

A'BD = ABD cos 0, BCD = BCD cos 0; 

since the side BD of each of these triangles is parallel to the 
plane of projection. Hence, subtracting the latter from the 

former, ji'^D - BCD = {ABD - BCD) cos 0, 
or A'BC = ABC CO&0, 

as was to be proved. 

Since every polygon may be divided into a number of tri- 
angles, of each of which the preceding proposition is true, it 
applies also to the sum of the triangles, that is, to the polygon. 
Also, the theorem may, by the method of limits, be extended to 
curvilinear areas, since they may always be considered as the 
limits of polygons of which the proposition is true. 

By means exactly similar to those employed in the case of 
several series of lines terminated at the same points, we may 
shew that if any number of straight lines be connected either 
by one plane area of which they are the boundaries, or by any 
number of plane areas having common edges, the projections of 
all the system of plane areas on any plane are together equal 
to that of the one plane area. 

14. To express the distance between any two points in terms 
of their rectangular coordinates. 

Let PQ (fig. 7) be the two points, and assume Ox^ Oy^ Oz^ 
as rectangular coordinates ; draw PN^ QN'^ parallel to 0«, and 
JVaf, N'M'^ parallel to Oy; then OM, MN, NP, are the co- 
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ordinates of P, and 0M\ M'N\ and N'Q^ are those of Q, Let 

OM^x, MN^y, NF=z, OM'^x^, M'N'^y^, N'Q=:z^] 

let FQ = r, and let X, /tt, v, be the angles which it makes with 
axes of cc, y, and z. On PQ, as a diagonal, construct a rect- 
angular parallelepiped, the sides of which parallel to the axes 
of cc, y, «, are equal to 

^i-^j Vi-yi «i-^- 

Now if we project on PQ the broken line PTSQj we have 

r = {x^ — x) cosX + il/t'-y) cos/Lt H- (^j — «) cosv. 

Again, projecting PQ on the axis of a?, y, and «, we have 

x^ — X = r cosX, y^— y =z r cos/i, 2j — 2 = r cosv ; 

multiplying these equations by x^ — ^j ^i "* y? ^i — ^j respectively, 
and adding, we have, by the previous equation, 

which is the required expression. 

K the point Q be the origin, then x^ = 0, y^ = 0, z^ = 0, and 
we have for the distance of P from the origin, 

OP={x^'^y^^zy. 

15. To eocpress the distance between two points in terms of 
their oblique coordinates. 

Make a construction similar to that in the last article, and let 
a, j8, 7, be the angles between Oy and 0«, Oz and Oxj Ox and 
Oy : then, using the same notation as before, and projecting the 
broken line PT8Q on PQ, we have 

r = (iCj — a?) cosX + [y^ — y) cos/tt + [z^ — z) cosv. 

Again, projecting PQ and the broken line PT8Q on the axis 
of ic, the two projections are equal because PQ and PTSQ have 
the same extremities ; hence 

r cosX = x^ — X + [y^- y) COS7 + (2;^ — z) cos^, 

as 7 is the angle between Ox and Oy, and ^ that between Oa? 
and Oz, Similarly for the other coordinate axes we have 

r C0& fi = y^" y -\- (^1 — ^) cos a + [x^ — x) C0S7, 
r COSV = 2j — « H- {x^ — x) cos/8 -f [y^—y) cosa. 
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Multiplying these equations by x^ — ^? ^i — y? ^i — ^? respectively, 
and adding, we have, in consequence of the preceding equation, 

r* = [x^-xY 4- [y.-I/y + («x-«r + 2(y,-y) [z^-z) cosa 

+ 2 (2?j - z) {x^ - a;) cos /8 + 2 (aij - x) (y, - ^) C0S7. 

It is obvious that this gives us the expression for the length 
of a diagonal of a parallelepiped in terms of the sides and the 
angles which they make with each other. 

16. To find the relation between the cosines of the angles which 
a straight line makes with three, rectangular axes. 

Taking the origin (fig. 8) in the line, let POx = a, 
POy = )8, POz = 7, and let cc, y, «, be the coordinates of any 
point P in the line ; then, if the distance OP be r, we have, 
by Art. (14), 

r = ic + y + « . 

but, since x^ y, 2?, are the projections of r on the coordinate 
axes, we have 

X = r cosa, y =" r cos^, 2 = r CO87 ; 

therefore, substituting for these quantities, we have 

r" = r* (cos^a H- cos^^ + cos''7), 

or cos^a + cos^/S + cos*7 = 1, 

a very important relation, to which we shall frequently refer. 
The cosines of the angles which a straight line makes with the 
coordinate axes are quantities which we shall often have occasion 
to use, and as they serve to determine the directimi of the line, 
we shall call them the direction^cosines of the line; and when 
we wish to speak of a straight line with reference to its direction- 
cosines, which we may call Z, w, w, we shall name it the line 
[Z, 7W, n\. 

17. The preceding theorem enables us to prove a very 
important property of the orthogonal projections of plane areas. 
For since any two planes make with each other the same angle 
as two lines respectively perpendicular to them, if we have a 
plane area perpendicular to the line of which the direction- 
cosines are cosa, cosyS, and cos 7, its inclinations to the co- 
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ordinate planes of yz^ zxj ary, are a, ^, 7, respectively. There- 
fore if the magnitude of the area be denoted by Aj and those of 
its projections on y«, zx^ and ay, by A^, A^, A^j we shall have 

A^=^ A cosa, A^ = A cos/S, A^ = A C0S7. 

Squaring and adding these, and observing that by the preceding 

theorem cos'^a + cos'jS + cos'7 = 1, 

we have A^ = Af + A,^ + A^: 

or the square of any plane area is equal to the sum of the squares 
of its projections on three planes at right angles to each other, 

18. To empress the cosine of the angle between two straight 
lines in terms of the direction-cosines of the lines. 

J£ the lines do not meet, the angle between them is found by 
drawing through any point in the one a line parallel to the 
other. Take this point as the origin (fig. 9) ; let a, )8, 7, be 
the angles which OP, and a^, j8j, 7^, those which OQ makes 
with the rectangular axes. Take in OP any point P of which 
the coordinates are a:, y^ «, and in 0^ any point Q of which the 
coordinates are x^j y^, 2^, and join PQ] let 0P= r^ OQ = r^, 
PQ = S, and POQ (the angle between the lines) = 0, Then, 
in the triangle POQ^ we have 

8'* = r' + rj"-2rrjCOS^; 

but, if we express 8 in terms of the coordinates of its ex- 
tremities, we have, by Art. (14), 

S^^{x^--xY^[y,-yr^{z,-^zr 

= < + Vi + «i' + aj^ + / + 2' - 2 {xx^^yy^^zz^) 
= r* + r,'* - 2 {xx^ + yy^ + zz^). 

Equating these two values of S^, we have 

rr^ cos^ = axCj -f yy^ + zz^ ; 
but x = r cosa, y = ^ cos/8, z = r COS7, 
a?i = r^cosa„ y^ = ^ cos/3^, ^^ = r^ C0S7^, 
therefore cos^ = cosa cosa^ + cos^ cos^^ + C0S7 cos7j. 

19. This theorem proves the following proposition: The 
projection of any finite straight line on another may be found 
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by first projecting the line on three rectangular axes, and then 
takmg the sum of these projections projected on the second line. 
For if r be the length of the finite line, and a, )8, 7, the angles 
which it makes with the axes, its projections on them are 

r cos a, r cosjS, r cos 7. 

Then if a^ j8j, 7^, be the angles which the second line makes 
with the axes, the projections of the preceding quantities on the 
second line are 

rcosacosttj, rcosjScos/S,, rcos7Cos7j, 

and their sum is 

r (cos a cosa^ + cos)8 cos/S^ + C0S7 cos7j) = r cos^, 

being the angle between the lines. 

The same proposition is applicable to a plane area ; so that 
to find the projection of any plane area on a plane it is suflScient 
to project it on the three coordinate planes, and then to take 
the sum of these projections projected on the second plane. 

20. To express the area of a triangle in terms of the axyr^ 
dinates of its angular points. 

This may be most conveniently done by first finding the 
projection of the area of a triangle, one of whose angular points 
is at the origin. Let A OB (fig. 10) be such a triangle, and 
MOM^ its projection; then, if OM = r, OM^ = r^, MOx = ^, 

^1 Ox = 0^, area MOM^ = ^rr^ sm [6 - 0^). 

Let the coordinates of if be a?, y ; and of if^, «j, y^ ; then 

area MOM^ = ^{x^y — xy^^ 

which is the expression for the projection of A OB on the plane 
oixy. 

Now let ABC be the triangle of which the area is to be 
determined: x^ y^ z] aj^, y^, z^^ x^^ y^^ z^^ the coordinates of 
A^ J5, C\ join its angular points with the origin, so as to form 
the three triangles AOB^ BOC^ COA. Then, by what has 
preceded, the algebraical expression for 

the projection on ocy o{ A OB = ^[x^y — xy^^ 

BOC=\{x,y^-x^y,), 

GOA = \{xy^-x^y). 
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But, by Art. (13, 3), since the triangle ABC^ and the three 
triangles AOB^ BOCj COAj are terminated by the same lines 
-4j5, jB(7, CL4, the projection MMJd^ of ABC on xy \& equal 
to the algebraical sum of the projections of the other triangles 
on that plane. 

Hence, calling that projection -4^, we have 

In like manner, if A^^ A^^ be the projections of ABC on the 
planes of yz^ zx^ we have 

But, since the coordinates are rectangular^ we have (Art- 17), 
if -4 be the area of the triangle ABCj 

A'' = a: + a; + A,% 

and thus the area is expressed in terms of the ^coordinates of 
the angular points of the triangle. 

From the nature of projections it appears that the cosines of 
the angles which the plane of ABC makes with the coordinate 
planes of y^, zx^ xy^ are 

A' :/ ' 'A' ^»p^^*^^^iy- 

21« To express the volume of a tetrahedron in terms of the 
coordinates of its angular points. 

Take for simplicity one of the angular points as origin, and 
let OABC (fig. 10) be the tetrahedron ; then if OH be drawn 
perpendicular to the plane of ABCj and be put equal to A, the 
volume of the tetrahedron V= ^Ah^ A being, as in the last 
article, the area of ABC. 

Now since OH is perpendicular to the plane of ABC^ it 
makes with the coordinate axes of a?, y, z^ the same angles that 
the plane of ABC makes with the planes of yz^ zx^ and xy* 
hence, by the last article, if a, /8, 7, be these angles, 

cosa = -f , cosjS = -^ , C0S7 = --^. 
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But if we project the broken line ONMA on OH^ the sum of 
the projections is equal to OH^ since OH^ being perpendicular 
to the plane of ABG^ is perpendicular to every straight line in 
it, and therefore to AH. Hence we have 

, A^ A^ A^ 

therefore, substituting for A^^ -4^, -4^, their values previously 
found, and cancelling the terms which destroy each other, we 
find 

If we wish to introduce the coordinates ajg, ^j, «g, of the fourth 
point, we have merely to substitute x — x^^j V " Vz^ ^ "~ ^8> 

coordinates. 

22. It will be of advantage to premise here several ana- 
lytical theorems which we shall have frequent occasions to 
use. 

I. If ^ = ^ = ^ = &c., 

each of these ratios is equal to 

(g' + a^ + < + &c.)^ 

1 . /Ml + nja. + w « + &c. 

and to — = V' X p — ; 

no H- WjOj + nj)^ + &c. ' 

w, Wj, Wj, &c. being any quantities whatever. 

For, assuming each of the ratios equal to r, we have 

a = ri, a^ ■= ri^, a, = rJ^^, &c. 

Squaring and adding, 

a* + a," + a; -f &c. = 7^(J« + V + V + &C.): 

whence, extracting the root and dividing, 

(J* + ^' + V + &C-)* " i " ^ ~ '^''• 
Again, na «= iTiJ, rifl^ = m^ J^, Wj^a^^ = m^J,, &c. 
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By addition, 

na + fifl^ + njx^ + &c. = r(nb + njb^ + nj)^ + &c.). 

Whence ^ + n,a, 4 «,a, + &c. ^^ ^ a ^^^ 

II. K we wish to determine the variabLes from three simul- 
taneous equations of the form 

ax + hy -\- cz =^ d (1), 

<^.x^ + *,y + <5i^ = ^1 (2), 

instead of eliminating iirst z and then ^, in order to determin 
x^ we may eliminate both at one operation by the following rule : 
Multiply (1) by ijC^- JjC^; (2) by \c — lc^'^ (3) by bc^-\c; and 
add: it will be found that the coefficients of y and z are identi- 
x^y e<|ual to zero^ and we have 

with similar expressions for the othea: variables. If d = 0^ 
rf^ = 0^ ^^2 ~ ^^ ^® equations contain only two independent 
variables, since we may divide all by any one of them ; and 
the coxidition that the equations should coexist is 

We sha!ll frequently refer to this process under the name of 
cross'-multipltcation ; and the student is recommended to make 
himself familiar with the forms of the multipliers, as a readj use 
of the process will be of great servipe to him, 

IIL The sum of three squares of the form 

{bz — cyY + (ca? — azY + (ojf — bx)* 

may be put in a shape whicTi is very convenient, especially in 
geometrical investigations. For if we add and subtract from 
the preceding expression the three squares 

aV^ jy, cV, 

C2 
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the expression may be transformed into 

{a* + b' + <^{x' + i/' + z') -{ax + bi/ + cz)% 

or ^a^^l>^^,)i^^^fW) {l - (,./,r^t,^7;^4 • 

Now, (chap. II. Art. 31) If a, J, c, be taken as proportional 

to the direction-cosines of some one line, and a?, y, «, of another, 

the expression 

ax -{■ by -\' cz 

is equal to the cosine of the angle between the lines: let this 
be ; then the sum of the squares is equal to 

IV. If we obtain as the result of any process that a function 
of X is equal to a fimction of y in which y is involved in a 
manner similar to that in which x is involved in the other, 
then, as there is nothing to distinguish one coordinate from 
another when they are symmetrically involved, we may say 
that each of these functions is equal to a similar function of Zy 
and this is the consequence of the general symmetry of our 
expressions. Thus, if we have two equations 

Ix + my + W2J = 0, 
Vx H- m'y + n'z = 0, 

and eliminate z between them, we find 

{In — Tn) X + [mn — 7nn) y = 0, 



X 



or 



_ y 



mri — mn nV — riV 



here the two sides of the equation are symmetrical, one with 
respect to x and the other to y. We may therefore say that 

each is equal to , , ^ ,, , this being the corresponding sym- 
metrical expression with respect to z. 



( 21 ) 



CHAPTER II. 

ON THE STRAIGHT LINE AND PLANE* 

23« There are two methods which we may use in applymg 
analysis to Geometry: either we may assume equations of 
different forms, and then determine their geometrical meaning ; 
or we may define lines and surfaces hy their geometrical pro- 
perties, and from the definitions determine their equations. We 
might pursue either of these methods exclusively, and so huild 
up a system on a uniform plan ; but we shall find it more con- 
venient to use sometimes one and sometimes the other method. 
In treating of the straight line and plane we shall use the 
second system, because their geometrical definitions are so well 
known, and their chief geometrical properties are so familiar 
to us, that it seems more natural to translate these into ana- 
lytical language than to adopt the inverse process. The surfaces 
of the second order will be treated by the other method. 

In the following investigations the coordinates are considered 
as rectangular, except when the contrary is expressly stated. 

The Stratgltt Line. 

24. To find the equations to a straight line. Take A a fixed 
point in the indefinite straight line AP (fig. 11), and let a, )8, 7, 
be its coordinates. Let a;, y, 2, be the coordinates of any other 
point P in the line, and let Z, m, w, be the cosines of the angles 
which the line makes with the three axes, or the direction-cosines 
of the line. Then, if r be the length of the portion AP of the 
line, a? — a, y — /8, « — 7, are the projections of r on the axes 
of £c, y, «, respectively. But, by the nature of projections, 

X — OL =^ Ir^ y — = mr^ z — y =^ nr, 

TT , x — ay — Bz — y ,,. 

Hence we have — = — = ^^ —= (1). 

I m n 
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These three equations are equivalent to two only, as any one 
may be derived from the other two; and as they express two 
relations between the coordinates of P, which is any point in 
the straight line, they are the equatwns to the line. 

As these formulae express the equality of three ratios, it is 
often convenient to denote each of them by the single quantity 
r, to which they are each equal. 

25. It is evident that we may write the equations to the 
straight line under the form 



L M N 



(2), 



if i = AZ, Jf = km^ N => kn^ k being an arbitrary multiplier; 
that is, if L^ M^ N^ be proportional to Z, w, w. Consequently, 
if we have given equations of the form (2), they represent a 
straight line, and the quantities i, Jf", N^ are proportional to 
the direction-cosines of the line. The quantities a, yS, 7, are 
always the coordinates of a point through which the line passes. 

26. There is also another form in which the equations to the 
straight line may be written: for if we combine the first and 
third members of (2) and also the second and third^ we have 

«? = « + j^(^-7), y = /3 + -^(«-7), 

which may be put in the form 

x = az +2>j y =^hz -{■ q (3), 

.. L L 

if -^=a, a --^7=^, 

The form (3) is that which has been usually employed by 
writers on this subject, but it is not so convenient as (1) and (2), 
because the expressions are not symmetrical with respect to 
the three variables cc, y, z. 

We can easily interpret the meanings of the constants in the 
equations (3) ; for, considering the left-hand equation, we see 
that it is the equation to a straight line in the plane of xz^ 
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18 eyidently the projection of the given line on that plane. 
Now a 18 the tangent of the angle at which this projection cuts 
the axis of Zj and p is the portion of the axis of x intercepted 
between the origin and the projection. In like manner b is 
the tangent of the angle which the projection of the given 
line on the plane of yz makes with the axis of z^ and q is 
the portion of the axis of y which is intercepted between the 
origin and the projection. 

27. The position of the line will vary according to the 
values of the constants in its equations, and some of the more 
important cases we shall here consider. 

In the equations (2), if a = 0, ^9 = 0, 7 = 0, the line passes 
through the origin, and its equations are then 

L M N ^^'' 

If any one of the denominators vanish, as if X = 0, then, 

in order that the three equations may exist, the ratio — ~ 

Li 

must not become infinite; and this can only be avoided by 
making it indeterminate, or of the form g, that is, by putting 
a; — a = 0. Now 2/ = implies that ? = 0, or that the direction- 
cosine with respect to a? is 0; that is, that the line is at right 
angles to the axis of x^ and therefore parallel to the plane of yz. 
Hence, equations of the form 

•^ °^? M ^ N ^^' 

represent a straight line parallel to the plane of yz\ and 
similarly for the other coordinate planes. 

K two of the denominators vanish, as i = 0, JIf = 0, It 
follows that a;-.a = 0, y-fi = (6), 

which in this case are the equations to the line. Since i = 0, 
Jlf=0, imply that the line is perpendicular both to the axis 
of X and to that of y, it must be parallel to the axis of z, A 
line, therefore, which is parallel to one axis is represented by 
making the coordinates with respect to the other axes each 
equal to a constant. 
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If we consider the form (3) of the equations to the straight 
line, ^ = 0, 2 = 0, imply that the line passes through the 
origin, in which case its equations are 

X = az^ y = hz. 

If a = 0, the equations are 

which being of the same form as (5) represent a straight line 
parallel to the plane oi yz. If a = oo , which corresponds to 
-^= in the form (2), the equations (3) fail, and we must 
combine the equations (2) in a different way. Let us then com- 
bine the first and second and the second and third, when we have 

y = /9 + -g (aj-a), « = 7 + j(aj-a); 

in these, if ^= 0, they become 

if a, = -^ and ^, = /S-^-ga. 

These equations, by what has just been said, represent a straight 
line parallel to the plane of xy. Hence, if in the equations (3) 
either of the coeffiuiients of z becomes infinite, the equations 
represent a line parallel to the plane of xy. 

We now proceed to apply these equations to the solutions 
of problems relating to straight lines* 

28. To find the angles vyhick a given straight line makes 
with the coordinate axes. 

Let the equations to the line be 

X — a^y — p^z-'y 

then, if \, fij v, be the angles which the line makes with the 
axes, we have, by Art. (25), 

L = h cosX, M= k cos/A, N= k cos v. 
Squaring and adding these equations, and observing that 

cos'X + cos'* /A + cos*v = 1, 
we have L' -^ M' + 2P = k\ 
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and consequently 

L M 

COSX = //T» . TIT* ■ \7«\ ) ^8/* = 



^{U + M^ + N^)' ^"'^ V(i« + Jlf«H-iV^«)> 

N 

^^'''' ^{L' + M' + N*)^ 

It is to be remarked that each of these expressions admits of 
two values in consequence of the double sign of the radical 
in the denominators, but, as the same sign must be taken in 
each case, there are only two sets of values for the cosines, 
corresponding to the supplementary values of the angles \, /iy Vf 
made with the positive axes of a;, y, Zj by the two portions of 
the line measured in opposite directions from any point in it. 
It is necessary to make some convention respecting the mode 
in which the angles X, /i, v, are to be measured, and that which 
is always used is that they are the angles made with the axes 
by that portion of the line which makes an acute angle with 
the positive axis of z. This implies that cosv is positive, and 
therefore that the radical has the same sign as N. 

29. To find the equation to a straight line which pa^saes 
through two given points. 

Let the coordinates of the points be oj^, y^, z^\ cc^, y^, 2^; 
and the assumed equations to the line be 

a?— a_y — /8_2 — 7 

in which a, ^8, 7, and the two ratios between L^ M^ Nj are 
to be determined in terms of a?j, y^, z^^ x^j y,, z^. In order 
that this line may pass through one of the given points, as 
the first, it is sufficient to make a = a?^, iS = y^ 7 = «i, as 
a, fij 7, are the coordinates of some point through which the 
line passes. The equations then become 

x — x^ V — V. z — z. 



- y-yi » ^_- 



L M N ' 

But, if the line is to pass through the point (aj,, y^, «J, these 
quantities must satisfy the preceding equations; therefore 



L M " N" 
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Eliminating L^ Jf, N^ by dividing the first set of equations by 
the second, member by member, we have 

^^-^x y^-y, «2-«i' 

as the required equations. 

30. To find the condition iJuit two straight lines may intersect^ 
and the position of the point of intersection. 

Since two straight lines in space are not necessarily in the 
same plane, and since two lines which intersect must be in the 
same plane, some relation must exist between the constants in 
the equations to the lines, in order that they may intersect, 
and the condition must be also that which holds in order that 
the two lines may be in one plane. Let the equations to the 
lines be 

—7- =^47^ = —-^ = ^ l)j 

c m n 

V ~ m' ~ «' ~ ^ '' 

Z, »», n; Z', m', w', being the direction-cosines of the lines. 
These may be written in the forms 

a; = a H- Zr, y =^ fi -{■ mr^ z = y + nr (1'), 

a; = a' H- ZV, y = ^ + rn!r\ 2? = 7 + n'r (2'). 

If the lines meet, the coordinates a?, y, «, of the point of 
intersection must satisfy the equations to both lines. Hence, 
a?, y, z^ are the same in (1') and (2') ; therefore, subtracting 
each equation of (2') from the corresponding equation of (1'), 
we have a^ a + Ir - I'r =0. 

)8 - )8' + wr - mr = oi (3). 

7 ■— 7' + wr — nr = oj 

These three equations contain only two variables, r and r', 
and therefore, in order that they may co-exist, there must be 
some relation between the constants, which is the condition we 
are seeking. On eliminating r and r' by cross-multiplication 
(Art. 22), the condition is found to be 

{m'n'-mn){a-a) + («7- nV){fi-^fi') + {Tm - Zm')(7-7') = 0...(4). 
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To determine the position of the point of intersection, elimi- 
nate r between each pair of the equations (3), which gives 

{rrin^mti) r' = n(/8-/8') - m(7-7'), 

(n7-nn r' = ^(7-7') - n(a-a'), 

(Z'w - Jmi) r' = m(a- a') - l{fi^ ^). 

Squaring and adding these, we have 

{m'n - mny + {nl - nl'Y + {I'm - Im'Y ' 

00 that r'j the distance of the point of intersection from the 
point (a', fi'j 7'), is determined. 

If -=—; = —, the equation of condition (4) is satisfied 

independently of a, /8, 7, a', /9', 7', but then the value of r' 
becomes infinite, shewing that the lines intersect at an infinite 
distance or are parallel, as will be seen in Art. (32). 

If the equations to the straight lines be ^ven under the forms 

X = az +PJ y = hz + q^ 
X = a'z +ji>'y y z=h'z + q'y 

the condition that they may intersect is 

a — a __h — V .. 

~ ZJ •" "Z ~t \y)* 

31. To find the angle between two straight lines the equations 

to which are 

a; — gy — i8_ g--7 

~ir " ""IF" "■ "^^ ' 

0? — a' _ y — /8' _ 2 - 7' 

By Art. (18), if 5 be the angle between the lines, and \, /*, v, 
V /i', f', be the angles which they make with the axes, 

cos5 = cosX cosX' + cos/i cos/i' + cosv cosv'. 
Substituting for the cosines their values given by Art. (28), we 

have LL' + MM' + NN' 

cos^ = 



{U + Jlf '^ + iV^*)* [L'^ + M'^ + N'y ' 
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from which we also obtain 

. ^ [{MN' ~ M'Ny + [NL ~ N'Ly + {LM' - LUy]^ 

The expression for the cosine admits of two values, positive 
and negative, corresponding to the acute and the obtuse angles 
which the two lines make with each other. The expression 
for the sine will also have two equal values with opposite signs. 
In fact, suppose the angle A OB between two lines AOA\ 
BOB\ intersecting in 0, to be equal to co. Then, if AOA* 
revolve through an angle w, or, in the same direction, through 
an angle tt + o), the two lines will become coincident. Hence 
5 = ft) or = TT -f- ft), and sind = sino) or = — sin ft). If however 
we restrict ourselves to geometrical inclinations, the expression 
for sin 5 must always be taken as positive. 

32. To find tjie conditions that tioo straight lines may he 
parallel or perpendicular to each other. 

If the two lines be parallel, their direction-cosines must be 
equal ; and as -L, ilf, N^ are proportional to the direction-cosines 
of the one line, and L\ ilf ', N\ to those of the other line, these 
quantities must be proportional ; or 

L" M'" N' 

are the conditions of parallelism. 

If the lines be perpendicular to each other, the cosine of 

the angle between them must be equal to 0, which, by the 

last article, gives 

LL' + MM' + JViVT' = 

as the condition of perpendicularity. 

If, instead of i. My N^ &c., we use the direction-cosines 
ly my Uy V y w', w', wc may put the condition in either of the 
forms 11 + ^^' _|. nn! = 0, 

or [mv! - mnY + [nV - niy -f [Im! - 7m)» = 1, 

the latter being derived from the expression for sin d in Art. (31). 
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The Plane. 

33. To find the equation to a plane. (APPENDIX.) 

For the purpose of investigating the equation to a plane, 
it may be defined as the surface traced out by a straight line 
which moves in such a manner as always to pass through one 
given straight line and to remain parallel to another. The 
moveable straight line is called the generaUyr^ and the fixed 
straight line through which it always passes is called the 
director.* Let the equations to the director be 

x-a^y-l^z-^^^ (D), 

L m n ^ ^^ 

and those to the generator 



X — X y -- y _^z — z 



r 



,(G). 



I' m n 

Since the line (G) remains always parallel to a fixed straight 
line, while it passes through (D), its direction-cosines Z', m\ n\ 
remain constant, while the values of x\ y\ «', vary in such a 
way as to satisfy the equations (D) : this we may denote by 
putting a;', y\ «', for a;, y, z^ in those equations. We then get 

x' — a =^ Ir^ y' — ^ = mr^ 2?' — ry = nr^ 

X — X = I'r^ y — y* = m'r^ z — z ■=■ nr\ 

Adding these equations, we have 

X — d ^ It -^ It (1), 

y — ^ = mr + mr (2), 

« — 7 = wr + nr (3). 

In these equations t depends on the particular point in (D) 
through which (G) passes, and r on the point in (G) which is 
under consideration: but we wish to find a relation between 

* It has been usual, following the French fashion, to give these words 
a feminine termination, and to call them *' generatrix" and " directrix ;" but 
as it is not the custom of the English language to acknowledge the distinctions 
of gender in inanimate objects, I have taken the liberty of so far deviating from 
ordinary practice as to use that form which admits of a plural termination 
in our language; such words as Generatrixes and Direcirixes being scarcely 
admissible. 
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a;, y, Zy which shall be true for all points of (G) in every 
position. Such a relation it is plain we shall obtain by elimi- 
nating r and r' between the equations (1), (2), and (3), since the 
result, being independent of r, r\ (the only quantities which 
particularize the position), must be true for aU positions. The 
elimination is readily effected by cross-multiplication, which 
gives us 

{m'n - mn)[x - a) + (w7 - nH) (y - ^8) + [I'm - lm')[z - 7) = 0. . . (4). 

This is a relation subsisting between the coordinates of every 
point of (G) in every position ; in other words, it is the equation 
to the plane which has been defined as the locus of (G). 

34. We may also adopt a more convenient method for the 
elimination of r and r founded on geometrical considerations. 
Let cosX, cos/i, cosf, be the direction-cosines of a line perpen- 
dicular to the plane containing, and consequently perpendicular 
to both these lines, so that by (32) they satisfy the conditions 

I cosX + rn cos/i + n cosf = 0, 
T cosX + m cos/i + n cosv = 0. 

Then if we multiply (1) by cosX, (2) by cos/6, (3) by cosv, 
and add, the second side of the equation disappears in con- 
sequence of the preceding conditions, and there remains 

{x-a) cosX + {y-fi)co&fi + (2 — 7) cosv = 0.... (5) 

as the equation to the plane. It may also be written in the 
form 

X cosX + y cos/A + z cosv = a cosX -f 13 cos/a + 7 cosv. 

Now cosX, cos/^, cosv, are the direction-cosines of a line 
perpendicular to the plane, and a, ^, 7, are the coordinates 
of some fixed point in the plane. Hence the second side 
of the equation is the sum of the projections of these coor- 
dinates on a line perpendicular to the plane. But this sum 
is equal to the perpendicular from the origin on the plane, 
since one extremity of the broken line a + iS -h 7, being the 
origin, coincides with one extremity of the perpendicular, while 
the other extremity is projected on the perpendicular by a line 
lying in the plane. Hence, calling the perpendicular from the 
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origm 8, we have 

a co8\ + fi cos/i + 7 cosF = 8, 
and a;cos\+ ycos/iH- «co8f = 8 (6), 

which is one of the most convenient forms of the equation to 
the plane. (Appendix). 

Ab we shall have frequent occasion to speak of the line 
which is perpendicular to a plane, it will be convenient to have 
a distinct name for it, and we shall call it the normal to the 
plane, while we shall also call the direction-cosines of the line, 
or cos\, cos fij cosF, the direction-cosines of the plane, cdnce 
they determine the position of the plane as much as that of 
the line. 

35. It appears then that the equation to the plane is of the 
first degree in a;, y, z^ and conversely we may shew that the 
general equation of the first degree can represent nothing but 
a plane. 

The geometrical idea of a plane is that it is such a surface 
that a straight line which passes through any two points in 
it lies wholly in the surface. Now let 

Ax-\'By + Gz = D (1) 

be the general equation of the first degree, which, by Art. (7), 
must represent some surface or other; and let ojj, y^^ 2^, 
a;,, y^, z^^ be the coordinates of two points in the surface, and 
which tibierefore satisfy the preceding equation. Then the 
equations to a straight line passing through these two points 
are, by Art. (29), 

^H^ = lny^ = IZJi = B. (2), 

^,~^, y,-y, «.-«. 

R denoting the value of each of these ratios. Substituting 
in (1) for 05, y, «, their values from (2), we have 

{A {x^-x,) + B{y,-y,) + C(a.-«.)} R-^Ax^ + By^ + Gz^ = D... (3). 

But, since (a;,, y„ «,), [x^, y^, «J, satisfy the equation (I), 

we have Ax, + By, + Cz, = D = Ax^ + By^ + Cz,; 

hence the equation (3) is satisfied id^itically, and consequently, 
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whatever be the value of R and therefore of x^ y^ z^ these 
quantities satisfy the equation (1). But (ic, y, «), are the coor- 
dinates of any point in the line (2); consequently every point 
in the line lies in the surface represented by (1), which is 
therefore a plane. 

36. If the equation to the plane be given under the general 
f"^^^ Ax + By-vCz^ D, 

it is easy to determine the geometrical meaning of the constants 
by comparing it with 

X COS\ + y COS/i + Z COSF = S, 

This comparison gives 

A^hQOB\ B = kcosfij (7=icosv, D = kSj 

A ^ ^ g jP 

COSX cos fl COSF S 

That is, the coefficients of the variables are proportional to the 
direction-cosines of the normal, and the constant term is pro- 
portional to the perpendicular from the origin on the plane. . 

37. Let us now discuss the equation to the plane for different 
values of the constants. 

If -D = 0, the equation is 

Ax + By '{■Cz^Oj 

which is satisfied by a? = 0, y = 0, = 0, or the plane passes 
through the origin. 

If -4 = 0, the equation is ^ 

By-\-Gz^D. 

Now if -4 =5 0, cosX = 0, or the normal is perpendicular to 
the axis of a?, and therefore the plane itself is perpendicular 
to the plane of yz. In like manner, if either of the other 
coefficients of the variables vanish, we shall have an equation 
to a plane perpendicular to the coordinate plane containing 
the variables remaining in the equation. From this it is easy 
to see that the second form of the equations to the straight 
line given in (26) is equivalent to assigning the equations to 
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two planes perpendicular to two of the coordinate planes, and 
so determining the position of the line. 

If J5 ^ 0, (7=0, the equation is reduced to 

Ax = -0, or a; = a, a constant. 

Since 5=0 and (7=0, cos/a = 0, cosv = 0, or the normal 
is perpendicular to the axis of y and that of z^ and tberefone 
to the plane containing them: hence the plane is parallel to 
the plane of yz. In like manner, for the other axes, we see 
that y = ft represents a plane parallel to zx^ and 2 = c one 
parallel to ay. 

From this it is easy to see that 

a; = 0, y = 0, « = 0, 

are the equations to the coordinate planes of yz^ zx^ a?y, respec- 
tively. 

38. If, in the general equation of Art. (36), we make one 
of the variables vanish as Zj we obtain the equation to the inter- 
section of the plane by the plane of ay. This equation is 

Ax + By == i>, 

shewing that the intersection is a straight line. 
If we make y = 0, 2 = 0, we have 

Ax==D, 

as the equation for determining the point at which the plane 
cuts the axis of x. Let p be ij^e distance of this point from 
the origin, then 

P/ 

In like manner, if ^, r, be the corresponding quantities for 

the other axes, 

J? _^ 

Hence the equation to the plane may be put under the form 

X y z ^ 
p q r 

which is often very convenient in practice. 

The quantities p^ j, r, are called the intercepts on the axes. 
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39. To find the angles which a given plane makes with the 
coordinate planes. 

These angles are the same as those which the normal makes 
with the axes. If then the equation to the plane be 

Ax -{' By -^ Cz = i>, 
the equations to the normal are 

ic — a_y — ^_« — 7 
"AT' B C~' 

since -4, 5, C, are proportional to the direction-cosines of the 
normal. If X, /*, v, be the e^ngles which this line makes with 
the axes of ic, y, z^ we have 

A B 

cos A = // At , T>z. ri^\ J cos /A 



c 

which expressions, therefore, determine the angles which the 
plane makes with die coordinate planes. 

40. To find the angle between the straight line and plane^ 
the equations to which are 

x — a^y — ^_z — y 
I m n ' 

I'x + iriy 4- w'is; = S ; 

where Z, tw, w, and l\ m\ n\ denote the direction-cosines of the 
line and plane respectively. 

By the angle between a line and a plane is meant the least 
angle which the line makes with any line in the plane ; that is, 
the angle between the given line and its orthogonal projection 
on the plane. Hence, the given line, its projection, and t^e 
normal to the plane, lie all in one plane, and the angle between 
the line and its projection is the complement of the angle 
between the straight line and the normal. If this angle be ^, 
we have, by Art. (31), 

cos^ = K' -f mm* + «n , 

so that, if be the required angle, 

sin5 = IV + mm* + nn. 
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41. To find the angle between two planes^ of which the 
equatims are Ax + By -^ Cz = 2>, 

A'x + B'y + Cz = D. 

The angle between two planes is the same as the angle between 
two lines drawn perpendicular to them; that is, it is equal to 
the angle between their normals. But the direction-cosines of 
the normals being proportional to A^ B^ (7, A\ B\ C\ we have, 
if 5 be the angle between them, 

AA + BB' + CC 



cos 5 = 



[A' -f i?^ -f cy [A"" + B"" + cy ' 



. ^ [[BG'^B'Cy-^ {GA - CAY -\- [AE - ABY}^ 
or sme/ - ^^, ^ ^, ^ ^y ^^^ _^ jj,« ^ ^„^^ , 

either of which exjM:'essions therefore determines the angle be- 
tween the two planes. 

42. To find the conditions that two planes may he parallel 
or perpendicular. 

If the planes be parallel, their normals must also be pa- 
rallel, and therefore, using the equations of the last article, 
we have, by Art. (32)- 

A" B'" G" 

as the conditions of parallelism. 

The condition of perpendicularity is at once obtained from 
the value of cos^, for, if the planes be perpendicular to each 
other, ^ is a right angle, cos0 = 0, and therefore 

AA + BB' + GG' = 0. 

43. To find the equation to a plane which passes through 
three given points. 

Since the equation to the plane contains only three inde- 
pendent constants, the three conditions of making the plane 
pass through the three given points are sufficient for deter- 
mining the constants in the equation; or, in geometrical lan- 
guage, the position of a plane is determined by making it pass 
through three given points. 

Let the coordinates of the three points be (a?j, y^, ^jj, 

d2 
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(^jj? Vi^i ^2)7 (^89 ^8) ^a)? ^^^ assume the equation of the plane 

it is required to find -4, S, (7, i>, or rather the ratios of any 
three of them to the fourth, in terms of the nine coordinates. 
Now^ if the plane passes through the point {x^^ y^^ 2;,), those 
quantities must satisfy the equation to the plane, so that we 
have the condition 

similarly Ax^ + By^ + Cz^ = i>, 

and Ax^ + By^ + Cz^ = D] 

from which ^ , ^ , and ^ , are to be determined. 

B C 

Eliminate ^ and -^ between these equations by cross-multi- 

A B C 

plication, so as to find -y^; similarly for -yr and yri the common 

denominator of the fractions is 
and the numerators are 

^ = ^1^2 - y^^x + ^2^8 ~ ^8^2 + ^8^1 - y^j 

5 = z^x^ - «,ir, + «,aj3 - z^x^ + «3ir^ - Z^X^, 

The results of Chap. L, Arts. (20) and (21), enable us to 
assign geometrical meanings to these expressions ; for, if V be 
the volume of the tetrahedron, of which the origin is the vertex, 
and the three given points are the other angular points, then 

i> = -6F. 

Also, if A^^ A^^ A^^ be the projections, on the coordinate 
planes, of the triangle, of which the three given points are the 
angular points, 

hence the equation to the plane may be put under the form 

Ajc + A^y + A^z = 3 V. (Appendix.) 
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Problems relating to the Straight Line and Plane, 

44. To find ike equations to the line of intersection of two 
planes. 

Let the equations to the planes be 

Ix -f my + W2f = S, 

Vx H- my -f nz = 8', 

When these planes intersect, the coordinates a?, y, z^ of the points 
of intersection are the same for both, and therefore the two 
equations may be taken as simultaneous, and combined accord- 
ingly. Eliminating then, first y and then a;, we have 

(Fm — Im') X = (w w — mn^ z + mS — w'S, 

{rm'-lm')y= {In-Vn) «+ Z'S - ZS'. 

These equations, being of the form (3) of Art. (26), shew that 
the line of intersection is a straight line. 

If both planes pass through the origin, S = 0, S' = 0, and the 
equations to their line of intersection become simply 



X 



_ y _ 



mn — m'n nl — n'l Im - Im ' 

45. To find the conditions that a straight line may he perpen^ 
dicular to a plane. 

Let the equation to the plane be 

Ax + By + Cz=:^ 2>, 

and the equations to the line 

X — a^y — /S^^z — y 

Since the line is perpendicular to the plane, it must be parallel 
to the normal of the plane j but the direction-cosines of the nor- 
mal are proportional to -4, 5, (7, and therefore, by Art. (32), 

L" m:' N 

are the conditions of perpendicularity. Hence the equations 
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to a line, perpendicular to the plane and passing through 
(a, y3, 7), are a; - g _ y - /3 _ g-7 

A " B ' C ' 

46. To find the condition that a straight line may he parallel 
to a plane. 

Take the same equations as in the last article ; then, since 
the line is parallel to the plane^ it must be perpendicular to the 
normal to the plane ; wherefore, by Art. (32)^ 

AL-^-BM-^- CN^O 
is the condition of parallelism. 

47* To find the conditions that a given sfn^aight line may lie 
in a given plane. 

Since every point in the line lies in the plane, the coordinates 
a, )8, 7, must satisfy the equation to the plane, so that one con- 
dition is ^a -f j5/3 -f C7 = D. 

But a line which lies in a plane must be perpendicular to the 
normal ; this gives, as the other condition, 

AL-^-BM+CN^O. 

48. To find the length of the perpendicular drawn from a given 
point on a plane^ the equation to which is given. (Appendix.) 

Let x\ y\ «', be the coordinates of the point, and 

Ax^- By -^-Cz^^ D (1) 

the equation to the plane. The equations to a line perpen- 
dicular to the plane and passing through (x\ y\ «',) are 

X — X ^y — y' __z — z' . 

~r' ~"^B~ " ~c~ ^^^• 

Each of these ratios is, by the Theorem I. of Chap. I., equal to 

{A^ + 5" + C^)* ' 

and also to 

A{x-x') + B{y-y') + C{z-^) 
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Now, if {Xj y, z) be the point where (2) meets (1), the nume- 
rator of the former of these is the perpendicular distance of 
the point from the plane. Let this be S; then, as (a?, y, z) 
is a point in the plane, we have, by (1), 

Ax + By + Cz = i>, 
and consequently 

^_ D-{Ax' + Bi/' + Cz') 

{A' + B' + G')^ ' 

If the numerator be negative, we must then take the denomi- 
nator with the negative sign, since the value of S is absolute, 
and must therefore be considered as positive. 

49. To find the length of the perpendicular from a given point 
on a given si/raight line, (Appendix.) 

Let the coordinates of the given point be a?', y\ «', and the 
equations to the given line 

X — a y — ^ « — 7__ 
I m n ' 

Assume the equation to the line perpendicular to it and passing 
through (a?', y\ z') to be 

X — X ^y — y ^z — z _^ , 
I m n 

Then, if these lines intersect in the point (a?, y, «), / is the 
length of the perpendicular required. Now, eliminating a?, y, «, 
between the corresponding pairs of equations, we have 

a?' — a = ?r — ?r , y' — )8 = mr — mV, z' — y =■ nr — n'r. 

Squaring and adding, and observing that, since the lines are 
perpendicular to each other. 

It + mm + nn! = 0, 
we have (oj' - a)^ + [y' - PY + [z - yf = r» + r'\ 
Again, multiply by Z, m, w, and add ; then 

l[x-a) + m{y'-^) +n{z-'y) =r; 
consequently we have 

r"=(x'-a)'+ (y-/3f +(/-7r- {Z{ir'-a)+m(y-/3) + /i(«'-7)}», 
which determines r', the length of the perpendicular. 



a? — a' _ y — /8' _ « — 7' 
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50. To find the perpendicular distance between two straight 
lines not in the same plane, (Appendix.) 

Let the equations to the lines be 

~7~""^r""~^ ^ ^' 

;, - , X (2). 

I m n 

Through (1) draw a plane parallel to (2)^ and another through 
(2) parallel to (1). These planes will then be parallel to each 
other and at right angles to the perpendicular distance between 
the two lines. Their equations, therefore, will be of the forms 

(x-a) \+(y-)8) fi+ {z^i) v = a (3-), 

(^.a') X + (y-)8') /li + (^-7V = (4), 

the constants X, /Lt, v, being determined by the equations of con- 
dition, lkJtmfi-\-nv^ (5), 

T\-\- mix + Tfiv = (6), 

X«+ ^« + V* =1 (T), 

the last equation implying that we assume the constants to be 
the direction-cosines of the plane. To determine their actual 
values we proceed as follows: Eliminate v between (5) and (6), 
when we obtain 

{^ri — Xri) X + {m/n — rriri) /Lt = ; 

, X ___ /Lt _ V 

wnence ; p — —55 ir^ — % — ; ^7— • 

mn '- mn nC — nt Im — Lm^ 

by the symmetry of the formulae. 

Assume each of these expressions equal to w, and substitute 
the values of X, /Lt, v, in (7) ; we then obtain 

u^ {(mri-^rdnY + (nl -r{Vf + (Zm'- Z'^H = 1. 

Now, by Art. (22), the multiplier of i? is equal to the square 
of the sine of the angle contained by the lines whose direction- 
cosines are Z, m, w, l\ m,^ n\ that is, by the given lines. Let 
this angle be ^, then we have w ^in^ = + 1, and therefore 

Tnn* — m'n __ nl' — n'l ^ _ Im — Z m 

sm^ ' '^ sm^ ' sin^ 
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These constants being thus determined, it is easy to find the 
perpendicular distance required, for it is evidently equal to the 
difference of the perpendiculars from the origin on the planes 
(3) and (4). That difference is 

± {(a-a') X + ()8-/3') /i + (7-7) W; 

so that, if 3 be the required distance, 

^ - {mn - m'n) (a - a') + (wf - nl) (/9 - /8') + {Im' - Im) (7-7') 
o = ± 1 — 3 — ^ 

51. To find the shortest distance between two straight lines. 
Let the equations to the lines be 

^-- « ^ y - ^ ^ g - 7 ^ ^ 

If S be the distance between any two points in the lines, 

which is to be a minimum* Now a?, y, «, are ftmctions of r, and 

^'> y\ ^\ ^^ ^') ^'^^ ^ ^^^ ^' *^® independent ; therefore, making 
the differential of S equal to 0, we have two equations 

[x — cc) dx + [y — y') dy + (« — «') dz = 0, 

(a; -'X')dx + {y-y') dy' + (« - «') dz' = 0. 

But, from the equations to the lines, 

dx ^dy ^dz , dx __ rfy' _ dz' ^ 



I m n I' ni 



n 



' J 



hence, eliminating the differentials by dividing each term of 
the former equations by the corresponding member of the 
latter, we have 

l{x-x') + m {y-y') + n {z-z') = 0, 

I' (a; ^x') + m [y-y') + n {z-z') = 0. 
Now, if Xj fjL^ V, be the direction-cosines of the line S, 
X — x' = X8, y — y' = M'^j z — z' = vS, 
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and the preceding equations become 

l\ + "m/jL -\- wv = 0, 

These conditions shew that the least distance is perpendicular 
to both the given lines, and hence its length is given by the 
solution of the problem in the last article. 

52. To find ike equations to the straight line which cuts at 
right angles two given straight lines. (Appendix.) 

Let the equations to the given lines be 

X- a _ y - P _ z- y 



I m » * 

a; — a' __ y — )8' _ « — 7' 



(2); 



L m n 

and assume the required equations to be 

"' (3). 



X — X _y — y __^z — z 



The values of \, /Lt, v, are evidently the same as those found 
in Art. (50), and we have only to determine a?', y\ z\ now 
these being the coordinates of an arbitrary point in the line, 
we may assume that point to be the intersection of (1) and (3), 
so that these quantities must satisfy the equation (1), or 

aj' — a y' — )8 «' — 7 ,,, 

—T~-—^ ^ = ''' '"PP*''* (*)• 

The condition that (2) and (3) should intersect, is 

{^ - a') (n> - mV) + (y'-P) {I'v- n'\) + («' - 7 ) {m'\ - Z» = 0; 

and, as a;' — a' = a?' — a — (a — a), and similarly for the other 
quantities, this equation may be written 

{x' - a) (n> - mV) i-{y'-fi) [Tv - w'X) -f- {z' - 7) [m\ - Z» = 

(a' - a) (n> - m'v) + (/3' - /S) [Vv - n'X) + (7' - 7) {m!\ - Z» . . . (5). 

Substitute in (5) for {x' — a), {y' — )8), {z' — 7), their values derived 
from (4), so as to obtain an equation in r, which gives 

^ [a' - g) {n'fi ■ m'v) + {13' - /3) {I'v - n'X) + (7' ~ 7) (m'X - I'fi) 
"~ I [n'fi — m'v) -\- m{l'v — n\) + n [m'X — I'fi) 
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The value of r being thus found, those of «', y\ z\ are known 
from equations (4), and thus the line is completely determined. 
If we substitute for X, /a, v, their values, and reduce by means 
of the conditions 

Z* + w* + w' = 1, II -V mm + nn = cos^, 

where is the angle between the lines (1) and (2), we obtain 

_ (g^-g) {l-lcose) + (/3^-/3)(m~m^cosg) + (y-7)(w-n^cosg) 



Oblique Coordinates, 

53. The equations to a straight line, when referred to 
oblique coordinates, are in the same form as when the coor- 
dinates are rectangular, viz. 

I m w ' 

where however ?, w, w, no longer signify the direction-cosines 

of the lines, but the ratios of the projections on the axes of 

any portion of the line to that portion, the projections being 

made by planes parallel to the coordinate planes. For if r 

be any portion of the line between the points (a?, y, «), (g, )8, 7), 

its projections are 

&•, wr, nr ; 

but these projections are also 

a; - a, y - /?, ^ - % 
whence, equating these values, we obtain 

a;->g ^ y-/3 ^ g-7 ^^ 
I m n ' 

The equations of a straight line passing through two given 
pomts (a?j, y^, «j), (iCj, y^, «,), are the same in form as for rect- 
angular coordinates ; that is, they are 

^«-a^i ^9-^1 ^2-^1' 

54. The quantities ?, »w, w, are not independent, but are 
connc,ctcd by an equation of condition which may be found 
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as follows* The distance of the point (a?, y, z) from (a, /8, 7) 
is, by Chap. I. Art. (15), given by the formula 

^ = (ar-a)- + (y-)8)« + (£.-7)« + 2a (3^-/3) (;5- 7) 

+ 2J(«-7)(a;-a) + 2c (a? - a) (3^ - /3), 

where a,. J, c, are the cosines of the angles between the axes 
of y«, zx^ osy. But, from the equation to the line, we have 






^7 



and hence, eliminating a? — a, y — )8, « — 7, we find 

1 = ? + w* + n'* + 2a7/wi + 2Jn? + 2clm^ 

as the equation connecting ?, w, w. When the coordinates are 
rectangular, a = 0, J = 0, c = 0, and the condition is reduced to 

as it manifestly ought to be. 

55. To find the angle between two Unes^ the equations to 
which are 

x^a^y — fi^z — ^^ x — oL^y-^'^z — r/ 
m n ^ I m n 

Through the origin draw two lines parallel to the given 
lines so that their equations are 

X y_^__ ^_y__^ / 

I m n ^ I m n 

Now, if ^ be the angle between the lines, S the distance 
between the extremities of r and r', 

S' = r'-2rr'cos^ + r'*: 

but, (a?, y, «), {x\ y\ «'), being the coordinates of the extremities 
of S, we have also 

S* = {x-^Y 4 (y-yr + (^-«T + 2a (y-y) {z^z') 

+ 2& (^- «') (a; - a?') + 2c (a; - x) [y - y') 

= r^ + /" - 2 {xx'-\-yy' -f 2r«'+ a[yz'-\-y'z) -\-h{zx'-^z'x)-\-c[xy'^-xy)]. 

Equating these two values of S*, and eliminating a;, y, «, 
a;', y', «', by means of the equations to the lines, and then 
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dividing by rr\ we find 

cos^ = ZT + wm' + nri + a[inn + m'w) + J(wf + ril) + c(?W + ?'m): 

by which the angle is determined. 

If \, /A, V, be the angles which the line 

X y z 
I m n 

makes with the axes, they may be determined by the formula 
just found. For let the second line coincide with the axis of a?, 
then ? = 1, w' = 0, w' = 0, and ^ = X, so that 

cosX = Z + Jti + cm. 

Similarly cos/a = m -\- cl + an^ 

cosv = n -f am + hi, 

K we multiply these equations by f , m', w', respectively, and 
add, we find ^^g^ — ;' ^j^g^ _l_ ^' ^j^g^ ^ ^' ^^^g^ 

identical in form with the equation in rectangular coordinates, 
though the quantities involved have not the same meanings. 

The condition that the two lines may be perpendicular to 
each other is evidently 

V cosX + W cos/Lt + n cosv = ; 
or V! -\-mnt ^-nn '^a[mri •\-mn)-{-h {nV -\-nT) +c(Zm' + ?m) = 0; 
and the conditions that they may be parallel are 

Z+&w + C7?i__«i-|-aw-fcZ_w + am + J^ __ ^ 
T + hn -f cm! m' + art 4- cV ri + am' + iV 

56. The equation to the plane, when referred to oblique 
coordinates, must evidently be of the same form as for rect- 
angular coordinates, viz. 

Ax'\-By-\ Cz = 2>, 

since the equations to the straight lines, from which it is derived, 
are of the same form in both cases. 
If the equation be in the form 

X y z ^ 
p q r ' 

J?, g', r, are the intercepts of the axes, exactly as with rectangular 
coordinates. 
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57. To find the conditions that the straight line 

U^ = '- (1) 

I m n 
may be perpendicular to the plane 

Ax + By^- Gz = D (2). 

If the straight line be perpendicular to the plane, it must 
be perpendicular to every straight line in the plane. Let the 
equations to any one of them be 

^^y^^lZLl (3); 

L m n 

then r, rri^ w', must satisfy the equation 

AT + Bm + (7n' = (4), 

since the line lies wholly in the plane. But the condition that 
the line (1) should be perpendicular to (3) is, by Art. (55), 

It 4- mm' + nn! -\-a[mn' + m'n) -\-l{nT + w Z) + c {Im' -\-l!m) = 0...(5). 

The equation (5) is to subsist for all values of ?, m', w', which 
satisfy the condition (4) ; therefore, if we were to eliminate one 
of them as n\ we should have an equation involving the other 
two T and m\ and as these are independent, their coefficients 
must separately vanish. But it is more convenient to use the 
method of indeterminate multipliers. Multiply then (4) by a 
quantity 4, and subtract from it (5) ; then if we assume, as the 
condition for determining i, that the coefficient of T shall vanish, 

we have 

TcA = Z -f iw + cm ; 

and, as w', n', are independent, their coefficients must vanish 

separately: hence 

hB = 7w + cl + a/i, 

hC =^ n + am -I- hi) 

which are the three required conditions. The quantity k is 
easily determined; for, if we multiply by Z, m, n, and add, 
we find, by the condition of Art. (54), 

k[Al+Bm^Cn) = l, or k = j^-^-±^-^-^. 
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58, Oblique coordinates may be conveniently used for de- 
monstrating various properties of the tetrahedron. 

(1). The straight lines joining the middle points of opposite 
edges all pass through one point. Take (fig. 12) one of the 
summits as origin, and the thrpe contiguous edges OA, OB^ OG^ 
as the axes of a;, y, z. Then, if P be the middle point of AB^ 
and Q of 0(7, PQ is one of the lines which we have to consider. 
The general equations to a line passing through two points are 

X — X, V — V, z — z. 



_y-yx _ 



^^ - ^1 y^ - Vx \ - «i 

Let 0A = 2a^ 0B=2b^ 0(7 = 2c; then the coordinates of 
C(^i5 i/ii «i) are 0, 0, c, and those of P[x^j y^, «J are a, ft, 0; 
so that the equations to PQ are 

X ^y ^z — c 

a b — c ' 

In like manner, the equations to the line joining the middle 
points of OB and AG are -► 

X y — i « 
a — J c ' 

and those of that joining the middle points of OA and BG are 



X — a 



y^_z_ 



— a h c 
Combining the first and second equations, we find 

a b c 

^=2^ 2^==2' ^^2' 

values which also satisfy the third equations; consequently all 
three lines pass through the point of which these are the co- 
ordinates. 

(2). K through three conterminous edges planes be drawn 
bisecting the opposite edges, they will intersect each other in 
the same straight line. The figure being the same as before, 
and the edges at being taken as those through which the 
planes are to pass, the equation to the plane passing through 
OG and bisecting AB is 

?-^=0 
a o 
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Similarly, the other two equations are 

2^-^ = 

Z X ^ 

:=0; 

c a 

and it is easily seen that these are satisfied by the relations 

a b c' 

which are therefore the equations to one straight line in which 
the three planes intersect 

(3). The six planes which pass through the six edges of 
the tetrahedron and bisect the opposite edges, all pass through 
one point. 

Three of these planes are those which have been considered 

in the last problem, and it is obvious that their equations are 

satisfied by the coordinates of the point found in the first 

problem, viz. 

a __ i __ c 

^""2^ y-2' ^""2* 

But that point is, by construction, synmietrical with respect to 
the tetrahedron, and therefore the three planes which pass 
through the edges terminated at -4, will also pass through it, 
and hence that point is common to all the six planes. 

The point in question is the centre of gravity of the solid. 



( 49 ) 



CHAPTER III. 

TRANSFORMATION OF COORDINATES- 

As the origin and direction of the axes to which the position of 
a point in space is referred are quite arbitrary, and as the 
sunpUc^jr of oar expressions may be very much affected by 
the choice which we make of these, we proceed to establish 
formulae for changing one system of coordinates to another. 

59* To change the origin of coordinates^ the axes remaining 
parallel to their original positions^ 

Let (fig. 13) be the origin of the old axes Ox^ Oy^ Oz ; 
0' the origin of the new ax«s 0'x\ (7y', (7«', parallel to the 
former. Let the coordinates of 0', referred to the old axeei, be 

OQ = 0L, QB^fi, ait = y. 

Let P be any point in space, and let its coordinates, referred to 

the old Axes, be 

OM=x, MN = y, PN==z, 

and those referred to the new axes 

aM' = x\ M'N'=y'^ PN'^s^. 

Then, a« 0M= OQ 4 QM = OQ -^^ O'M', 
MN^ QR + LN^QB -^ M'N', 
PN^ NN' -f PN' = aB + PN% 
we have a; s= a + a?', ^ = fi + y'^ z = y + z' (1), 

as the expressions for the old coordinates in terms of the new. 
These being substituted in any fimction of the variables Xj y, «, 
give a result involving a;', y'^ z\ and therefore referred to the 
new coordinates. 

In the figure O has been assumed to lie within the positive 
axes of the old system, and P within tliose of the new. But if 
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either chance to lie in the direction of any negative axis, the 
formula is easily adapted to such a case by a changp of sign. 
Thus, if O' be the new origin, 

OJf = MQ - OQ = M'O' - 0Q\ 

or X = x' — a. 

In like manner, if PUe towards the negative axis of y', 

and so fortL Hence the formulaB (1) are true for all cases, if 
we attach to the quantities involved their proper signs depend- 
ing on their positions relative to the origins. These formulae 
hold equally for rectangular and oblique coordinates. 

60, Toj>a8$Jrom a rectangular system to any other ^ the origin 
remaining the same. 

Let Ox^ Oy^ Oz^ (fig. 14), be the old axes at right angles to 

each other, Ox\ Oy\ Oz\ the new axes, inclined to each other 

at any angle, 

OJf = a?, MN^y^ NP= «, 

OM' = x\ M'N' = y, N'P = z\ 

Project the broken line x •\- y' -\- z on the axis Ox^ by 
drawing, from JHf ', N'^ P, perpendiculars to that line ; the last 
one PM falls at the extremity of the abscissa x. Hence the 
line OM or x is equal to the sum of the projections of a;', y\ 
and z'. Let a, J, c, be the cosines of the angles which the 
new axes make with the axis Ox ; then, by the theory of pro- 
jections, x = ax -^hy' + cz'. 

We have here assumed that a, J, c, are the cosines of the 
angles which the positive new aoces make with the positive old 
axis of a?, and that in the figure each of the axes makes an acute 
angle with Ox. But if, as in fig. (15), one of the new axes, as 
Oz\ makes an obtuse angle with Ox^ we shall have 

OM = Om' + m'n' - Mn\ 

or a? = oic' -I- Jy' -f cz\ 

the same formula as before, c being in this case negative, as 
it is the cosine of an angle xOz greater than a right angle. 
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If one of the new coordinates, as x\ fall on the other 
side of the origin, the term involving it would be subtracted 
from the others ; and hence in this case also the original formula 
would apply by reckoning x as negative. Therefore in all 
cases we have x^ ax ^ hy' + cz\ -j 

and similarly, y = ax H- h'y' + cV, v^/j ^ 

zr=.a:'x' + h"y'^-d'z\ - 

where a , h\ c', are the cosines of the angles which the new axes 
make with the old axis of y, and a", J", c", of those which they 
make with the old axis of z. These nine quantities are con- 
nected by certain conditions : for, since Ox' is a line, of which 
the direction-cosines are a, a', a", we have, by Art. (16), 

similarly, h^ + V + J"' = 1, [ (3), 

and c* + c"* + c"«=l. i 

61. To pass from one system of rectangular coordinates to 
another also rectangular. 

The formulas in this case are the same as those in the last 
article, with the addition of the conditions expressing the per- 
pendicularity of the new axes. These conditions ape evidently, 
by Art (32), j^ _^ jv + y^' = q^ 

c a =3 0, { 
aJ + a'J' + a" J" = 0. J 

Since between the nine quantities there are six equations of 
condition, there are only three of the quantities a, J, c, &c. 
independent. 

62. There is another set of conditions equivalent to the 
preceding, which may be deduced from the consideration that, 
the new axes being rectangular, any one of the old axes bears 
to the new system the same relation as the corresponding one of 
the new system bears to the old one. The conditions are 

a« + J» + c'* = 1 ^ 

a'^ + l" + c'* = l i (5), 

a"« + i"« J^ c'" = 1 J 

E2 






ca -{- ca -h c"a* =0, > (4). 
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d'a + Wh + d'c = 0, i (6). 

aa + J6' + cc' = 0. i 

63. We may also express x\ y\ z\ in terms of oj, y, « ; for, 
multiply the equations (2) by a, a', a", respectively, and add ; 
then, attending to the conditions (3) and (4), 

X* = (IX -\- a'y ■\ d'z^ ' 

similarly y' =^ hx + Vy + i"«, * (7). 

and z' = ex + dy •\' cz, . 

Cor. Since the distance of P from the origin is independent 
of the positions of the coordinate axes, we have 

Substituting in this equation the values of a?', y\ z\ in terms 
of a?, y, «, and equating coefficients on both sides, we obtain 
the relations (5) and (6), which are therefore merely equivalent 
to (3) and (4). 

64. Besides these there are some other very remarkable 
relations between the quantities a, J, c, &c.; first given by 
Lagrange, Mec. Anal. vol. ii. p. 217. 

Eliminate y' and z' from the equations (2) by cross-multipli- 
cation; we then obtain 

lex' = (JV - h"c') X + {V'c - Id') y + [hd - h'c) «, 
where i = a {h'd' - b"d) + a' [l"c - U") + a" [Id - ft'c). 

Comparing this with the first of the equations (7), we have 
Vd'-Vd , Vc-hd' „ hd-h'c 

^ = — k ' ^ = ~T~' ''=-^~' 

On substituting tiiese values in the first of the conditions (3), 

we find 

F = (JV - b"dY + [h"c - hd'Y + [hd - Vdf 

= (6» + J'* + h"^) (c» + c"^ + c"«) sin« ^, 

by Theorem III. Art. (22) ; where is the angle between the 
lines of which tiie direction-cosines are J, 6', J", c, <;', c"; but 
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that angle is a right angle, and therefore sind = 1 ; hence A:* = 1, 
and therefore 4 = ± 1 ; hence 

a = ± (JV - &"c'), a' = ± {h"c - ic"), a = ± {hd - yc),>| 

similarly I 

J = ± (cV - c'V), y = ± {d'a - ca"), &" = ± (oa' - da\ ' ' "^^^* 

c = ± (a'J" - a%'\ c' = ± (a"J - ab"), c" = ± (oi' - a'J),i 

65. Euler^s formulce for transforming from one system of 
rectangular coordinates to another. 

The preceding symmetrical transformation involves nine 
quantities connected by six equations of condition, so that there 
are only three independent quantities. Hence, it ought to be 
possible to effect the transformation by means of three quan- 
tities only. The three which Euler has chosen for the purpose 
are — ^the angle which the trace of the new plane of xy on the 
old plane of ay makes with the old axis of a;, the angle which 
the trace makes with the new axis of a?, and the inclination of 
the two planes of xy^ that is, the angle between the old and 
new axis of z. 

Let Ox^ Oy^ Oz^ (fig. 16), be the old axes, Ox\ Oy\ Oz\ the 
new axes; Ox^ the trace of the plane of oiy' on that of xy^ 
then the position of the new axes with respect to the old is 
known if we know the angles 

xOx^ = <^, xOx^ = '^, zOz' = 0. 

The required formulae may be most readily proved by succes- 
sive transformations, each in one plane only. Thus, keeping 
the axis of z unaltered, let us turn the axes of x and y in 
their own plane till Ox coincides with Oa?^, so that the new 
rectangular system consists of Ox^^ Oz^ and an axis Oy^ per- 
pendicular to them. Let aj^, yj, «, be the coordinates of a point 
referred to the new axes ; then, since the axis of x^ makes an 
angle ^ with the axis of a;, 

a? = ajj cos</> — y^ sin^, 

y = a?j sin<^ + y^ cos^. 

Again, the axis Ox^ remaining fixed, turn the axes Oz and Oy^ 
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through an angle in their own plane ; then, if Oz'j Oy^^ be the 
new axes, « = y^ sm ^ + «' cos 0^ 

y^ = y^ COS^ — Z Sin^. 

Laatly, the axis Oz* remaining fixed, turn the axes Ox^^ Oy^^ 
in their own plane through an angle -^y so that they take the 
po&itions Ox\ Oy ] then 

x^ = X 008-^ — y' sin-^, 

y, = x' sin'^ + y' cos-^. 

By means of the last three equations we can eliminate ic^, y,, y^, 
firom the first three, and we find 

a? = a?' (cos^ cos-^ — cos^ sin^ sin-^) 

— y {coB<f> Binyfr + cos^ sin^ cos-^) 
+ z' sin 5 sin^ 

y = x' (sin^cos-^-f cos^cos^sin-^) | (9), 

— y' (sin <^ sin -^ — cos cos ^ sin-^) 

— z' sin^ cos^ 
z = aj'sin^sin-^+y sin^cos-^+^'cos^ ^ 

which are the required formulae of transformation. These ex- 
pressions are essentially unsymmetrical, and they are so cum- 
brous that it is always desirable to avoid using them if other 
means for effecting the required transformation can be found. 
We shall never employ them, and they are introduced here 
only because a knowledge of them is assumed in some parts 
of Dynamics. 

66. To pass from one system of oblique coordinates to another 
also oblique. 

This is best done by the aid of orthogonal projections ; but, 
instead of using separate letters to designate the cosines of the 
various angles, we shall represent the angle between two lines, 

such as the axes of a; and of y, by the symbol a;, y, and similarly 
for the others. Let the coordinates of a point in space be, 

when referred to the old axes, a;, y, «, 

when referred to the new axes, x\ y', z. 
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At the origin draw a normal to the plane of (a?, y) in the 

direction of the positive axis of z^ and designate the normal by 

the letter n". Project on this normal the broken line x + y + z^ 

terminated by the origin and the point. The projections of 

X and y are evidently zero, and there remains 

A 

Z COSTi", Z, 

Again, project the broken line a?' -f y' + z' on the same line : 
this gives us 

A A A 

x' cosn", X + y' cosn'\y + e' cosri", z , 

which must be equal to the preceding projection, as the ex- 
tremities of the two broken lines are the same: hence 



A A A A 

z cosw", z — X cosTi", x' + y' cosn",y + z cosw", z\ 



In like manner, we can find 

A A A 



a;cos»,a; = y' Gosuyy' + z' co&n^z' + x cosn^x' 
y coBn\y = z' cosw', «' + x cosw', x + y' co8w',y' 



(10), 



n and n being normals to the planes of yz and zx respectively. 
These formulae were first given by FranQais, Jour. Polytechntqv£^ 
(cap. XIV.); although elegant they are of little practical utility. 

67. It is to be remarked that the transformation of coor- 
dinates can never afiect the degree of the equation; that is, 
it can never increase or diminish the greatest sum of the in- 
dices of the variables. In the first place it cannot increase it, 
for if Aoc'y''^ be any term in the equation, its order being 
w + w 4-^, we have in changing coordinates to substitute for 
a;, y, z^ expressions of the form 

cux + hy' + ca' + c?, 
so that the term becomes 

^(ooj'+Sy+c^'+rf)" (aV-f jy+cV+rf7 (aV+ jy+cV+rf^. 

The highest power in this has for its index m + n +py the 
same as before; hence no term can, by changing coordinates, 
introduce a term of a higher degree, and consequently the 
degree of the equation cannot be raised. 



56 TRANSFORMATION OF COORDINATES. 

Neither in the second place can it be lowered, for if so, it 
would be impossible, by what we have just shewn, to bring 
back the equation to it» primitive form by any change of 
coordinates. 

68. It was shewn In Art. (10) how we could determine the 
curve of intersection of a surface with any one of the coor- 
dinate planes, or with a plane parallel to one of them. But 
when the position of the plane is general, the determination is 
not so simple ; for if we combine the equation to a surface 

with that to a plane which cuts it, 

Ax + By + Cz = i?, 

so as to eliminate one of the variables as z^ we obtain an 
equation ^ (^^ y) == 0, 

which is, not the equation to the curve of intersection, but 
that to its projection on the plane of (a;, y). In order, therefore, 
to determine absolutely the curve of intersection, we must 
change the direction of coordinates until one of the coordinate 
planes, as (a?, y), is parallel to the cutting planCr For this pur- 
pose we must know the inclination of the cutting plane to one 
of the coordinate planes, and the angle which its trace on that 
plane makes with one of the axes in that plane. 

Now, if ^ be the inclination of the cutting plane to the plane 
of [Xy y), we have, by Art. (39), 

cos^ = 



(^« + ^+(7«)i' 

and, if ^ be the angle which the trace of the cutting plane 
on the plane of (a?, y) makes with the axis of a?, we have 

whence sm0 = /^« _^ ;^y ? ^^9 == ij% ^ -^y • 

If the cutting plane do not pass through the origin, we can 
always make it do so by transferring the axes parallel to 
themselves. Supposing this to be done, let OABC (fig. 17) 
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be the cutting plane, 00 its trace on the plane of (a?, y\ and 
OOx = <f>. Take 00 && the new axis of a?', and a line Oy 
perpendicular to it in the plane OABO as the new axis of y', 
while the new axis of z* is perpendicular to both Ox' and Oy\ 
Since, after transforming the coordinates to a/, y\ z\ we have 
to make ;»' = to obtain the intersection of the surface by 
the plane of (a?', y'), or the cutting plane, we may limit our- 
selves to the consideration of those points alone for which z* = 0, 
that is, for those which lie in the plane OABO, Let P be such 
a point, draw PN^ NMy parallel to Oz and Oy, and PM* per- 
pendicular to Ox' ; then, if we join NM'^ that line is perpen- 
dicular to Oa?', since Ox' is perpendicular to the plane FMNy 
and therefore to every line in it. Let 

OM=x^ MN=y^ NP^z, 

OM' = x', M'P = y. 

Also PM'N is the inclination of the cutting plane to the plane 
of (a?, y), and is therefore represented by 0. Now, if we project 
the broken line OM'N on the line Oa?, we have 

OM = OM co&(f> + MN sin^, 
and, projecting the same line on Oy^ we have 

MN=^ OM sin^ - MN cos<^. 
Also M'N == PM' COB0, PN^PM'^m0, 

therefore x = x' cos^ + y sin^ cos^a 

y ^ X sin^ — y' co&<f> cos^ ► (11). 

z = y' sin^r -' 

These values being substituted in the equation to the surface 

will give an equation 

which is the equation to the curve of intersection of the surface 
and plane. 

If the cutting plane be perpendicular to the plane of (a;, y), 
the preceding expressions are reduced to 

X = X cos^, y =^ y' sin^, z = y'. 
As this transformation of coordinates is generally a long and 
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troublesome operation, it is advisable to endeavour to avoid it 
by having recourse to diiFerent methods suited to the problem 
under consideration. 

69. If the degree of the surface he n, the degree of the curve 
of intersection cannot he greater than n. 

The equation of the curve of intersection is, as we have 
seen, found by transforming the coordinates till the new plane 
of (a;', y') coincides with the cutting plane, and then making 
«' = 0. Now, by Art. (67), the degree of the equation to the 
surface cannot be altered by the transformation of coordinates, 
and hence the new equation in a?', y\ z\ must be of the order n. 
It is clear, then, that the order of this equation cannot be in- 
creased by making z = 0, and therefore the curve of intersection 
cannot be of a degree greater than n. It may however be less, 
if it should happen that the vanishing of z' should cause all the 
powers of the n^ degree to disappear. 

70. Polar coordinates. In the applications of analysis to 
Mechanics and in the Integral Calculus, polar coordinates in 
space are sometimes found to be useful. The coordinates 
chosen are, usually, the distance of a point from a fixed point 
or origin, the angle which this distance makes with a fixed 
axis, and the angle which its projection on a plane perpendicular 
to the axis makes with a fixed line in the plane. To shew 
how we may transform from rectangular coordinates to these 
polar coordinates, let Oa?, Oy^ Oz^ (fig. 18), be the rectangular 
axes, 0' the pole of the polar coordinates, of which the coor- 
dinates are 

Let P be any point, its coordinates being a;, y^ z. Then, if we 
take the axis of z as the fixed axis for the polar coordinates, 
and the axis of x as the fixed line in the plane perpendicular 
to it, the polar coordinates of P are O'P = r, the angle between 
OP and Oz = ^, and the angle between O^N and Ox = ^. 
Hence, from the geometry of the figure, since O^N = r sin ^, 

a; = a + r sin^ cos^, y^P-\-r sin^ sin^, = 7 + r cos^...(12), 

which are the required formulae of transformation. 
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CHAPTEE IV. 

.REDUCTION OF THE GENERAL EQUATION OF THE SECOND 

DEGREE. 

71. In a previous chapter we found that the general equa- 
tion of the first degree represents only one kind of surfiace — 
the plane : our next step is to investigate what kinds of surfaces 
are represented by the general equation of the second degree. 
The form of this, when complete in all its terms, may be 
written as 

Ax"" + Bf + Cz" + 2A'yz + 2B'zx -f 2 C'xy 

+ 2A"x + 2jB> + 2C"z + 2> = 0...(1), 

where some of the coefficients are multiplied by 2, for the con- 
venience of future operations. 

Since this equation contains ten terms, it is highly desirable, 
before discussing its geometrical interpretation, to consider 
whether it may be simplified without destroying its generality. 
The transformation of coordinates gives us the means of trying 
this, and we proceed to shew that we can always, by changing 
the direction of the coordinate axes without altering the origin, 
efi'ect a very important simplification; and that, by changing 
the origin and not the direction, we obtain conditions by which 
we can determine those forms of the equation which ofier dis- 
tinctive peculiarities in their geometrical interpretation. 

72. In the first place, we may put (1) in the shape 

w, + ^ + ^ = (2); 

where u^ is a homogeneous function of the second degree, u^ of 
the first degree, and u^ a constant. 

Let A' = {ffh)i, B' = {hf)\ C = {fyf, I 
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from which we deduce 



(4); 



jB'C ^CA^ _ A'B' 

which express real values for f^ g^ A, X, ^, v, in terms of the 
given coefficients. Making the substitutions (3) in (2), we find 

w, = X»» + ^2^ + v«* + [f^x+g^y + h^zY (5). 

We now proceed to shew that we can always find a line, which 

we may take as the axis of x'^ such that, the axes of y', «', 

being any whatever such as to form a rectangular system with 

that of a?', the coefficients of the products x'y and x'z shall be 

zero in the transformed expression u^. This will be ensured if 

the coefficient of x'y' vanishes for every point in the plane x'y'^ 

and for every position of this plane passing through the axis 

of a?'. 

Let Z, ?w, w, be the direction-cosines of the axis of x' \ 

Z', W, w', those of the axis of y' at right angles to it ; a;', y', 

the coordinates of any point in the plane x'y'] a?, y, z^ the 

coordinates of the same point referred to the original axes. 

Then we have 

x= Ix' -{• I'y'^ 

y = mx' + rny'^ 
z = nx' -f- ny'. 
Therefore 

1,^ = (P\ + wV + n'v) x'^ -f [r\ + m> + n'V) y"" 

+ 2 [ll'\ + mmlfi + nnv) x'y' 
-f [[ip + wi^i + rJfi) x' + [I'P + m'g^ + w'A*) y'Y ; 

which becomes 

Pa:'» + Py'% 

if we put for brevity 

8=ip^mg^-Vnh^ (6), 

P= 5' + P\ + wV + wV (7), 

P representing an analogous function of Z', m', n ; and if we 
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assume, in accordance with the object of our investigation, the 
coefficient of xy' to be zero, which gives 

{8f^+lX) T + [Sg^^mfi) m' + [8h^-\-nv) rd = ...(8), 

for all values of f, m', w, consistent with 

IT + mm' + W = (9). 

Multiplying (9) by an arbitrary quantity p, then subtracting 
it from (8), and equating to zero the coefficients of Z', m\ w', 
in the resulting equation, we get 

pm = 8g^ + mfij 
pn = 8h^ + nv ; 

multiplying these three equations in order by Z, m, w, and 
adding, we see that 

P-X 

8g^ 



Hence I = ^ ^ , 



m = 



(10). 



"=P3T'J 
Consequently, by (6), 

» (?4i: + p^ - F^ - ') - «. 

and therefore, unless ^=0, which, in virtue of (10), would 
require P=X = ^ = v, a case which wiU be considered in 
Chapter VI., we must have 

p=^ + p^- + p^ -1 = (11), 

P— X F—fi P— V 

which determines P. This equation, being a cubic, gives three 
values for P. 

K we substitute for f^ g^ A, X, /tt, v, their values and clear 
the equation of fractions, we shall reduce it to the form 

[P-A) (P- B) (P- C) - A'^ (P- u4) - B'^ (P- P) 

- C"{F-'C) - 2^'P'C" = (12). 
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73. From the equations (4) it follows that /, g^ A, must 
either be all positive or all negative; the former being the 
case when two or none of the coefficients A^ B\ G\ and the 
latter when one or three are negative. Hence, if X, fi^ v, be 
in descending order of magnitude, and 6 be an indefinitely small 
quantity, and if we substitute 

X — 6, A*- + ^? ^^^ /* "■ ^j V + e, 

for P in the former member of (11), the first and second values 
will have contrary signs, and so will the third and fourth. 
Hence the cubic has one real root between X, /la, and another 
between ^, v; its remaining root must therefore also be real, 
and between oo and X, or between v and — oo . The former 
is obviously the case when j^ g^ A, are positive, and the latter 
when they are negative. 

74. Let P^, Pj, be any two roots of (11), and let Zj, Wj, n^, 
l^ m^, Wg, be the corresponding values of Z, ?w, w, deduced from 
liie equations (10). Writing down (11) for each value, and 
subtracting, we have 

If P^ be different fi:om P^, the second factor must vanish, or, 
by (10), 

Hence any two of the axes determined by the equations (11) 
and (10) are at right angles, and therefore the three must form 
a rectangular system. If we take it for axes of coordinates, 
we must substitute in the equation (1) for a?, y, z^ respectively, 
the expressions 

Now it is evident that the coefficient of x^ in the resulting 
equation will be the same as if we omitted the third term in 
each of these three expressions : it will therefore be P, a root 
of the cubic. By symmetry it is evident also that the co- 
efficients of y" and «'* will be Q and J?, the two other roots of 
the cubic. Hence, dropping accents, for convenience, we see 
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that the equation to the surface, referred to the new axes, is 
of the form 

P^^ + ^" + ^«' H- 2^0? ^^Qy-{- 2B'z + E= 0...(13). 

The only restriction is that the quantities P, Q^ B^ must not 
be all equal to zero at the same time, as the equation would 
then be of the first degree ; with this exception these quantities 
may be of any value or sign. 

75. The separation into diflFerent classes of the surfaces re- 
presented by (13), depends on the vanishing of one or more 
of the coefficients of the squares of the variables, as will be 
seen in the following investigation. If we seek to simplify the 
equation still fiirther by depriving it of the terms involving 
the first power of the variables, we change the origin of co- 
ordinates, putting 

a; = aj, + a, y = y, + A » = «i + 7- 
The substitution of these values gives 

Px^'-^Qy^' + Bz^'-^2{Pa+F)x^ + 2{Qfi-^Q')y^ + 2{By+E')z^ 
+ Pa' -^ Q^ -^ Brf-V 2P'a '\-2Q'P + 2Ry + ^ = 0, 

and the condition that the terms of the first degree shall vanish 
gives the equations 

Pa + P' = 0, Gi8 + 0' = 0, By + B = 0...(14). 

These three equations will give finite and possible values- of 
a, yS, 7, in all cases except when any one of the quantities 
P, Q, P, vanishes. If the corresponding value of P*, Q', or P', 
be finite, then the value for a, yS, or 7, is infinite : if the corre- 
sponding value of P, Q'y or P', be zero, the value is indeter- 
minate. Hence we divide the surfaces represented by (1), and 
also by (13), into the following classes. 

I. When none of the quantities P, Q, P, is equal to zero ; 
in which case the equation is reduced to 

Px' '^Qf-\- Bz' = H. (15). 

II. When one of the coefficients of the squares as P = 0, 
while P' does not vanish, we cannot make the term involving 
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X vanish, but we may then determine a by the condition that 
the constant term shall vanish : or, in this case, 

C^ + JSy + 2P'a + 2Q'fi -f 2B'y + ^= 0, 

an equation which must give a possible value for a, since that 
quantity is involved in the first degree only. The general 
equation is then reduced to 

Qy^ + Rz^ + 2Px = (16). 

The condition P = necessarily involves the condition 
AA'^ + jSfi'- + CC'^ - ABC - 2AB'C' = 0, 

as this is the constant term of the discriminating cubic of which 
P is a root. 

III. When, in the equation (13), P= and P* = 0, at the 
same time, the other coefficients being finite, it becomes 

Of -{-Rz^^ 2Qy + 2Ez + ^ = 0, 

which may be reduced to the form 

Qy'-^-Bz^^K (17), 

by changing the origin of coordinates. 

IV. If we have, at the same time, P = and ^ = 0, the 
equation (13) becomes 

jB«» + 2P'ic + 2Qy + 2B;z + ^= 0. 

If neither P nor Q vanish, this equation may always be 

reduced, as that of Class II., by depriving it of its constant 

term, to the form 

Bz"" + 2Fx + 2Qy = (18). 

But, if P* = and ^ = 0, the values of a and )8 are indeter- 
minate, and that of 7 alone is determinate. We are then unable 
to destroy the constant term, but we may get rid of that in- 
volving the first power of «, so that the equation becomes 

Bz* = L (19). 

The equations P = 0, = 0, involve the relations 

AA"" + BB'^ '\- CC'^ - ABC " 2A'B'C' =0, 
A''^ B" + C'^ ^ BG - CA^AB = 0, 
since two roots of the discriminating cubic in this case vanish. 
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76. Let us now consider the geometrical meaning of this 
separation: the general equation (13) being 

Pot^ + Qf-^- Bz^ + 2rx -h 2Qft/ + 2B;z f j&= 0, 

let the surface be cut by the line 



a?-« ^ y ~/3 ^ ZJ--J ^ ^ 
I m n 



which passes through a point (a, y8, 7). Substituting the values 
of oj, y, Zj in terms of r, we have 

{Pl' + Qm'^Br^y + 2{{Pa + F)l+{Q^-\-Q')m + {By'^E')n}r 

+ Pa' + QI3' + By' + 2P'a + 2Q'fi + 2iir7 4^=0. 

This, being a quadratic equation, gives generally two values 
of r, which is the length of the portion of the line intercepted 
between the point (a, /8, 7) and the surface. Now the con- 
ditions, which reduce the equation (13) to Class I., make the 
term involving r disappear, and the quadratic, being reduced 
to two terms, gives two values of r which are equal, but of 
opposite signs. Consequently the point (a, yS, 7) bisects every 
chord in the surface which passes through it. Such a point is 
called a centre of the surface, and the surfaces in Class 1. are 
called centric surfaces. It is plain that, as the equations (14) 
give single determinate values for (a, yS, 7), there can be only 
one centre for such surfaces^ 

Again, the conditions for determining Class II., give an 
infinite value for a, and finite values for fi and 7, since 

_ P' P_ ^ _ B' 
^"~'" ' '^""" Q' '^^"B' 

therefore these surfaces have their centre at an infinite distance, 
although they are usually said not to have a centre. 

In Class III. we have finite values for j3 and 7, that of a 
being indeterminate ; hence all the points in the line, of which 
the equations are 

may be considered as centres, as for all these points the co- 
efficient of r vanishes independently of a. Surfaces of this 



66 REDUCTION OF THE GENERAL EQUATION. 

kind are evidently, from Chap. I. Art. (8), cylinders, as their 
equation involves only two of the variables, and is therefore 
satisfied independently of the third. 

The surfaces represented by Class IV. are of two very 
different kinds : when neither P* nor Q vanishes, two of the 
coordinates of the centre are infinite, and the surface con- 
sequently has no centre; but, when both. P and Q vanish, 
the coefficient of r will vanish if 

JB7 + ^=:=0; 

and therefore all points in the plane, of which that is the 
equation, may be considered as centres. Both kinds of surfaces 
are cylmdrical, as wiU be seen in the foUowmg chapter. 



( 67 ) 



CHAPTER V. 

» 

INTERPRETATION OF THE EQUATION OF THE SECOND DEGREE. 

Having reduced the general eqnation of the second degree to 
four forms, we now proceed to discuss the geometrical meaning 
of these equations, and the nature of the surfaces which they 
represent. 

Centric Surfaces^ 

77. The general equation to these surfaces we found to be 

Re' + Qf + Rz* = H (a) ; 

and the different varieties of the surfaces which this equation 
represents depend on the relative signs of i^ Q^ ^ and the 
magnitude of H^ so that we have four varieties : 1st, when jff= 0; 
2nd, when all the quantities P, Q^ iZ, are positive; 3rd, when 
one of them is negative; 4th, when two of them are negative. 
All the varieties have this property in common, that they are 
symmetrical with respect to the origin, since the equation re- 
mains unchanged when — cc, — y, — «, are put for + as, 4- y^ + « ; 
and this facilitates their discussion, since we may confine our 
attention to the absolute positive values of each variable. 

78. Cones, 1st, Let jff = 0; then some one at least of the 

quantities P must be of a different sign from the others, in order 

that the equation 

Pa? + %* + J22J' = 

may represent a surface : for, if all be of the same sign, the only 
possible values of the variables, which satisfy the equation, are 
05 = 0, y = 0, « = 0, shewing that the locus of the equation is 
in that case a point at the origin. It is sufficient to suppose 
one only of the coefficients to be negative, as if two be so, we 
have only to change the sign of the whole equation to bring it 

f2 
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to the other case. Let the equation then be 

Px^-VQf- Rz^ = (1). 

Since this is satisfied by a? = 0, ^ = 0, « = 0, the surface passes 
through the origm. Let the straight line, of which the equa- 
tions are 

X y _ ^ __ 

I m n ' 

meet it in the point x^y, z] then, substituting for ir, y, «, their 
values in terms of r, the distance of the point from the origin, 
we have 

This equation can be satisfied only by 

PP + (>« - Bn^ = (2) ; 

and then it is satisfied independently of r, so that that quantity 
is indeterminate. There being only one relation between Z, m, w, 
besides the general one P + m* + w* = 1, there is an infinite 
number of straight lines, for which the condition (2) is satisfied, 
and, as for all r is indeterminate, all these lines (which pass 
through the origin) lie wholly in the surface. Such surfaces 
are called cones^ the common right cone being a particular case 
of them. 

If we put « = A in (1), it becomes 

which is the equation to an ellipse parallel to the plane of 
(a;, y), the origin being in the axis of z^ and the axes being 
parallel to the axes of x and y. Hence all sections made by 
planes parallel to that of (a;, y) are ellipses, which become 
circles when P=z Q\ it is easy to see that in this case the 
surface is a right cone. The sections parallel to the planes 
of (a?, z) and (y, z) have for their equations 

Px'^Bz'^^-'Qf, Qf-^Bz'^^PT, 
which shew that the curves are hyperbolas. 

79. Since an equation of the form 

^ai* + %" + Cz^ + 2A'yz + 2B'zx + 2G'xy = 0, 
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can always, without affecting its generality, be reduced to . 

Paf+Qt/' + Bz'^ 0, 

it appears that a homogeneous function of the second degree, 
when equated to zero, represents in general a cone, the vertex 
of which is in the origin, unless 

1st, The coefficients of the transformed equation are all of 
the same sign, when it represents a point. 

2nd, One of the coefficients of the transformed equation is 
zero, the other two having opposite signs, when it represents 
two planes. The analytical condition that this should be the 
case 18 

' AA'' + BB"" + CG'^ - ABG - 2AB' C = 0, 

smce one of the roots of the discriminatmg cubic is zero. 

3rd, Two of the coefficients are zero, when it represents 
two coincident planes. The analytical conditions, two roots of 
the discriminating cubic being zero, are 

AA^ -V BB'^ -{- CC'' - ABG " 2A'B'G' -0, 
A'^ + B'' -h G"" - BG - GA-'AB^O. 

80. Ellipsoid. Let H^ P, ^, iZ, be all positive, so that the 

equation is 

F^ + Qf-^Rz'^ H (1). 

Let the straight line 

7 = - = - = r (2) 

meet the surface in the point a;, y, 2? ; then the combination of 

(1) and (2) gives 

(PP + (2m* + i2n")r^ = ir..../. .,.(3), 

as the equation for determining r. Now the coefficient of r* 
can never vanish, since every term in it is essentially positive : 
consequently r is never infinite, and the surface is therefore a 
closed surface. Hence, if it be cut by any plane, the curve of 
intersection must be an Ellipse^ since, by Art. (69), the curve 
must be of the second degree, and the ellipse is the only closed 
curve of that degree : from this property the surface is called 
an Elli2)soid. 
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81, The ratios of ^ to P, Qj and Bj are quantities which 
have important geometrical meanings. For let y = and a = 
in (1), which is then reduced to 

This determines the distances from the origin at which the axis 
of a; is cut by the surface^ which are evidently equal and on 
opposite sides of the origin. If, then, in fig» (19), we put 
OA = OA' = a, we have 

In like manner, if 05 = OB' = hyOC= OC = c, 

^ P' "^ B' 

and so the equation to the surface may be put in the form 

aj* «/* z* 

-5+T5 + T = l (4)- 

a be ^ ' 

The lines a, &, o, are called die semtaxes of the surface, and 
the points A^ -B, Gj its vertices. 

It is easy to conclude from this equation that the surface 
does not extend beyond the points Aj A' ; for, if it be cut by 
a plane x = ±/, we have 

an equation which cannot be satisfied by any possible values 
of y and z i£ f> a^ as the second side is then negative. The 
same holds for the other coordinate axes, so that the surface 
does not extend beyond B and -B' along y, and beyond G and G' 
along z^ 

82. If two of the coefficients, as P, Q^ be equal, which 
involves the relation a = J, then all sections made by planes 
parallel to (a;, y) are circles j for, putting a = J and 2? = A in 
(4), it becomes a-^ + y" __ h^ 

a' ""^■■? (^^• 

The surface in this case is said to be one of revolution round 
the axis of Zy. since it may be generated by making an ellipse 
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revolve round one of its axes. K all the quantities P, Qj Bj 
be equal, or a = i = e, equation (4) becomes 

a^+y' + z* = a" (6), 

which shews that every point in the surface is equally distant 
from the origin, or that Ve surface is a sphere/of which the 
radius is o. If we change the origin of coordinates to an 
arbitrary point (a, /8, 7), this equation becomes 

[x-ar + (if-^y+{z-yy = a' (7); 

which is the general equation to a sphere referred to rectangular 
coordinates. Every section of a sphere by a plane is a circle ; 
for all plane sections parallel to the coordinate planes are circles, 
and the equation (6) remams unchanged when the axes are 
transformed to another rectangular system, all possible sections 
of the surface being thus obtained. 

83. Hyperholoid of one sheet Let one of the coefficients, 
as jB, be negative, so that the general equation (a) becomes 

Pa? + ^ - i?^ = H (1). 

If we seek the points where this surface is cut by the line 

a? _ y __ 2f _ 
— — — — ^j 

we find (P?+<?m"-i?w»)r» = ^. (2). 

As the coefficient of r* may be either positive, zero, or negative, 
it follows that r may be either real, infinite, or impossible. 
Consequently the surface extends to infinity in certain direc- 
tions, which are determined by the condition 

pp + (2m« - Bn* = (3), 

and no part of it exists in the space for which 

Bn^ > PP + Qm^. 

If we suppose P> Q^\t ^aay easily be seen that the greatest 
value of IP? is n 

QTB' 

Therefore the space in which the surface does not extend is 
that bounded by a surface generated by the straight line r 
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turning round the axis of Zy forming with it angles of which 
the inferior limit is determined by the preceding Inequality. 

If we cut the surface by planes parallel to the coordinate 
planes, the equations to the sections will be found by putting 
constants f^ g^ hj ia turn for ap, y, Zy in the equation (1), so that 
we have 

The first two represent hyperbolas, and the third an ellipse ; 
and as they are all possible whatever be the values of ^ ^, A, 
It appears that the surface is cut by all planes parallel to the 
coordinate axes, and consequently it is a continuous surface of 
one sheet. As the sections parallel to two of the coordinate 
planes are hyperbolas, it is called the Hyperholoid of one sheet. 

84. The equation to the surface which limits the surface 
towards the axis of z may be found by eliminating Z, m, n^ 
between 

^ _ y _ ^ 

I m n^ 

and Pf + Qm* - Rn^ * 0. 

On dividing each term of the latter by the square of the corre- 
sponding member of the former, the result is 

Pa? + Qf --Bz'^0 (4), 

the required equation to the limiting surface, which is a cone 

of the second degree, by Art. (79). 

It is easily shewn that this cone is an asymptote to the 

hyperboloid. For, if z' and z be coordinates of points in the 

cone and the surface corresponding U> the same values of x 

and y, 

m{z'-^z) = {Fa?+Qf)i-^{Pa? + Qy'^Hf; 

or, multiplying numerator and d^iominator of the second side 
by the sum of the radicals, 

TT 
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The difference between the coordinates «' and z decreases with- 
out limit as x and y increase without limit; but a' is always 
greater than z^ so that the cone lies between the axis of z and 
the surface. 

85. The equation to Ae hyperboloid may be put in a form 
similar to the second one of the ellipsoid by introducing corre- 
sponding geometrical quantities. Let 0-4, OA^ (fig. 20), be 
the distances from the origin at which the surface is cut by the 
axis of x^ and put each of them equal to a ; let OB^ 0B\ each 
equal to &,be the corresponding quantities for tha axis of y; then 

The axis of z never meets the surface, and we cannot assign for 
it a corresponding geometrical quantity ; but, if we assume c to 
be such a quantity that 

the equation to the surface becomes, by the substitution of 
these values, 

a 6 C ^ ' 

I£ b =i aj or the axes of the ellipse in which the surface is cut 
by the plane of (a?, y) be equal, every section parallel to that 
plane is a circle, for its equation will be of the form 



8 ~* •*■ I 2 9 



which Is that to a circle having its centre on the axis of Zj 
whatever be the value of A, shewing that the surface is one of 
revolution. It may be supposed to be generated by the revo- 
lution of an hyperbola round the axis which does not meet it. 

If we seek the equation to the asymptotic cone to the hyper- 
boloid under the same form as (5), we find it to be 

05* y^ ^ . . 

a be ^ 
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86, Hyperhohid of two sheets. Let two of the coefficients 
of the equation (a) be negative, so that it takes the form 

Bx?^ Qy'-^Rz^^H (1) : 

then it will be easily seen, by combining this with the equations 
to the straight line x y z 

y ss: ^ — r= 7» 

I m n ' 

as in the preceding surface, that r is infinite for all values of 
Z, m, and n, which satisfy the equation 

pjJ^^Qm^^ Bn^ = (2), 

and consequently that the surface extends to infinity in these 
directions. And, as before, it may be shewn that it is limited 
by the surface, of which the equation is 

This is the equation to a cone of which the axis of x is the 
axis, and which is asymptotic to the surface in such a way 
that the surface lies between it and the axis of x. 

If the surface be cut by planes 

we have, as the equations to the sections, 

Qit^Rz'^Ff--H, 
Pa?--R^^ H + Qf, 

The first of these is the equation to an ellipse, unless Pf* < H^ 
in which case it cannot be interpreted ; therefore all sections, 
parallel to the plane of (y, «), are ellipses, but no plane drawn 

at a distance along the axis of x on either side less than f-p ) ? 

meets the surface. The surface therefore is discontinuous be- 
tween the planes so determined. The second and third equa- 
tions shew that all planes, parallel to (a?, z) and (a?, y) cut the 
surface in hyperbolas, since they are possible, whatever values 
be assigned to g and h. For these reasons the surface is called 
the Hyperholoid of two sheets : see fig. (21). If we assume 

a* = ^ , we see, as in the previous cases, that a is the distance 
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on either side of the origin at which the axis of x is cut by 
the surface. The other axes never meet the surface; but if 
we assume 77 77 

the equation takes the form 

a? 7^ z* 



a ijn ^tt ~~ ^1 



and the corresponding equation to the asymptotic cone is 

^ J = 

o c a 

K Q = i2, or J = c, the sections parallel to (y, «) have for 
their equation 

which shews that they are circles, and consequently that the 
surface is one of revolution. It may be supposed to be gene- 
rated by the revolution of an hyperbola round its transverse 
axis. 

87. We have seen, Art. (78), that if, in the equation 

-ff = 0, tibe surface represented will be either a point or a 
cone, accordingly as P, Q^ J?, have the same or different sign». 
Excluding this case, we may, without losing generality, con- 
sider H as positive. 

The equation will then represent an ellipsoid, if P, Q, Bj 
be all positive; an hyperboloid of one sheet if one of them 
only be negative; and an hyperboloid of two sheets if two 
of them be negative. If all three be negative, the surface 
will be imaginary. Hence, directing our attention to the gene- 
ral equation of the second degree, 

Aof+Bf-^ Cz''+2A'7/z+2B'zx+2 G'xy+2A"x+2B"7/+2 C"z+D=0^ 

we infer from the discriminating cubic 
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that, if /, g^ A, \, /a, v, be all positive, the surface wUl be an 
ellipsoid, and, If ihey be all negative, It will be Imaglnaiy. 

In addition to these we have the following cases, In con- 
sidering which we must bear in mind that, by Art. (73),/, g^ A, 
are always either all positive or all negative, that the sign 
of the product PQR is the same as that of 



^-'({-5^*+')' 



and that, X, /a, v, being in descending order of magnitude, one 
real root lies between \ and /a ; another between /a and v ; and 
a third between oo and \, If/ g^ A, are positive, and between 
— oo and k, if/ g^ A, are negative. 

I. {+2 + ^+i<o. 

(1) fgh>0. 
\>0, /A>0, v<0; Ellipsoid. 
\>0, /A<0, v<0; Hyperbolold of one sheet. 
\<0, /A<0, v<0; Hyperbolold of two sheets. 

(2) fgh<o. 



\>0, /A>0, v>0 
\>0, /A>0, v<0 
X>0, /A<0, v<0 



Hyperbolold of one sheet. 
Hyperbolold of two sheets. 
Imaginary. 



IL Ij^l^^^^^Q^ 

(1) fgh > 0. 

\>0, /A>0, i/<0; Hyperbolold of one sheet. 
X>0, /A<0, v<0; Hyperbolold of two sheets. 
\<0, /A<0, v<0; Imaginary. 

(2) fgh < 0. 



X>0, /A>0, v>0 
\>0, /A>0, v<0 
\ > 0, /A < 0, V < 



Ellipsoid. 

Hyperbolold of one sheet. 

Hyperbolold of two sheets. 
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These tests enable us, when A^ Bj (7, A\ B\ G\ are given 
numerically, to find the nature of the surface represented, pro*- 
vided it has a centre, by calculating X, /a, v, f^ g^ A, from the 
equations (4) of Art. (72). 

88. If the surface have not a centre, it can belong to neither 
of the four cases considered in the preceding article, and we 
must therefore have 

{ + 2+^+1 = 0, 

which is the condition that one root of the discriminating cubic 
may be = 0. If we substitute for \, /a, v, their values, from (3) 
of Art. (72), and clear this equation of fractions, it becomes 

ABC + "Ifgh -Agh - Bhf ^ Cfg = % 

or AA"" + BB"^ + 00"" - ABC - ^A'B' C = 0. 



Acentric Surfaces^ 

89. The general equation to these may be put in the form 

Qf + Rz"" + 2Fx = (J), 

in which one of the constants may always be supposed to be 
positive. Moreover the sign of P' can have no influence on 
the nature of the surface, as the term containing it can always 
have its sign changed by substituting — x for x^ which is equi- 
valent to measuring the positive axis of a? in a direction opposite 
to that before adopted : this will aflect the position but not the 
nature of the surface. Hence there are only two forms of the 
equation to be considered, one when Q and R are of the same 
sign, the other when they are of contrary signs. 

90. Elliptic paraboloid. Taking Q and R both positive, 

and F negative, the equation is, the sign of P' being made 

explicit, 

Qf + Rz' = 2Fx (1). 
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From the form of the equation it is evident that x can never 
become negative, and therefore the surface lies wholly on the 
positive side of the plane of (y, z)^ while it is symmetrical on 
opposite sides of the axis of x^ since the. equation remains un- 
changed when for y and z we put — y and — z. The surface 
passes through the origin, since a; = 0, y = 0, « = 0, satisfy the 
equation (1). K « = 0, we have 

2P' 
Qt/* = 2Pxj or y* = -rr- X =px suppose. 

This shews that the surface is cut by the plane of {xj y) in a 
parabola of which p is the principal parameter. In like manner 
we see that it is cut by the plane of [x^ z) in a parabola of 

which the principal parameter is y = — ^ . On substituting 

these quantities in the equation, it becomes 

^ + - = a?, or jy' +X =M^ (2). 

If the surface be cut by any plane x =f, parallel to (y, »), 

we have gf+I>z"=Mfj 

which is the equation to an ellipse, whatever be the magnitude 
of ^ so long as it is positive. Hence all sections parallel to 
(y, z) on the positive side of the axis of x are ellipses, and, 
since f may be increased indefinitely, the surface extends to 
infinity in that direction. If the surface be cut by planes pa- 
rallel to (a?, z) and (a;, y), 

y=g or 2; = A, 
we have pz^ = q {px —5^), 

and 2/ = JP(2«-**)? 

which are equations to parabolas, of which the latera recta are 
the same as those of the sections made by the coordinate planes 
of (aj, z) and (a;, y). For these reasons the surface is called 
the Elliptic Paraholoid: see (fig. 22). When ^ = g', the elliptic 
sections, parallel to (y, «), become circles, having their centres 
on the axis of a;, so that the surface may be supposed to be 
generated by the revolution of a parabola round its axis. 
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91. Hypefrbolic paraboloid. Taking B as negative in the 
general form (J), we have to consider the equation 

Qf'-Rz^^ 2Fx (1). 

In this case we can assign both positive and negative values 
without limit to all the variables, and consequently the surface 
extends indefinitely in all directions. If 

« 2F 
« = 0, y^ = -jY X =px suppose, 

shewing that the plane of (a?, y) cuts the surface in a parabola of 
which p is the principal parameter, and of which the axis is 
turned towards ihe positive axis of a;. 

If y == 0, «' = ^ x^— qx suppose. 

This shews that the plane of (a;, z) cuts the surface in a parabola 
of which the axis is turned towards the negative axis of x. 
Introducing these parameters into the equation, it becomes 

^^'-^x. (2). 

Pi 

If a? =s 0, we have Qy^ — Rz^ = 0, which may be decomposed 
into (^y^-mz^O and ^y + ^2; = 0, 

shewing that the plane of (y, z) cuts the surface in two straight 
lines. 

If the surface be cut by a plane x =f^ parallel to the plane 
of (y, z), we have ^yi _ ^^a ^ ^^y. 

this is the equation to an hyperbola, whatever be the value of f^ 
positive or negative ; but there is a difference between the sec- 
tions made on the positive side of the origin and those on 
the negative side ; for in the former the transverse axis of the 
hyperbola is parallel to the axis of y, and in the latter to z. 
These two kinds of hyperbolic sections are separated by the 
straight lines in which the surface is cut by the plane of (y, «). 
As in the previous Article, it is easily seen that all sections, 
made by planes parallel to [x^ y) and (a;, «), are parabolas, the 
former having their concavity turned towards the positive axis 
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and the latter towards the negative axis of x. Hence the 
surface is called the Hyperbolic Paraboloid: see fig. (23). 

This surface can never become one of revolution, since the 
coefficients of y* and 2* can never be the same, as they are 
essentially of opposite signs. 



Surfaces having a Line of Centres, 

92. Elliptic and hyperbolic cylinders. It appears from the 
equation (16) of the last chapter that, when the coefficients of 
both the first and second powers of one of the variables vanish, 
the equation may always be reduced to the form 

Qjf + Rz^^K. (1). 

As this equation Involves only two of the variables, it must. 
Art. (8), represent a cylindrical surface, such that all the lines 
drawn parallel to the axis of x which meet the surface lie wholly 
in It: the particular kind of cylinder depends on the signs of 
Q and R. If these be both positive, the trace of the surface 
on the plane of (jr, z) is an ellipse and the surface Is called an 
Elliptic Cylinder^ If, In addition^ Q = R^ the ellipse becomes a 
circle, and the surface Is then a right circular cylinder. If Q 
and R be of opposite signs, the trace on the plane of (y, z) is an 
hyperbola, and the surface is then called a Hyperbolic Cylinder, 
It Is easy to see that In all cases sections made by planes 
parallel to (y, z) are the same curve as the trace on that 
plane; this curve Is called the base of the cylinder. If the 
surface be cut by the planes y = g^ z = hj parallel to (a?, z) 
and (a?, y), we have 

Rz' = K^ Qg\ Qf = ^- Rh\ 

Each of these indicates two planes at equal distances from the 
origin, and hence planes parallel to (a?, »), (a?, y), cut the surface 
in two parallel straight lines. 

When the equation Is In the form 

Qsf^Rz'^K, 
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every point In the axis of a; is a centre ; for, if its coordinates be 
(a, 0, 0], the equations to a straight line passing through it are 



m n 



I -.^-^-'^ 



and, where this line meets the surface, we have 

which gives two values of r, equal, but of opposite signs, what- 
ever be the values of Z, w, and w, so that the point is a centre. 
If the equation to the surface be in the form 

Of + Bz^ + 2(2> + 2R'z + ^ = (2), 

the equation to the line of centres may in the same way be 

shewn to be 

Q _ E 

The line of centres of a cylindrical surface is i»tlled the cusAs o( 
the cylinder. 

If, in the equation (1)^ ^ = 0, while Q and B are of the same 
sign, the equation indicates a point only; but, if Q and B be 
of opposite signs, so that 

Py' - Bz"" = 0, 

this may be decomposed into 

^y-i?*« = 0, and Q^y -{■ B^z = 0^ 

which represent two planes perpendicular to (y, z) and inter- 
secting in the axis of x. These planes are asymptotes to the 
hyperbolic cylinder, and they may be considered as a particular 
case of that surface* 



Bemaimry Surfaces of the Second Order. 

It appears, from the preceding chapter, that the remaining 
surfaces of the second order are included in the two equations 

Bz^ + 2Fx + 2gy = 0^^^ (1), 

Bz^'^L (2). 

G 
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93i. Pofrabolic cylinder^ Let the surface (1) be cut by the 
straight line x - a _y - P _z - r^ _ 

I m n ' 

then, putting for a?, y, z^ their values in terms of r, 

jBwV + 2 [Bnri + Pl + Qm) r + iZ^ + 2P'a + 2QP = 0. 

Now, if (a, /8, 7) be a point in the surface, we have 

and the preceding equation will become indeterminate, if we 

have, in addition, 

w = 0, Fl-\-Qm = 0. 

These conditions are always possible, and therefore a straight 
line, of which the direction-cosines are determined by the pre- 
ceding equations, lies wholly in the surface if it meets it at all. 
As these conditions, joined to P + w* + w^ = 1, determine one 
direction only, the straight line which lies wholly in the surface 
is always parallel to itself, or the surface is a cylinder, and, 
since n = 0, the cylinder is perpendicular to the axis of z. 

If we change the direction of the axes of x and y in their 
own plane, stiU keeping them rectangular, by the formulae 

y = mai — ly' ; 
the equation (1) becomes 

Rz^ + 2 [Fl^-Q'm) x' + 2 [Pm-QT) y' = (3) ; 

and, if we make the new axis of x' parallel to the generating 
line of the cylinder, we have 

Pl-VQm = 0^ 

and the equation (3) takes the form 

Rz^ + 2%' = (4). 

The plane of [z^ y') is now perpendicular to the generating line 
of the cylinder, and the trace of the surface on that plane is 
a parabola, of which the equation is 

.,^ Rz"" + 2R,y* = ; 
hence the surface is a cylinder with a parabolic base. All the 
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plane sections of this surface are either parabolas or two straight 
lines, as may be readily seen. 

94. Two parallel planes. The equation 

Rz^ = L 
is equivalent to the two 

which represent two planes parallel to (a?, y\ and equally dis- 
tant from the origin on opposite sides. These may be con- 
sidered as a particular case of cylindrical surfaces, since they 
may be generated by the motion of a straight line remaining 
parallel to itself. 

We have now discussed the forms of all the varieties of sur- 
faces which are represented by the general equation of the 
second degree, and in the following chapter we shall demonstrate 
the more important of their geometrical properties, choosing in 
preference those which belong to more than one class. 
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CHAPTER VI. 

THEOREMS RELATING TO SURFACES OF THE SECOND ORDER. 

Diametral Planes. 

95. We have seen in Art. (76) that any straight line meets 
a surface of the second order in two points generally ; hence 
any chord, or line bounded by the surface, has a middle point. 
The surface which passes through the middle points of a series 
of parallel chords is called a diametral surface, and we proceed 
to shew that for all the surfaces of the second order it is a 
plane. 

96. Let the Equation to the surface be, for shortness, written 
in the form y(^^^^^) = (1), 

the symbol f implying a rational fimction of tie second degree. 
Let the equations to any chord be 

— 7— = ^ — ^ = = y (2). 

I m n 

If we suppose a?', y'j z\ to change, while ?, tw, w, remain un- 
altered, these equations may represent a system of chords, all 
parallel to the line of which the direction-cosines are Z, w, n. 
But, if we assume the point (a?, y, z) to be in the surface (1), 
r is the length of the chord between the surfape and [x\ y\ z'). 
Now, from (2), we have 

a? = a;' + &•, y = y' -\- mr^ z = z' -{- nr. 
Substituting these values in (1), it becomes 

f{x' + ?r, y' + Twr, z' + nr) = 0. 
Expandmg by Taylor's Theorem, we have 
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where the terms after the third vanish, because the jpdnction 
is of the second degree only, and -B is a ftinction of a?', y\ z\ 
Z, w, n. This may be considered as a quadratic equation in r, 
the two roots of which give the lengths of the two portions 
of the chord intercepted between the surface and the point 
(a?', y\ «'). But, if (ic', y', z') be the middle point of the chord, 
the two values of r must be equal, but of opposite signs, and 
the quadratic equation must be reduced to its first and last 
term. Hence, when (a?', y'^ z') is the middle point of the chord, 
we have the condition 

'f + '»f' + '^l = « w- 

Writing now the equation to the surface at full length, it is 

and therefore /(a;', y\ z') is a function of the same form, which, 
it may be remarked, is hot equal to zero, since ifc'j y\ 2?') is 
not a point in the surface. Hence 

^ = 2 [A^ + Bt! + G'i + A\ 
^ = 2{By'+C'x' + A'z'+B'% 

^=2{Cz'+A'y' + B'x'+C"), 

so that the equation (4) becomes 

I {Ax' + B'z' + C'y' + A") + m [By' + C V + A'z' + B") 

+ n((7«' + ^y + 5'a;' + C") = 0...(5). 

Arranging this in terms of a;', y\ and «', we have 
[Al-{-G'm^-B'n) x' + [Bm + A'n^-CT) y' + [Gn + Bl-^-Am] z' 

+ A"l + B"m + G"n = (6). 

This is a linear relation between x\ y\ z\ and, as it remains 
unchanged so long as ?, w, n, are constant, it holds equally for 
the middle points of all the lines for which Z, w, w, are constant, 
that is to say, all parallel lines; and, as it represents a plane, 
that plane is the locus of the middle points of all the parallel 
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chords of which the direction-cosines are Z, w, w, and hence the 
diametral surface in surfaces of the second order is a plane. 

The form (4) is that which is practically most convenient 
for deducing the equation ta the diametral plane from any 
given form of the equation to the surface. The processes and 
results of this article hold alike for rectangular and for oblique 
coordinates* 

97. From what has preceded it appears that, if a system 
of lines be given, of which the direction-cosines are ?, w, w, we 
may find the equation to a plane which is the locus of their 
middle points. To this however there is one exception : if the 
coefficients of the variables in (6) were each to vamsh, so that 
we had at the same time 

Al + Cm + Bn =0 | 
Bm+A'n+ C'l^O i (7), 

Gn + B'l + Am = J 

the plane would be at an infinite distance^ since infinite values 
alone of a?, y^ z^ would in that case satisfy the equation (6). But, 
in order that the equations (7) may subsist simultaneously, it 
is necessary that the relation 

AA"" + BE' + GG'^ - ABG - 2A'B'G' = (8) 

should hold ; this relation is easily found by eliminating Z, w, w, 
from (7) by cross-multiplication. On comparing (8) with Art. (77), 
(li), it will be seen that it implies that one of the roots of the 
discriminating cubic vanishes, and consequently this failure, 
which is due to the diametral plane being removed to an infinite 
distance, can occur only in acentric surfaces, or those with an 
infinity of centres, as the cylinders. 

98. When the surface has a centre, that point bisects all 
the chords which pass through it; consequently all diametral 
planes must pass through the centre ; so that, if a, ^, 7, be the 
coordinates of that point, the equation to the diametral plane 
may be written 

[Al+G'm^-B'n) [x'--a) + [Bm^- A'n-^G'l) (y-^) 

+ [Gn + Bl-vA'm] {z'-y) = 0. 
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If we suppose the surface to be referred to the centre, and its 
equation to be in the form 

the equation to the diametral plane is 

Fix' + Qmfi + Bnsi = 0. 

It is evident that the intersection of any two diametral planes is 
a diameter of the surface. 

If the surface be not centric, we may write its equation 

Qjf + Bz^ + ^Fx = 0, 

and then the equation to the diametral plane is 

Qmy + Btvz + Fl = 0. 

This being the equation to a plane perpendicular to (y, z) 
shews that all the diametral planes are parallel to tiie axis 
of X. Hence their intersections are straight lines parallel to 
the axis of Xj and these lines correspond to the diameters in 
centric surfaces. 

In the case of cylinders, which have a line of centres, the 
diametral planes all pass through this line. 

99. Conversely, if we have given the equation to a plane, 
we can find the equation to a line to which are parallel all 
the chords bisected by the plane. Let 

Lx + My-i-Nz= Q (9) 

be the eqiiiation to the plane, and 

f=^ = ^ (10) 

the equations to a line passing through the origin and parallel 
to the chords. The equation to the diametral plane to the 
system parallel to (10) is, by Art. (96), 

{Al+G'm + B'n) x -f {Bm-\-A'n-vCT)y'\^ {Cn + Rl-^ Am) z 
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Comparing this with the equation to the given plane, we have 

L = \{Al + Cm + Bn)^ 
M^\[Bm'\^ An + C'l)j 
iV^=\((7n+ B'l +A'm), 
Q = \{A"l-^B"m+C"n)i 

from which Ij m^ w, may be determined in terms of i, M^ N. If^ 
in the equation to the surface, we suppose the terms involving 
the products of the variables to disappear^ we have 

A^Q, B' = 0, G'^% 

and the preceding equations become 

L = \Al^ if = \Bm^ N= XCn^ 

and the equation to a diameter parallel to the chords bisected 
by the given plane are 

Ax _By _^Cz 

100. Definition. A diametral plane is said to be a principal 
diametral plane^ when it is perpendicular to the chords which 
it bisects. We proceed to find whether this geometrical relation 
be possible. 

The direction-cosines of the system of chords being ?, w, w, 
those of the diametral plane are, by Art. (96), proportional to 

Al + Cm + B\ Bm + An + Clj On -f Bl + Am ; 

therefore the conditions of perpendicularity are, by Art. (45), 

Al + Cm + B'n = PI, 

Bm + An + CI = Pw, 

Gn+ Bl + Am = Fn. 

Elimkiating ?, m, w, between these three equations by cross- 
multiplica'tion, we shall obtain the cubic 

(P-A) (P-B) (P-C) 

- A' (P- A) - B'' {P-B)^ C (P- C) - 2AB' C = 0, 

of which the three roots are real ; so that there are three ways 
in which the conditions of principal diametral planes may be 
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satisfied, leading to three sets of values of l^ m, w, that is, to 
three sets of chords "which are perpendicular to their diametral 
planes. 

Eliminating n between our three equations in l^ w, w, we 
shaUget p ^ C'A' 

I B' ^ ^ B' 

or, adopting the notation of Art. (72), 

and therefore, by symmetry, 

timin" -^ • — - — • • 



which shews that the actual values of 2, m^ n, are the same a? 
those of Art (72). These values of the direction-cosines of the 
chords remain determinate even when one of the roots of the 
cubic vanishes ; but, in that case, the coefficients of the vari* 
ables in the equation to the diametral plane are each equal 
to zero, implying that the plane is removed to an infinite dis- 
tance. Thus, though the three directions of the principal chord* 
can be always assigned, one. of the corresponding diametral 
planes may not exist. This, it is plain from Art* (97), happens 
in the surfaces for which 

AA"" + BB"" + CC"" - ABG - ^A'B'C = 0, 

101. The results at which we have just arrived, compared 
with those in Arts. (72), (73), (74), shew us that the process 
of reducing the general equation of the second degree so as 
to be deprived of the terms involving the products of the vari- 
ables, is equivalent to referring the surface to three rectangular 
axes parallel to the three systems of chords which are perpen- 
dicular to their respective diametral planes. Accordingly the 
geometrical considerations of the properties of diametral planes 
have been employed by several writers for reducing the general 
equation: this method was suggested by M. J. Binet, Oorre* 
apondance sur VEcoh Polytechniqae^ vol. II. p. 74. 
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102. It is to be observed that if we take a diametral plane 
to be one of the coordinate planes, as that of (ic, y)^ and the 
axis of 2 to be parallel to its chords, the equation to the surface 
can contain none but even powers of z. For, since the dia- 
metral plane bisects the chord parallel to z^ the negative values 
of z must be equal to the positive values, and the equation 
to the surface must remain imchanged when we substitute — z 
for z\ this cannot happen if the equation contain odd powers 
of that variable. Conversely, when an equation contains none 
but even powers of a variable, we know that the plane con- 
taining the axes of the other two variables bisects all the chords 
parallel to the axis of the first variable, or is a diametral plane 
to chords parallel to that axis. From this it appears that, 
when the equation of the second degree is in the form 

the surface being therefore centric, each of the coordinate planes 
is a diametral plane of the surface, since the equation contains 
none but even powers of each of the three variables. More- 
over, since the coordinates are supposed to be rectangular, each 
diametral plane is a principal one, and each plane bisects the 
chords which are parallel to the intersection of the other two. 

103. Definition. Three diametral planes are said to be 
conjugate to each other when each bisects the chords which 
are parallel to the intersection of the other two. 

We have just seen that, when the equation of the second 
degree, referred to rectangular coordinates, is in the form 

the three coordinate planes are conjugate diametral planes in 
the sense just defined, and it is clear that these are the only 
planes which are at once conjugate and principal planes, since 
we found before that there are generally only three principal 
diametral planes in a surface of the second order. We proceed 
now to shew that there is an infinite number of conjugate 
diametral planes oblique to their chords, so that when their 
intersections are taken as oblique axes of coordinates, the equa- 
tion to the surface is reduced to the preceding form. 
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104. Taking the equation to a centric surface referred to 
rectangular coordinates in the form 

Pa? + Qf + Bz' = H (1), 

let it be cut by a plane passing through the centre, 

Lx + My-^-Nz^O (2). 

Now, by Art. (99), the equations to a line parallel to the chords 
bisected by (2), are 

R^_Ql_Rz 

L" M^ N ^'^^• 

Let L^x + M^y + N^z = (4), 

L^ + M^y + N^z = (5), 

be the equations to two other planes passing through the centre. 
In order that their intersection may be parallel to the chords 
bisected by (2), they must both pass through (3) : this gives 
two conditions, by Art. (47), 

LL MM NN,_ LL^ MM NN 

T"^ Q ^ B ~^' P ^~Q~^~B~ ^^ 

In like manner the conditions that (4) shall bisect the chords 
parallel to the intersection of (2) and (6) are 

LL, MM, NK „ LL MM KK ^ 
P ^ Q ^ R "' P ^ Q ^ R ^' 

and the conditions that (5) shall bisect the chords parallel to the 
intersection of (2) and (4) are 

LL MM^ NN^_ L^L^ M^M, N,N, 
''P^Q^R'^' P '^ Q '^ R ''^' 

Hence, in order that a system of three oblique conjugate 
diameters should exist, these six equations must hold: but 
they are only three independent relations, so that, if we suppose 
i, M^ N^ to be given, there are three relations for determining 

the four ratios i^ j i^ j i^ ? i^ ? ^^^ consequently one or other 

of them must be indeterminate. The corresponding plane is 
therefore indeterminate, and hence we see that if any plane be 
given, there is an infinite number of pairs of planes which can 
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be drawn so as to be conjugate with it. The intersections of 
these three planes two and two may be taken as axes of oblique 
coordinates, and there is thus an infinite number of oblique axes, 
to which when the surface is referred, its equation is reduced 
to the form 

105. In the same way as in Art. (81) we see that, if a', h\ c\ 
be the portions of the axes intercepted between the origin and 
the surface, 

so that the equation to the surface may be written 

'J? v* 7? 

— - 4- ^ 4- — = 1 

o', J', c , are called three conjugate diameters, and may, like 
the principal diameters, be impossible, never meeting the sur- 
face. 

106, To find the relations between oblique conjugate diameters 
and principal diameters of centric surfoices. 

If we refer a centric surface to any three conjugate diameters, 
as oblique axes, its equation i& of the form 

We proceed to find an equation for expressing the principal 
diameters in terms of a\ b\ c\ The definition of a principal 
diameter is that it is perpendicular to the diametral plane which 
bisects the chords parallel to it. Now if 

X y z ,^v 

7 = £' = ;;; = ^ ^ 

L m n 

be the equations to any diameter, the equation to its diametral 
plane is, by Art. (98), 

a'^"^ j.« + ^'2-^ l^j- 

But, '^ffffj hy be the cosines of the angles between the axes of 
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(y, «), {z^ x)^ (a;, y), respectively, we have, by Art. (57), as the 
conditions that (2) should be perpendicular to (3), 



1c -j^ = I ■{- km + guj 



n 



k -^= n -¥ gl -^-fm^ 



(4), 



whence, by Art. (57), 



m 



n 



;fc " a'- "^ b"" "^ c'* • 



But, if we consider a?, y, «, to be the coordinates of the ex- 
tremity of a principal diameter, their values, taken from (2), 
must satisfy (1). Substituting them, we have 



m 



n' 



where r is the length of a principal semidiameter. Hence 
the equations (4) become 



( -^ — 1 J ? — km — gn = 0, 

AZ - (^ - l) m -f> = 0, (5) 

gl+fm- ^^j- ljw = 0. 

Eliminating Z, m, w, between these three equations by cross- 
multiplication, we find 

a cubic equation in r*, and therefore furnishing three values, 
which give the squares of the three principal semidiameters. 
If we arrange this In terms of r*. It becomes 

- a'«i'V« (!-/•-/- A- + 2/^7*) = (6). 

The roots of this equation, being the principal semidiameters. 
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we may call a, i, c, and then the theory of equations gives us 
the following relations, 

a« + J» + c» = a" + b'' + c'' (7), 

ahc=^a'b'c'{l^f^g'--K' + 2fgh)i (9), 

which are the required relations between the principal semi- 
diameters and any three conjugate semi-diameters. 

The equation (7) signifies, that the sum of the squares of any 
three conjugate diameters is constant, and equal to the simi of 
the squares of the axes. 

The equation (8) shews, that the sum of the squares of the 
parallelograms formed by each pair of conjugate diameters is 
constant, and equal to the sum of the squares of the rectangles 
under each pair of the axes. 

The equation (9) shews, that the parallelepiped, of which the 
three conterminous edges are conjugate diameters, is constant 
for all systems of conjugate diameters, and equal to the rect- 
angular parallelepiped, of which the axes are diameters. 

In the equations (7), (8), (9), we have assumed that the quan- 
tities a", b\ c**, are all positive, or that the surface is an ellipsoid ; 
hut it is plain that it may be adapted to the other two centric 
surfaces, by changing the sign of one or of two of the quantities 
a", i^, c^. In such a case, the corresponding one or two of the 
quantities a'*, J'^, c'*, will also be negative, so that the equation 
(9) will still subsist. 

107. In acentric surfaces 

Qf + Bz' -f 2P'x = (1), 

we said. Art. (98), that all the diametral planes are parallel to the 
axis, so that their mutual intersections, being parallel straight 
lines, cannot be taken as a system of coordinate axes. We 
may however find an infinite number of oblique axes for which 
the equation will be reduced to the preceding form, that is, 
such that two of the coordinate planes shall be diametral and 
conjugate to the intersection of each other pair. Let 

My + Nz = K ....(2) 



SIMILARITY OF SURFACES. 95 

be the equation to a diametral plane ; then, comparing it with 

Qmy + Rnz + PZ = (3), 

which is conjugate with the line [Z, m, n], we have 

Fl=^'-\K^ Qm== \Mj En = \N (4), 

which equations serve to determine the direction of the chords 
conjugate to (2). A line parallel to this we may take to be one 
of the new axes, as that of z'j drawing it through any arbitrary 
point in the section made by (2), (which we take as the origin 
in order to get rid of the constant term) : the equation will then 
be free from odd powers of z'. The other coordinate planes are 
to pass through this axis of z'j and intersect the plane (2) in lines 
which are to be the axes of x' and y\ these being determined 
by the condition that the equation to the surface shall be free 
from odd powers either of x' or y' : thus, supposing it to be 
free from odd powers of y, in which case, the surface not having 
a centre, the coefficient of x'^ must also disappear, it will assume 
the form q^. + ^,. + 2PV = (5). 

Supposing this to be done, we find, on making z' = 0, that the 
equatiooito the section by the plane of {x\ y') is 

Qy"" + 2Fx' = 0, 

jwhich is that to a parabola, referred to an axis and the tangent 
at its vertex. Hence, as the axis of any parabolic section is 
parallel to the original axis of a?, the three oblique axes which 
reduce the equation to the form (5) are a line parallel to the 
axis of the surface, drawn through an arbitrary point in the 
surface, a tangent to the parabolic section made by (2), and 
the line determined by the equations (4). As the point assumed 
in the section made by (2) is quite arbitrary, it is clear that 
there is an infinite number of systems of coordinates corre- 
sponding to every assumed plane. 

Similarity of Surfaces. 

108. Two surfaces are said to be similar and similarly 
placed, when, if we take any arbitrary point 0, from which 
radii are drawn to tiie one surface, we can find another point 
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O sudi that the radii drawn parallel to the former and termi- 
nated by the other surface are always proportional to them; 
so that, if ^j, ^j, rg, &c. be radii drawn from and terminated 
by one surface, and r\^ r\^ r\^ &c. radii respectively parallel 
to the former, drawn from O and terminated by the other 

aoxface, r^ = !!:. = !i. = &e. = i, 

T r T 

'l % 8 

It is to be observed that, if two such points as O and O can 
be determined, there is an infinite number of such pairs of 
points for which the same proposition holds : for, if -4 be any 
point, the dbtance of which from is /o, and if, along the line 
tyA\ drawn parallel to 0-4, we assume a distance /o', such 
that f) = kp^ the triangles, of which two corresponding sides 
are r^, p, and r'^, p\ are similar, since the angles between r^ 
and p, r\ and /o', are equal and the sides about them propor- 
tional. Hence, if r, r, be the radii drawn from A and A' to 
Ihe extremities of r^ and r\y we shall have 

or the parallel radii drawn through A and A are in the^nstant 
ratio Ic. Such points are called centres of similarity. 

109. To find the conditions that two surfaces of the second 
order may be similar. Let their equations be 

Aa?+By'-i-Cz''+2A'yz+2B'zx+2C'xy-i'2A''x-]'2B"y+2C''z+E=(i 

(1), 

ai»''H-*y'+o«''+2ay^'+2iVa:'+2cVy+2a'V+2JY+2cV+6=0 

(2). 

As the origin is arbitrary, we may assume it to be the point 
relative to (1), so that the equations to a radius drawn through 

are x oj z 

7 = ^=--r (3); 

I m n 

but, if a, /8, 7, be the coordinates of 0' relative to (2), the equa- 
tions to a radius parallel to (3), drawn through 0', are 

^ ^ yj^ =5111^ = / (4). 

I m n 



= ....(5). 
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The definition of similarity gives the relation r = At, which 

leads to 

a;' = a + fee, y = ^ -\- hy^ z' = y + kz. 

If then we substitute these values in (2), the resulting equation 
in Xy y, Zy must be identical with (1), and, on arranging it in 
powers of these variables, and comparing the coefficients, we 
shall obtain the required conditions. The substitution leads to 

ft* {ax^ + b/+ cz^ + 2a yz + 2h'zx + 2c ay) 

+ 2ft{(aa+ 5'y + c'/3 + a'>+ {b/3+c'a + ay +h")y + {cy+a'fi-^b'a+c")} 

+ aa*+ J)8"-f Cf/+2a'^y-h2b'ya^2cai3-\- 2a"a-\-2b"fi+2c'y + e = 0. 

On comparing the coefficients of the powers of the variables 
in this equation and in (1), we find 

aoL+Vy'H'fi+a" bfi+c'oL+ay+b" _ cy-\-a'^-\-b'a+c" 
IcA" " JcB" " hC 

aa'+6/y+cy+2a/374-267a+2c^aff+2a^a4-26"/3+2c'V4-e 

Since the first five equations are independent of a, /8, 7, and ft, 
H appears that two surfaces cannot be similar, unless the 
coefficients of the highest powers of the variables be propor- 
tional : but, to shew that the surfaces are actually similar, it 
is necessary to prove that we can find real values for a, )8, 7, 
and ft. For this purpose, let each of the preceding ratios be 

put equal to -; the last four ratios give the equations 

A* 

X(oa +c'fi+b'y) = kA" - W (6), 

\{hfi+a'y+c'a) - hB" - U" (7), 

\ [cy +b'a +a'/3) = kC" - Xc" (8), 

\{ao^+b^+ff/+2a'^y+ 2b'ya + 2c'a/3 + 2a"a+ 25"/8+ 2c"7 +e)=i?E 

(9). 

But, on combining (9) with (6), (7), (8), multiplied by a, /8, 7, 
respectively, we find 

(ft^'' + W>+(ft£"+Xi'0/8+(ftC'' + \c'')7 = >fc"^--X6...(10), 
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which, bBing linear in a, /8, 7, may be used instead of (9). 
These four equations lead to a quadratic equation of two terms 
for determining Jc] and, if its roots be possible, we must take 
only the positive one, since k is supposed to be essentially a 
positive ratio. This single value of k will give corresponding 
single values of a, /8, 7; and hence there is only one centre 
of similarity corresponding to that originally assumed. 

110. It is easy to find the geometrical meaning of the 

conditions 

a __ 6 __ c __ a __ 6' __ c' ,^ v 

For if we suppose the surface (1) to be referred to rectangular 
coordinates parallel to its axes, we shall have 

and therefore, in order that the equations (11) may hold good, 

we must have 

0^ = 0, J' = 0, c' = 0; 

or the surface (2) is also referred to its principal diameters, and 
hence the two surfaces have their axes parallel. Moreover, if, 
iu addition, (1) be referred to its centre as origin, we should 
have 

and therefore the seventh, eighth, and ninth ratios of (5) give 
aa + a" = 0, bfi + &" = 0, C7 + c" = ; 

so that the point (a, /8, 7) is, by Art. (78), the centre of the 
surface (2), and therefore the axes of the two surfaces are pro- 
portional, since they are corresponding radii. It is obvious also 
from the equations (11), that similar surfaces must be of the 
same species, since, if one of the quantities -4, JS, (7, vanish 
or be negative, the corresponding a, 6, c, must also vanish or 
be negative, in order that the equations may subsist. 

111. If two similar surfaces of the second order cut each 
other^ their line of intersection is a plane curve. 
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Let the equations to the surfaces be 

Ax^'^By^^-Cz^'{-2A'yz+2B'zX'^^G'xy'{-2A''x^2B''y+2C''Z'itE^(i 

(1), 

^ + */ + c«' + 2a y« + "iib'zx + "i^dan/ + 2a x + Wy + 2c"« +^ =0 

(2); 

then the conditions of similarity are 

a c a o c 

Since the two surfaces intersect, we may combine their equa- 
tions linearly in any way. Multiply then (2) by \, and subtract 
it from (1) ; then, by the conditions of similarity, the terms of 
the second order disappear, and we have 

2(^"-.W)a; + 2(5"-Xj")y + 2((7"-\c'> + ^~\6 = 0...(3). 

This is a relation between a?, y, z^ the coordinates of any point 
of the line of intersection of the surfaces, and, as it is of the 
first degree, it represents a plane, so that the line of intersection 
is a plane curve. As the combination of (1) and (2) leads to 
only one linear equation, we see that two similar surfaces inter- 
sect each other once only. 

Since all spheres are necessarily similar surfaces, it appears 
from this that the line of intersection of two spheres is always 
a plane curve, and therefore a circle. 

112. If four similar surfaoes intersect each other ^ the six 
planes of intersection pass all through one point. 

Let the four equations to the surfaces be 

t* = 0, w, = 0, Wj = 0, Wg = ; 

then, since these may be combined two and two in six different 
ways, if X^, X^, Xg, be the ratios of similarity between the first 
and each of the others, by the preceding proposition the three 
equations 

u — \u^ = 0, u - \u^ = 0, M — XgWg = 0, 

are the equations to three planes of intersection: and, if we 
eliminate u between each pair of these, the equations 

h2 
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are the equations to the other three planes of intersection. 
Now the first three equations combined together determine the 
point through which the three planes pass; and, since the 
second three are derived from the first, the values of the co- 
ordinates derived from combining the first three must satisfy 
the second three : in other words, the six planes of intersection 
have one common point. 

113. In connexion with the preceding propositions we may 
introduce the following : — 

If two surfaces of the second degree intersect in a plane curvCj 
their second intersection [when they have one) is also a plane curve^ 

Let the equjCtions to the surfaces be 

Aa!'+B^+Cz%2A'yz+2B'zx-h2C'ay+2A''x-\'2B''y+2C''z+E=^0 

(1), 

aa^ + Jy»+ C2;*+ 2ai/z+ 2Vzx H- 2cocy'\-2ax + 2V'y + 2c"« + e =0 

(2). 

Since the stirfaces intersect in a plane, we may take that plane 
as the plane of (a?, y) ; and therefore, making 2 = 0, the equa- 
tions 

-4aj* + Sy* + 2G'xy + 2A'x + 2B"y + ^ = ....(3), 

an^ + hf -\- 2c'xy + 2a x + 2h"y + e = ....(4), 

must be identical, since they are both the equations to the line 
of intersection. This involves the relations 

To find the other intersection, multiply the second equation 
by \ and subtract it from the first; then, in consequence of 
the preceding relations, we have 

((7-Xc)«' + 2(u4'-W)y«+2(5'--\J>ajH-2((7'--\c'>=0...(5). 

This gives a relation between the coordinates of the lines of 
intersection; and it splits into two linear equations, 

z = 0, 
and {G-\e)e + 2 {A' -\a')i, + 2 {B' -W)x + 2{C" ^\c") = 0. 

The former gives the plane of ay, or the plane of the first 
intersection ; the latter, being of the first degree, is the equa- 
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tion to a plane, and therefore shews that the second intersection 
is also plane. 

If the equation (5) were a complete square, or were reduced 
to «' = 0, it would imply that the two lines of intersection 
coincide, or that the one surface circumscribes the other, touch- 
ing it along the plane curve determined by the intersection of 
the surface with the plane « = 0. 

Of Plane Sections. 

114. The plane sections of a surface of the second order are 
of course given by combining the equation to the surface with 
the equation to a plane, 

Xx + fjuy + vz =i Sj 

or x(aj-.a)+M(y-i8) + v(«-7) = (1), 

if we suppose the plane to pass through a point (a, ^, 7). The 
method of finding the nature of the section indicated in Art. (68) 
by transforming coordinates is necessarily long and tedious, 
and it is better to avoid it by making use of the distance 
from a given point to the surface, as that quantity is indepen- 
dent of the coordinate axes. Let the equations to a line 
passing through a point (a, y8, 7) be 

—j— = ' ^ = - = r (2 , 

I m n \ 

where r is the distance between (a, y8, 7) and (a;, y, z) ; then, if 
this line r lies in the plane (1), which we suppose to be the 
plane of section, Z, m, w, must satisfy the condition 

t\ + mfi + ny = (3). 

Hence, instead of combining the equation to the surface with 
(1), we may find the nature of the section by combining it with 
(2) and (3), since we shall then have equations for determining 
all the values of r in the plane section. 

115. To shew how this may be done, let us first consider 
how the species of curves of the second order are discriminated 
in two dimensions. If the equation to these curves be 

Ax^ + By^ + 2C'xy + 2A"x + 2B"y + ^ = 0, 
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we know that it represents an ellipse, a parabola, or an hyper- 
bola, according as the function C^ — AB is negative, zero, or 
positive. Now, if we substitute for x and y their values in 
terms of r from the equation 

I'm"' 

we have (^f + .Bwi* + 2 (77m) r* + &c. == 0, 

and we see that the discriminating condition is equivalent to 
saying that the curve is an ellipse, a parabola, or an hyperbola, 
according as the coefficient of r*, when equated to zero, leads 
to impossible, equal, or possible values of the ratio I : m or m : L 
In other words, the curve is an hyperbola when the coefficient of 
r* may be split into two possible and unequal factors, a parabola 
when it is a complete square, and an ellipse when it cannot be 
divided into possible factors. This condition is equally appli- 
cable in three dimensions. 

116. 1st. For centric surfaces : let the equation to the sur- 
face be 

Pa? + Qf + Bz' = H (4). 

Substituting from (2) in this, we have 

(PP-f gm* + 5n*)r* + &c. = 0. 

Now the discriminating condition depends on the nature of the 
equation 

combined with tk + m/A -|- nv = ; 

and if between these we eliminate one of the quantities Z, ?w, w, 
as n, we have 

(iV + J?\») r + {Qv^ + Bfi^)m^ + 2Blm\fji = 0, 

from which we easily find the discriminating function to be 

^v'iQBXi' + BPfi' + PQv'), 



or 






In the ellipsoid, where P, Q, B, are all positive, this is essen- 
tially negative, and therefore all the sections are ellipses, as is 
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otherwise apparent. In the cone, and the two hyperboloids, 
this function may be either negative, zero, or positive, and 
hence these surfaces may be cut by planes either in ellipses, 
parabolas, or hyperbolas. The sections will be parabolic when 

P^ Q B ^' 

if we consider B as the coefficient which is of a sign different 
from that of the other two. 

117. We may shew that a plane of parabolic section is 
always parallel to some position of the generating line of the 
asymptotic cone of the hyperboloids, or of the cone itself if 
the surface be a cone. For, if Z, w, w, be the direction-cosines 
of the generating line, we have, by Arts. (78, 84), 

pp + ^« « Bri' = 0, or PP = Bn* - Qm!'; 
but, \, fly V, being the direction-cosines of the plane of section, 

P'^ Q^ B'^' ^"^ P" B^ Q' 

The former of these equations may, for one set of values of 
Z, wi, n, be satisfied by the system 

and the latter by the corresponding system 

Multiplying together the two left-hand and also the two right- 
hand equations, we have 

7. ^ (fi 

— /\ = nv + mfi ~ 75J ^M ~ "Hi ^v. 

Adding them we find 

IK + mpL + nv = 0, 

shewing that the lines, of which the direction-cosines are Z, w, n^ 
and X, fAj V, are perpendicular, and therefore that the plane, of 
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which the direction-cosines are \, /a, v, is parallel to the line 
[I J m, n]. Since k is arbitrary, this is true for all the values 
of the cosines which satisfy the equations. 

118. 2nd. For acentric surfaces. Their equation is 

Q/ + J?«» + 2P'aj =t ; 

so that the equations to be combined are 

Qm* + Bn^ = 0, 

IK -f- mfi H- nv = 0. 

Eliminating n between these, we find the discriminating fiinc- 
tion to be ^a 

When Q and jB are of the same sign, that is, in the elliptic 
paraboloid, this can never be positive, and consequently the 
surface is never cut by a plane in an hyperbola. The section 
will be a parabola if \ = 0, that is, if the plane be parallel to 
the axis of x. In the hyperbolic paraboloid, when Q and M 
are of contrary signs, the function is essentially positive, except 
when X — 0, or aU plane sections are hyperbolas except those 
made by planes parallel to the axis of a?, which are parabolas. 

119. 3rd. For cylindrical surfaces. The equation to these 
may be assumed to be 

Pa^ + Qf-^- 2Exy + 2F'x ^^Qy-^-E^ 0, 

and the equations to be considered are 

PP + O^'H- 2^7w = 0, 
l\ + mfi + nv = 0, 

from which, after eliminating w, we find, as the discriminating 

function, 

E^ ^ PQ 

consequently the section is of the same kind as the base of the 
cylinder of which the discriminating function is E^^ — PQ. 
Hence a cylinder can be cut by a plane in only one kind of 
curve; excepting of course when the cutting plane is parallel 
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to the axis of the cylinder, in which case the section consists 
of two straight lines. 

120. The sections made hy parallel planes in a surfaoe of 
the secoTid order are all similar curves. 

It is easy to shew, by the same method as that used in 
the case of smfaces, that two curves of the second order are 
similar, when, if a?, y, «, be replaced by their values In terms 
of /, w, w, and r, so as to give an equation of the form 

{Ar-vPm^ + ^C'lm) r» f &c. = 0, 

the coefficients A^ jB, C", in the two curves are equal or pro- 
portional. Now, if the equation to the cutting plane be 

X [x^a) + M (y-^) + V (2- 7) = (1), 

and those to any radius 

—J— = ^ = ' ^ r (2), 

b m n ^ '' 

we must have tK + mfi + nv = (3). 

But, if the equation to the surface be 

Pa? + Qf + Bz' = K (4), 

we must eliminate n between (3) and the following equation 

{PU' + Qm' + Bn') t" -f- &c. = (5). 

Since then a, /9, 7, do not appear in the coefficient of r'* in the 
resulting equation, the terms in that function remain the same 
for all values of a, y8, 7, provided \, /a, v, remain unaltered, that 
is, for all parallel planes ;*hence the coefficients of the terms 
which multiply r* are the same in different positions of the 
cutting plane, or the curves of section are similar. 

121. To find the locus of the centres of sections of a surface 
of the second order made hy a series of parallel planes. 

If the surface be centric, let its equation be 

Px' + Qf + Rz' = H. (1), 

and, if a, ^, 7, be the centre of any given section, let the equa- 
tion to the cutting plane be 

\{x-a) +At(y-/3) + v(«-7) =0 (2). 
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Then __ = 4L_^ = __7 = r (3), 



m n 

Bubject to the condition 

t\ + mfi + nv = (4), 

are the equations to a line lying in the plane of seotion and 
passing through its centre. Hence, if we substitute in the 
equation to the surface the values of Xj y, Zj from (3), we shall 
obtain a quadratic equation in r, the two roots of which are 
equal but of opposite signs. Therefore the coefficient of the 
second term must vanish, which gives tHe condition 

Pal + Qj3m + Eyn = (5); 

the equation (5) subsists for all values of Z, w, n, subject to only 
one condition (4) : hence we have 

k\ = Pa, kfi = C/9, Jcv = ^7, 
Jc being an indeterminate multiplier : from which we have 

\ fjL y 

as the equations connecting a, ^, 7, shewing that the locus of 
the centres is a straight line, in fact the diameter which is 
conjugate to the central plane section : see Art. (99). 
If the surface be not centric, its equation is 

^ + - = 2x: 
P <l 

instead of the equation (5), we have*then 

^ + ^-?=0 (6). 

Combining this with (4) we have 

iX = — 1, hii,— —t lev = -\ 
from wmcn we get 

^ + ^=0, 5: + ^ = o, 

as the equations to the locus of centres, which is therefore a line 
parallel to the axis, and hence a diameter. 
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122. To find the doces of a section of the ellipsoid 

a DC ^ ' 

TOdde hy a plane he + my -^ nz =i (2), 

Z, m, w, being the direction-'Cosines of the plane. 

Since the semiaxes of the elliptical section are the greatest 
and least radii drawn from the centre to the curve, we must have 

r* = ic* + / + «* 

a maximum or minimum, Xj y, «, being subject to the conditions 
(1) and (2). Hence, differentiating, the condition for a maxi- 
mima or minhnum gives us 

xdx + ydy + zdz = (3), 

with the conditions 

xdx ydy zdz ^ ,,. 

-1-^^ +-r =0 (4, 

Idx + mdy + ndz = (5). 

Multiply (4) by an indeterminate multiplier \, and (5) by /*, 
and add them to (3) ; then, equating to zero the coefficient of 
each differential, we have 

X 

a? + X -a + al =0, 
a ' 

y + ^ I + /*^ = 0, 

^ z 
z -\- \ -^ + an = 0. 
c 

Multiply these equations by a?, y, «, respectively, and add: 
then, in virtue of (1) and (2), r'* + \ = 0. Hence the equations 
become 

(^ "^ ^) ^ "^ ^^"^ ^' V 67 3^ + /^^ = ^> (l - 35) « + /*w = <>; 

, ua*Z tib^m ii(?n 
whence x = -4- = , y = -^ — to , z = -a « • 

Multiply by Z, w, ©, and add: then, in virtue of (2), and 
dividing by /a, we find 

aT VW cV ,, 

r« - a "^ T^^T^ "^ r^ - c'' " ^' 
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a quadratic equation for determining r*. This equation may be 
adapted to the other centric surfaces by changing the sign of 
one or of two of the quantities a*, J*, c*. 

From this expression we can easily determine the area of the 
section. For the area of an ellipse is equal to the product of 
the semiaxes multiplied by ir : but the last term of the preceding 
equation (arranged in powers of r*) is the product of the two 
roots, that is, of the squares of the two semiaxes. Taking then 
the square root of this term, and multiplying it by w^ we have 

irabc 

(aTT6WT?iO* 
as the expression for the area of the section. 



Circular Sections. 

123. Since all the surfaces of the second order, except the 
hyperbolic paraboloid and the hyperbolic and parabolic cylin- 
ders, give, when cut by a plane in certain directions, curves 
which are closed, and consequently must be ellipses, we may 
enquire whether under any circumstances these sections are 
circular. And as all parallel sections of a surface of the second 
order are similar curves, we have only to consider the direction 
of the section, choosing its position in the manner which may 
be most convenient. 

124. Centric surfaces. The equation to these is, in general, 

Fx' 4 Qf + Bz' = H. (1), 

, H ^ H ,^ H .^ 

where p = «, C"" ~R ^ ^ ' 

Let the surface be cut by a plane of which the equation is 

z = mx -f ny (2), 

it being assumed to pass through the origin : we have to deter- 
mine whether there are any values of m and n which give 
a circle as the curve of section. Let the plane (2) also cut a 
sphere, the equation to which is 

x» + 2/' + a»=V (3); 
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then, if the section of (1) be circular for any values of m and w, 
we can always assume such a value of r that the section of the 
sphere, which is always a circle, shall coincide with the section 
of (1). If then they coincide, their projections on the plane of 
(a?, y) must coincide, and the corresponding equations become 
identical. The comparison of the several terms of these will 
give conditions for determining m and n. Substituting then for 
z in (I) and (3) its value from (2), we get 

(P+5w") a^ + ((24 Rn^) f + 2Bmnxy = fl, 

and (1 + m*) a? -\- (1 + r?) y* + 2mn xy ^r^^ 

as the equations to the projections. As these are to be identical, 
the coefficients of the several terms must be proportional, and 
therefore 

P+Rrn^ _ I + m" Q^ Rn^ _ 1 4 n" Rmn __ nm 

The last condition can be satisfied only by 

m = 0, or w = 0. 

For w = 0, we have, from the other conditions, 

H . . Q + Rn' 1 + w- r, , ,sP 
p = ^> and — ^ — = —^ = {l+n') -g; 

whence n = ± (^-^-p j =±j (^^,— ,j (4). 

For w = 0, we find, similarly, 

125. We proceed to consider how far these values are possi- 
ble in the different surfaces. 

The Ellipsoid. In this all the quantities P, Q^ jB, are positive, 
and we shall suppose 

P < Q < Rj which is the same as a > J > c. 

In this case the formula (4) is impossible ; and from (5) we have 
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which indicates the existence of two series of circular sections, 
parallel to the planes, of which the equations are 

From the form of these it is evident that the two planes pass 
through the mean axis h^ and are perpendicular to the plane 
containing the greatest and least axes. 

K P = Q, or a = J, the equations to the cutting planes are 
reduced to ;? = 0, shewing that all the sections parallel to the 
plane of {x^ y), or that containing the two equal axes, are 
circular, or the ellipsoid is one of revolution round the axis of z. 
Jf Q =: By or 5 = c, we have a? = 0, or the planes parallel to 
(y, z) give circular sections, and the surface is one of revolution 
round the axis of a?. If P = Q = 5, or a = J = c, the expres- 
sions for m and n are indeterminate, or there is an infinite 
number of directions in which the surface may be cut by planes 
in circles. This indeed is obvious, as the ellipsoid then becomes 
a inhere. 

Hyperhohid of one sheet In this one of the coefficients is 
negative, as P, and then the formula (5) gives 

and, in order that this may be possible, we must have h > a^ or 
the circular sections pass through the greater of the real axes. 
To make the surface one of revolution, we can only have 
P = Qy or a = by and there results only one series of circular 
sections parallel to the plane containing the two equal axes. 

Hyperhohid of two sheets. In this case Q and P are both 
negative, and 

In order that this may be possible, we must have J > c, or the 
cutting plane passes through the greater of the two imaginary axes. 
The surface becomes one of revolution only when § = P, or 
b = c'y and then, as m = oo , the circular sections are perpendicu^' r 
to the real axis of the surface. 

It is to be observed, that the plane which passes through the 



m 
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centre never meets the surface, but planes dravm parallel to it 
at a sufficient distance cut the surface in circles. 

Conical surfaces. The equations to surfaces of this kind are 
derived from that of the hyperboloid of one sheet, by making 
-ET = ; but, as this quantity does not enter into the expressions 
for m, the circular sections of the cone are parallel to those of 
the hyperboloid, of which it is the asymptote. 

Cylindrical sfwrfaces. The elliptic cylinder may be taken as 
a particular case of the ellipsoid when one of the quantities, 
as P, vanishes : the value of m then becomes 



711 = + 



which is possible if 6 > c, or the cutting plane passes through 
the greater axis of the elliptic base of the cylinder. 

126. Acentric surface. For the elliptic paraboloid the for- 
mula is somewhat different. Let the equation to the surface be 

and let this be cut by a plane 

X == mz + nyy 
which also cuts the sphere 

cc* + y* + ^'^ = 2ra?. 
The equations to the projections on the plane of (y, z) are 

qy^ 4- ps? — mpqz — npqy = 0, 
(1 + w") ^' + (1 + m^) «' + 2mn yz — 2mrz — 2nry = 0. 

In order that these may coincide, we must have 

w = or n = 0. 

Km = 0, then 1 + n' = 2 and n = ± (^^^] . 

If n = 0, theft l + m* = 2,andw = ± (^^^\ . 

U q> p^ the first is possible and the second impossible ; so 
that the equation to the cutting plane is 

p^x + {q-p)^y = 0, 
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giving two sets of circular sections parallel to planes which pass 
through the axis of z, 

J£ J) > q^ the second formula is possible, and the equation 
to the cutting plane becomes 

q^ X T (jp — q)^ z = 0, 

shewing that there are two series of circular sections parallel to 
planes passing through the axis of y. 

J£j> s= q^ the equation to the cutting plane is 

a; = 0, 

or the circular sections are all parallel to the plane of (y, «), 
and the surface is one of revolution round the axis of x. 

127. The following proposition is worthy of note: — Any 
two circular sections heilonging to different series lie on the surface 
of the same sphere,^ 

If the equation to the surface be 

Pa?' ^Qy' + Rz'-H^ a (1), 

that to the plane of any circular section of one system is 

(ii - (2)i « - {Q-P)yx -. i> = (2), 

and that to one belonging to the other system is 

(i?- (2)i + [Q- P)* x - i), = (3). 

On multiplying these together, we have 

{R-Q)z^^[Q^P)a?-[D-^D,)[B-Q)^z^{D^D,){Q-P)^x 

-^DD.^O (4), 

an equation of the second order representing the two cutting 
planes. Since these planes intersect the surface (1), any equa- 
tion derived from combining linearly (1) and (4) is the equation 
to a surface which passes through the intersections of (1) and 
(4), that is, the circular sections. But, on subtracting (4) from 
(1), we have 
Q (a^+y'^ + ^«) + (2> + A) [R-Q)^ z + (2>-i)J [Q^ P)i x 

* This Proposition is due to Hachette. 
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which is the equation to a sphere; hence the two circular 
sections are on the same sphere. 
If the equation to the surface be 

jy* +i?«* - pqx = (5), 

those of two planes of circular sections belonging to different 

systems are 

pkj, _ [q^p)^y -d = (6), 

p^x -f {q-'P)^y -d, = (7), 

whence, as before, 

j)x^ - [q -p) f - [d + d^ p^x - (rf- rfj [q -pf y^dd^ = 0...(8). 

On adding (5) aaid (8)^ we find 

p[x^ + f^z^)^{{d^d^)p^^-pq]x^(d^d;){q^p)^y^-dd^^O, 

the equation to a sphere on which lie the two circular sections. 

128. From what has preceded, it appears that all surfaces of 
the second order, except the hyperbolic paraboloid, and hyperbolic 
and parabolic cylinders, may fee* generated by the motion of a 
circle of variable radius which moves so as to be always parallel 
to one plane. When the surface is of revolution, the plane of 
the circle is perpendicular to the line of the centres of the 
sections, but in other cases it is oblique, as may be easily seen ; 
for, by Art. (121), the equation to the line of centres of parallel 
sections is the diameter conjugate to them, and this can never 
be perpendicular to their planes, unless it be a principal con- 
jugate diameter^ which is the case only in surfaces of revolu- 
tion. 

Conditions that the Equation of the Second Degree shall represent 

Surfaces of Revolution, 

129. When a surface is one of revolution, all the sections made 
by planes perpendicular to the axis are circles, of which the cen- 
tres are on the axis ; and as any line which, passing through the 
centre of a circle, bisects a line which does not pass through the 
centre, is also perpendicular to it, any plane passing through 
the axis and bisecting a system of parallel chords must be also 

I 
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perpendicular to them. In other words, it is a principal plane 
to a system of chords perpendicular to the axis. Hence, in 
smfaces of revolution, there h an infinite number of principal 
planes, the conjugate chords of which are parallel to one plane ; 
and, conversely, if we investigate the condition that a surface of 
the second order may admit of an infinite nimiber of principal 
planes, the chords conjugate to which are parallel to one plane, 
we shall obtain the condition that it may be a surface of revolu- 
tion. It is necessary, however, to add that the principal planes 
are at a finite and determinate distance, since in surfaces of 
revolution they all intersect in the axis. 

130. The direction-cosines of a system of chords, conjugate 
to a principal diametral plane, are, by Art. (100), given by the 

equations 

, Sf^ Sg^ Sh^ 

J =s — iL m =z — — n = 

p + w« + n« = 1. 

In order that there may be an infinite number of such 
systems of chords, assume the expressions for Z, m, w, to be 
indeterminate. Suppose that all the coefiicients A\ B\ C\ are 
finite. Then ^^q, P=\=/^ = v. 

Since, in the discriminating cubic, one root lies between \, /a, 
and another between /a, v, the conditions 

\ = /Lt = V 

indicate that two of the roots of the cubic are equal. 

Writing for \, /Lt, v, their values in full, we have two con- 
ditions, which must be satisfied in order that the surface may -be 
one of revolution, viz. 

r-jL ^' -^ ^' ""^""C^- 
But we must add the condition that the principal planes 
corresponding to the chords determined by Z, w, n, are at a finite 
distance ; this, by Art. (100), is expressed by saying that P shall 
not vanish, or that the two equal roots of the cubic shall not be 
zero. 



SURFACES OF REVOLUTION. 115 

Hence the condition for a surface being onfe of reyplution 
may be written in the form 



P ^ A -j7— = 5 ^7— = (7 T^r- < ^ (!)• 

131. Since, by Art. (100), the direction-cosineB of the chords 
are subject to the condition 

(^_P)Z+Cr^ + 5'^=:0, 

the equations (1) of the preceding article change it into 

BCl + a Am + ABn = (2) ; 

and, if ^ =^ ^ = - 

t m n 

be the equations to a line passing through the origin and parallel 
to the chords, the elhnination of Z, m, n, between these and the 
equation (2) gives 

B'Cx-irC'Ay + AB'z^^^), 

X V Z /«v 

z + #+o^=' ^'^' 

as the equation to a plane parallel to all the chords, and there- 
fore perpendicular to the axis of the surface. To find the 
equation to this line, we have to consider that it is ihe inter- 
section of all the planes which bisect all chords parallel to the 
plane (3). Now the equation to the plane which bisects all 
chords parallel to the line (Z, m, n) is, by Art. (96), 

{Al + C'm + B'n) X + [Bm + An +C'l)t/-\- {071 + 3*1 + Am) z 

+ A'l 4- B"m + C'n = (4) ; 

and, when it is also perpendicular to the chord, we have, by 
Art. (100), 

Al-\C'm+B'n=^Pl^ Bm+An + C'l = Pm^ Cn+B'l+Am^Pn: 
hence the equation (4) becomefl^ 

[Px+A') I + [Py + B") m + [Pz+G") n = (5). 

The axis of revolution is the line of intersection of all the 
planes given by this equation, when Z, w, w, vary, subject to the 

condition b'C'I + C'Am + AB'n = , (2). 

12 
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As there is only one relation between the two ratios liming 
either of them is arbitrary ; so that, if we eliminate one between 
(2) and (5), the resulting coefficient of the other must vanish ; 
whence we get the equations 



B'C C'A' AB' 

or, multiplying by A'B'C\ dividing by P, and then putting 
for P its values from (1), we have 

.,( A' A" \ ^,[ B'B" \ ^,f C'C" \ 

^ [''^AA'-^B'C'r^ [y-^BB'^CAr^ V "^ GG'-^AB' ) 

(6), 

which are the required equations to the axis, shewing it to be 
perpendicular to the plane (3). 

132. K some of the coefficients A\ B\ C\ be zero, then 
/J g^ A, will assume infinite or indeterminate values, and it is 
more convenient under these circumstances to have recourse to 
the original equations of Art. (100), viz. 

[A--P)l +C'm + B'n =0 

{B-P)m-\-An + C'l =o[ (7). 

(0-P)n +B'l -\-Am^O) 

(1). Let A = 0, B' and C being finite. 
Then the equations (7) become 

{A-P)! +C'm + B'n = 0, 

{B'-P)m + C'l =0, 

{G-P)n +B'l =0. 

The last two of these equations, combined with 

p + ^8 4. n'* = 1, 

will necessarily give determinate values to Z, m, n, unless the 
coefficients of m and n be zero ; but, in this case, Z = 0, and 
therefore m and n would still be determined by the first of the 
three equations combined with 

m* + n^ = 1. 
Thus the surface cannot be one of revolution. 
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(2). Let B' = 0, C'^ 0, A being finite. 
Then (^-P).Z = 0, 

[B-P)m-\- An =0, 

[0-F)n +^'w = 0. 

The only way in which it is possible to render Z, m, w, not 
all determinate in these equations, is to suppose 

then from the last two we have 

as the condition that the surface may be one of revolution. We 
must add to this condition that A is not to be zero, since it is 
the value of P. 

(3). Let A = 0, J?' = 0, (7' = : then 

(^ - P) ? = 0, (5- P) m = 0, (C- P) n = 0. 

Since 2, 971, n, must not be all determinate, we must have two 

of the relations 

P^A, P=Bj P=C, 

that is, one of the relations 

P-C=0, C'A = Oy ^-i? = 0. 

Li case (2), the equation (5) becomes 

{Ax + A')l+{Ay + B")m-\- {Az+C")n = Oj 

and therefore, I being indeterminate, and m, n, being connected 
by the equation 

{A^B)m== Arij or {A—C)n = Am^ 

we have, for the equations to the axis. 

Ax + A" = 0, 

, A j/ + B" __ Az + C" Ay + B" _ Az + C 

^"^ "B^TA" A ' ^"^ T~~ O-^ • 

Li case (3), suppose that P= B = C^ and 1 = 0. Then tlie 
equation (5) becomes 

{Bt/ + B")m + {Cz+C")n = 0, 



118 SURFACES OF REVOLUTION. 

and therefore, the ratio between m and n being indeterminate, 
we have, for the equations to the axis 

By + B" = 0, Cz-\- G" = 0. 

Similar equations will hold for the other cases. 

K the two relations A = B = C hold simultaneously, then 
the equation (5) becomes 

{Ax + A") I + {By + B") m + {Gz-\-G") w = 0, 

and therefore, the two ratios between Z, w, n, being independent 
of each other, we must have 

Ax + A' = 0, By^ B' = 0, Or + G" = 0. 

Thus any straight line whatever, passing through the point 
denoted by th^^^hree equations, will be an axis of revolution. 

132'. The results obtained in the preceding article which 
relate to surfaces of revolution, may be derived also from the 
general fonndQae of Arts. (130), (131), by eliminating indeter- 
minate quantities. 

Let 5' = and C" = 0. Then the conditions (1) of Art. (130) 
become indeteryninate and therefore nugatory.. If however, 

between the two equations 

G'A'\ 



A = B- 



A = G ^ 



A'B' 

G' 



(S), 



7?' 

we eliminate the indeterminate ratio y^ , we have 

{A--B)[A^G) = A' (9), 

as the condition that the surface may be one of revolution, 
ii, which is the value of P, being supposed not to vanish. 
The equations to the axis of revolution (6) become in this 

case, after eliminating from them the ratio -j^, by means of (8), 

Ax + A" = 0, 

, Ay-{-B" Az + C Ay + B" Az + G" ,.,, 

and -f^^ ^j^, or-iL_=__i_...(10). 
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Suppose that, in addition, A = 0, ar that all the tenns in- 
volving the products of the variables are wanting. Then, 
putting the conditions (1) in the forms 

we see that either 

P=.B = Cy P^C^A, or P=^ = 5....(ll). 

Any one of these conditions being satisfied will make the surface 
be one of revolution. Putting these values of A\ B\ C\ in the 
equations (5)' to the axis given in Art. (131), we get 

Px 4- A " __ Py 4- B" _ Pz + C" 

(P--Af " {P-B)^ ■" {P-G)^ ' 

and therefore, taking the relations, P ^ B ^ G^ we have 

By H- B" = 0, Cz^ C" = (12). 

Rectilinear Generating Lines. 

133. We have seen before, that cones may be generated by 
the motion of a straight line which passes constantly through a 
fixed point ; and cylinders by that of a straight line which moves 
so as to be always parallel to a given position. This suggests the 
enquiry, whether any of the other surfaces of the second order 
may be generated in a similar manner. It is evident, h priori^ 
that this is impossible for the ellipsoid, since it is a closed curve ; 
for the hyperboloid of two sheets, since it is not a continuous 
surface; and for the elliptic paraboloid, sinc^ it is bounded in 
one direction. We may therefore confine our attention to the 
hyperboloid of one sheet, and the hyperbolic paraboloid. 

134. The equation to the former is 

V 2 S 

a«"*"P'"?"" ^^^' 

which may be written in the form* 

2 S 2 

a' c"" 4" ^T 

* This method is due to BobiUier, Correspondance MathSnuUique et Physique 
de Bruxelles, vol, iv. 
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Now this equation may be satisfied by either of the following 
systems of linear equations : 

k being an arbitrary constant. Each of these equations is the 
equation to a plane, and therefore each system represents 
a straight line. Since then the equation (1) or (2) may be satis- 
fied by the equations to two straight lines for each value of A:, 
there are two straight lines which lie wholly in the surface repre- 
sented by (1). As A admits of an indefinite mmiber of values, and 
to each value of k there corresponds a position of the line in each 
system, we may, by assigning a proper series of values to k^ cause 
the line represented by either (A) or (B) to trace out the surface 
(1), Hence there are two ways in which the hyperboloid of one 
sheet may be generated by the motion of a straight line, the one 
corresponding to the equations (A), the other to the equa- 
tions (B). 

135. It is easy to find the condition to which the direc- 
tion-cosines of the generator must be subject : for, if its equa- 
tions be 



I m n ^ 



and we substitute for aj, y, 2?, their values in Z, m, w, and r^ 
the resulting equation in r must be indeterminate, since the 
line lies wholly in the surface, and therefore the coefficient 
of each term must vanish separately : that of r'^ gives us the 
equation 

* 7a » _a 



a 






b' 



hence the generators are all parallel to the generators of the 
asymptotic cone (Art. 87). From this it appears, that the gene- 
rator is never in three positions parallel to the same plane ; for 
if this were the case, the three corresponding generators of the 
cone would lie in one plane, which is clearly impossible, as a 
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cone of the seeond degree caimot be cut by a plane in more 
than two straight lines. 

136. There is an important difference between the mode of 
generation of this surface and that of cones and cylinders. For 
in the latter, the generating lines either pass through one point 
or are parallel, and consequently any two lie always in one 
plane : but, in the hyperboloid, no two lines of the system (A) 
ever intersect. Let us in fact take any two individuals of the 
system, as 

then, supposing these two lines to intersect, we should have, at 
their intersection, 

(*-*■'(•-!)-<■. G-l)('-l)-». 

or, h and Id being, by the hypothesis, different, 

equations which are incompatible with each other. The same 
may be shewn of the system (B), and consequently no two 
generators of the hyperboloid of one sheet are ever in the same 
plane. Surfaces generated in this manner have been termed 
by French writers, who first studied their properties, "sur* 
faces gauches": perhaps the nearest equivalent expression in 
English is "skew surfaces," and that term we shall use for 
the future. Surfaces which can be generated by the motion of a 
straight line are called ruled surfaces^ and are divided into the 
two classes of skew surfdcea^ of which the hyperboloid of one 
sheet is the type; and developable surfaces^ of which the cone 
may be taken as the type. The reason of the term developable^ 
and the nature of the distinction between these two classes of 
surfaces, will be explained in the chapter on Tangent Planes 
to Surfaces. 
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137. On the other hand it will be readily seen, that every 
line of the system (A) meets every line of the system (B), since 
the condition of their intersection leads to an identical equation 
which is satisfied whatever be the values assigned to A; in each 
equation. This leads to a very simple geometrical mode of 
regulating the motion of the generating line : for, if we take 
any three lines of the system (B), the motion of a straight line 
will be completely regulated by constraining it to intersect ihese 
three lines. This will appear more clearly from the following 
considerations : if -B^, -B^, B^^ be any three lines of the system 
(B), and if, at any point in (J5J, we draw two planes, one 
passing through {B^) and the other through (-B3), their line of 
intersection rests both on {B^) and {B^j and of course also on 
{B^)j as the two planes pass through the same point in that 
line. For each point in {BJ there is only one such line of 
intersection, and consequently a line, which is made to pass 
through any point in (JSJ, is completely determined by being 
constrained to rest on (-BJ and (5g), so that the motion of a 
line is completely regulated by being constrained to pass con- 
stantly through three given straight lines. It is to be observed 
that the three directors (-BJ, (JS^), (£3), must not be all parallel 
to one plane, since they are taken out of a system of generating 
lines of the hyperboloid, no three of which, by Art. (135), can 
be parallel to the same plane. This serves to distinguish this 
surface from the hyperbolic paraboloid, as we shall see pre- 
sently. We may of course equally well take any three lines of 
the system (A) as directors, and constrain the generator to rest 
always on them. Hence the hyperboloid of one sheet admits of 
two modes of generation by the motion of a straight line, the 
directors in the one mode being some of the generators in the 
other. 

138. Having thus shewn that the hyperboloid of one sheet 
may be generated by the motion of a straight line which rests 
on three rectilinear directors which do not intersect, and are not 
all parallel to the same plane, it remains to prove that it is the 
only surface so generated. For this purpose it is convenient to 
choose our coordinate axes as symmetrically as possible with 
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reference to the three directors, and that is to draw them parallel 
to these lines, which is always possible as the three directors are 
supposed to be no two in the same plane. The following con- 
struction gives us the means of doing this. 

Let 5, JS,, B^^ (fig. 24), be the three directors. Through B 
draw a plane BCB parallel to B^ ; through B^ a plane B^ EF 
also parallel to B^. These planes must evidently intersect in a 
line A^ parallel to B^. In like manner, through B and B^ draw 
planes parallel to -Bj, and through B^ and B^ planes parallel to 
B. These six planes form a parallelepiped, at the centre of 
which, 0, we shall place our origin, the axes of a?, y, and 2?, being 
parallel to -B, B^ and B^. Let the sides of three contiguous 
edges of the parallelepiped be 2a, 2)8, 27, parallel to x^ y, ;?, 
respectively. Then the equations to the three directors are 

{B) j3^ = + y3, (5.) J^ = + 7, (5J 

0? = — a. 



.« = - 7j 



"? 



aj = + a, 
ly = - ^. 



If now the equations to the generating line be 

X — x' y — y' z — z' 
I m n ' 

the conditions that it shall pass through (J5), (^J, (JS^), respec- 
tively are 

y - fi ^ z + y 

m n ' 

z — y ^x -\- a 

X- a _ y + 13 
I " m ' 

On multiplying these three equations together, Z, m, n, are elimi- 
nated, and we have 

{x-a) (y-^) (^-7) = {x + a) (y-f/3) (^5 + 7), 

which may be reduced to 

ayz + ^zx + yocy + a/87 = 0, 

the equation to the locus. Since this equation is not altered 
when the signs of the variables are changed, the surface has a 
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centre and is therefore the hyperboloid of one sheet, that being 
the only central surface of the second order which admits of a 
rectilinear generator. 

The form of the equation will be seen to be analogous to 
that of the hyperbola referred to its asymptotes; of which the 
reason is obvious, for the axesy passing through the centre and 
being parallel to three lines which lie wholly in the surface, are 
in fact three positions of the generating line of the asymptotic 
cone. 

139. The equation to the hyperbolic paraboloid is 

P 9. 
and this may be satisfied by either of the two systems of linear 
equations 

and consequently, as in the case of the hyperboloid, for every 

value of h there are two straight lines which lie wholly in the 

surface. Hence, by assigning all possible values to h^ we can 

obtain from either system a consecutive series of positions of a 

straight line which lies wholly in the paraboloid: or there are 

two modes by which this surface may be generated by the 

motion of a straight line. From the left hand equation of the 

two systems it appears that the generator is always parallel to a 

fixed plane 

qiy — piz = 0, or q^y +ph = 0, 

according as it belongs to (A) or (B). This serves to distinguish 
the surface from the hyperboloid of which we saw (Art. 135) 
that no three generators are parallel to the same plane. 

140. It is easy to shew, as in Art. (136), that no two lines of 
the same system ever intersect, so that the hyperbolic paraboloid 
is a skew surface^ but that every line of the one system inter- 
sects all the lines of the other. Hence the motion of the gene- 
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rator in one system will be completely regulated if we constrain 
it to rest constantly on three of the lines of the other system 
' considered as directors: these lines are not arbitrary, but must 
be taken parallel to one plane, since all the lines in each system 
(A) and (B) are parallel to one plane. We may also consider 
the surface as generated by the motion of a straight line which 
rests constantly on two rectilinear directors, while it remains 
parallel to one plane. These conditions will regulate completely 
the motion of the generator ; for, if the two director-lin^s be cut 
by a plane parallel to the director-plane, the two points of inter- 
section will determine the position of the generator, and for 
every parallel plane there is only one such position. 

141. Let us now shew that a line, subject to the geo- 
metrical conditions of resting on two given straight lines, while 
it remains parallel to a fixed plane, will trace out the hyper- 
bolic paraboloid. 

For convenience we shall use oblique coordinates, taking the 
fixed plane as that of (a;, y)^ the axes of y as passing through 
the points where the director-lines meet that plane, the origin 
bisecting the line joining the points, the plane of (a?, z) parallel 
to the director-lines, and the axis of z equally inclined to them. 
The equations to the directors will then be 

y = A, x^az (1), 

y =^~-h^ oj = - az (2). 

Since the generating line is parallel to the plane of (aj, y), 
its equations are 

The conditions that it shall pass through (1) and (2) give 
X — arf __y — h ^ X -\- ay ^y + h ^ 

whence, eliminating \ and /a, we have 

ayy = hx ; 

and, as 7 = ^, the final equation is 

ayz = hx. 
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This is of the second degree, and, as it involves x and not a;*, 
it is an acentric surface; and, as it cannot be the elliptic 
paraboloid, or parabolic cylinder, it must be the hyperbolic 
paraboloid. 

142. There is a very simple method of constructing practi- 
cally the hyperbolic paraboloid, which we may here notice. 
Since through every position of the generating line we may 
draw a plane parallel to the director-plane, and since parallel 
planes cut any two lines proportionally, it follows that the 
generators cut the director-lines proportionally. Consequently, 
if we take any two finite straight lines not in the same plane, 
and divide them into the same niunber of equal parts, lines or 
threads joining the points of division will form a portion of an 
hyperbolic paraboloid. 
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CHAPTER VII. 



ON CURVES IN SPACE. 



143. In the first chapter it was shewn that a curve con- 
sidered as existing in space is represented by two equations 
between the three coordinates ; these equations being the equa- 
tions to any two surfaces which, by their intersection, determine 
the given curve. Also in Art. (44) it was shewn that the 
straight line is the only locus given by the intersection of two 
planes, that is, of two surfaces of the first degree : in the present 
chapter we shall briefly consider the nature of curves of a higher 
order, confining our attention chiefly to those determined by the 
intersection of the surfaces of the second degree ; but we shall 
first premise some general remarks on curves in space. These 
are naturally divided into the two classes — those which lie 
wholly in one plane, or jplane curves^ and those which do not 
lie wholly in one plane, or carves of double curvature^ as they 
are called. The former may always be considered as deter- 
mined by the intersection of some surface with a plane, and 
their properties are most easily studied by considering them 
as existing in two dimensions only; so that it is unnecessary 
to treat of them here. 

144. It is to be remarked, however, that it is not necessary 
to take, as the most general equations to a plane curve in space, 
the general equation to a surface of the same degree, and the 
equation to a plane: these would involve more arbitrary con- 
stants than are required. For, as was shewn in Art. (9), a 
cylindrical surface may always be supposed to pass through 
the intersection of any two surfaces: and, if we assimie the 
generating line of the cylinder to be parallel to one of the 
axes, the equation to this cylinder, combined with the equation 
to a plane, will determine the plane curve in question. Now 
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this cylinder is of the same degree as the given plane curve, 
for it is easy to see that all plane sections of a cylinder are 
of the same degree. Hence, the equations to a plane curve 
of any degree in space are perfectly general if we combine 
the equation to a cylindrical surface of the same order, parallel 
to one of the coordinate axes, with the equation to a plane. 
Thus, in order to obtain the general equation to a plane curve 
of the second degree, it is not necessary to take the general 
equation to surfaces of that order containing nine arbitrary 
constants, and the equation to a plane containing three con- 
stants, making twelve in all^ but it is sufficient to combine 
the equation to the plane with that to a cylindrical surface of 
the second order, which, if it be parallel to one of the coor- 
dinate axes, contains five constants only: the total number 
therefore of disposable constants in the equations to a plane 
curve of the second degree in space is eight only. 

145. It is. not difficult to find an analytical condition by 
which to distinguish between plane curves and those of double 
curvature. For, as has been said, a plane curve may be con- 
sidered as represented by the general equation to a plane 

ax -\- h/ -\- cz = d (1), 

combined with the equation to some cylinder which we may 
write in the form y^^,^ y) = (2). 

These two equations leave one of the variaHes independent, 
of which the other two may be considered as functions. If 
therefore we difi^erentiate the equation (1), considering two of the 
variables as functions of the third, we may, by means of the 
resulting equations, eliminate the constants which determine the 
particular plane, and so obtain a relation between a;, ^, and z^ 
which is common to all plane curves. For the sake of sym- 
metry, we may, in difierentiating, consider each variable as 
independent, and introduce the condition of dependency after- 
wards. After three differentiations we have 

adx + bdy + cdz = 0, 

ad'^x + bd^y + cd^z = 0, 

ad^x + bd^y + cd^z = ; 
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eliminating a, J, c, by cross-multiplication, we find 
d^x{dyd^z-dzd^y) -\-d^y[dzd^x-dxd^z) + d\[dxd'*y-dyd^x) = 

as the required condition, K a? be considered as the indepen- 
dent variable of which y and z are functions, d^x = 0, dJ^x = 0, 
and the preceding relation becomes 

d^z d^y d^y d^z _ 
d^~M~'M'd^~' 

146. The intersection of two surfaces of the second degree 
is in general a line of which the projection on any plane is a 
curve of the fourth degree. To this proposition, however, there 
are exceptions whldi we shall consider. 

When two surfaces of the second order have a common priruyi- 
pal plancj the line of their intersection is projected on this plan^ 
in a curve of the second degree. If we assume the plane of 
(«, x) to be the principal plane common to the two surfaces, 
their equations cannot contain odd powers of y, and will there- 
fore be of the form 

Aa?-\'Bf + Cz^ + "^B'zx + 2A"x + 2C"z + E = 0, 

aa? + ly^ -{• cz^ + ib'zx + 2a x + 2c" z + e = ; 

if we multiply the first by J, and the second by J?, and subtract, 
we have 

{Al-Ba) a? + [Cb'-Bc) 2?* -f 2 [B'h-BV) zx 

-h 2 [A'h^Bci') x + 2{C"b^Bc") z + M-Be = 0, 

which does not contain y^ and is therefore the equation to the 
projection of the line of intersection on the plane of («, a?), or 
the principal plane, and is of the second degree. 

This proposition evidently includes the btersection of similar 
surfaces, which, by Art. (Ill), is a plane curve. 

147. The projection of the intersection of two surfaces of 
the second degree may be a curve of the iMrd degree, as 
is seen in the following remarkable proposition, due to M. 
Quetelet.* All plane curves of the third degree are the pro^ 

* Correspondance MathinuUiqus et Physique de Bruxelles, 

K 
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jections of the curves of intersection of suyfaces of the second 
degree. The general equation of the third degree in two 
variables is 

Now, if we change the direction of the coordinates by the 
formulsB a? = £cj — Twy^, y = mx^ + Zy„ 

the coefficients of the terms of the third degree in the trans- 
formed equation will involve I and m in the third degree, and 
therefore any one of them, equated to zero, must give a possible 
value for. the ratio Z:?w; that is, it is always possible to trans- 
form the coordinates so as to deprive the equation (1) of one of 
the terms of the third degree. Let this be the term involving 
y^ ; then the equation will be in the form 

x[aa?-\'a!xy-\-iy) + a!'a? + hy -\-coGy+a"x-\-h'"y-\'d= 0...(2). 
This evidently may be considered as the result of the elimination 

of « between ^« ^. ^^'xy + ly = z (3), 

and zx + aV + Vy" -}■ cxy + a'x + b"'y + d=0 ....(4). 

But (3) and (4) are the equations to two surfaces of the second 
degree, and (2) is the equation to the projection on (a?, y) of 
their curve of intersection; consequently all the curves repre- 
sented by (2), and hence by (1), or all plane curves of the third 
degree, may be considered as the projections of the intersection 
of two siufaces of the second degree. We may remark that the 
equation (3) may, by changing the coordinates x and y in their 
own plane, without altering z, be put m the form 

Aa? + By^ = z^ 

from which we see that it represents one of the paraboloids, 
the axis of the surface being perpendicular to the plane of 
projection. 

148. Moreover the curve of the fourth degree, in which 
is projected the intersection of two siufaces of the second 
degree, may sometimes be split into two equations of lower 
degrees. Thus if, as in the theorem of Art. (113), the two 
intersections are plane curves, the curve of the fourth degree 
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may be divided into two curves of the second degree. In such 
a case one of the surfaces of the second degree may be re- 
placed by a system of two planes, which, by Arts. (92) and (94), 
may be considered as a particular case of surfaces of the seox)nd 
order. 

149. K the equation to a surface of the second order be 
given, it is easy to assign the equation to the surface which 
shall intersect it in two given planes. For if 

«, = o (1) 

be the equation to the surface, and' 

^1 = 0, v^ = (2) 

be the equation to the given planes, the equation 

w, + ^w^v, = (3), 

\ being any constant, is the equation to the surface required. 
This is easily seen on combining the equations (I) and (3) 
by subtraction; for we then get 

^^i^, = W, 

which is satisfied either by 

w, = 0, or by V, = ; 

that is, the planes represented by these equations pass through 
the intersections of the surfaces represented by (1) and (3). If 
the surfaces, instead of intersecting in two plane curves, touch 
each other along one plane curve, the equations to the two 
planes must become the same, or u^ = v^. Hence the equation 

u^ + \u^^ = (5) 

is the equation to a surface of the second order which is 
inscribed in, or circumscribed about, the surface of which the 
equation is w = 

the equation to the plane of contact being 

u^ = 0. 

Again, if v^ = be the equation to a plane In which the surface 

(1) is touched by some other surface of the second order, the 

equation to the latter is 

Wg + fiv^^ = (6). 

K2 
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Now, if we suppose the surfaces (5) and (6) to intersect, we 
have, on combining their equations by subtraction, 

\<-/t«.« = (7), 

which is satisfied by 

X^ - ti\ = 0, or \^ + fi^v^ = (8), 

and these, being linear equations, represent two planes. Hence 
it appears that, if two surfaces of the second order be inscribed 
in, or circumscribed about, another surface of that order, their 
lines of intersection, when they cut each other, are plane 
curves. 

150. Again, if two ruled surfaces of the second order inter- 
sect along a generating line common to both, the curve of 
intersection will be projected on any plane in a straight line 
which is of the first degree, and another curve which must be 
in general one of the third degree. Thus, for example, if the 
cone of which the equation is 

2f* - w'* (a^ + y*) = 0, 
be cut by the cylinder of which the equation is 

«* -I- w* (aj* -f y) — 2mzx + maz — m^a {x-\-y) = 0, 
one line of intersection is the straight line of which the equations 
*^® y = Oy z — mx = Oj 

and which is projected on the plane of (a;, y) along the axis of 
Xj while the other line of intersection is projected on the plane 
of (a?, y) in a curve of the third order of which the equation is 

2(3^-a)(a;' + y") + a*a: = 0. 

151. After plane curves the most interesting class consists 
of those which can be drawn on the surface of a sphere. These 
are of course determined by the intersection of a sphere with 
some other surface depending on the nature of the curve in 
question. The best method of studying the properties of such 
curves is however, not by referring them to three coordinates 
in space, but to two curvilinear coordinates on the surface 
of the sphere; a method closely resembling the coordinate 
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geometry of plane curves. It would be out of place here to 
explain this method, and it will be sufficient to refer the reader 
to the original memoirs on the subject, which are by Guder- 
mann in Crelle*8 Journal^ Band. VI. and xiii.; Davies in the 
Edinburgh Transcuctions^ vol. XII.; and Graves in an Appen- 
dix to a Translation of two Memoirs by M. Chasles : this last 
work in particular I would recommend, as the method there 
pursued is the most symmetrical and elegant. In the present 
place I shall content myself with shewing how, from the de- 
finitions of some of these curves, we may deduce the equations 
to the surfaces which intersect the sphere. 

152. To find the equations to the equahU spherical spiral. 

This curve is defined in the following manner : — K a meri- 
dian PRP (fig. 25) on a sphere revolve uniformly about an axis 
PP, which is a diameter of the sphere, while a point M moves 
uniformly along the meridian from P to P*, so as to describe an 
arc PJIf, on the meridian, subtending an angle POM^ at the 
centre 0, equal to the angle through which the meridian has 
revolved, the locus of M is the spiral in question. 

Taking the axis PP as that of «, PAP^ the initial position 
of the plane of the meridian, as the plane of («, a;), the equation 

to the sphere is a;* + y'' -f «* = r* (1). 

Now, let L POM = 6^ lA ON = <f ; then, by the definition of 
the curve, = <l>. But we have generally, by Art. (70), 

a? = r sin^ cos^, y = r smO sin^ ; 

and, in this case, a? = r sin^ cos^, y = r sin*^. 

Hence a? + y^ = r* sin"^ (cos* + sin"^) = ry. 

Therefore the surface, defined by the equation 

a^-hy'-ry = (2), 

by its intersection with the sphere determines the spiral in 
question. It is easy to see that this second surface is a right 
circular cylinder perpendicular to the plane of (a?, y), the di- 
ameter of its base being the radius of the sphere. If we wish 
to represent the curve by two equations involving each two 
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variables only, we may subtract the second equation from the 

first. We have then 

z' = r{r-y) (3), 

which is the equation to a parabolic cylinder perpendicular to 
the plane of yz. Hence the curve may be considered as deter- 
mined by the intersection of a right circular and a right parabolic 
cylinder at right angles to each other. 

Again, if we eliminate y between (1) and (3), we obtain, 
as the equation to a cylindrical surface, perpendicular to the 

plane of [z,x\ z^ =. t^[z* --x^) (4), 

which is of the fourth order. Hence the equable spherical 
spiral may be represented by any one of the following systems 
of equations to cylinders : 

a;* -f y' = ry, «* = r* (2* — ic') ; 

z^ =^ r[r — y), «* = 7^ (z^ — a?) ; 

or by the combination of the equation to the sphere with any 
one of them. 

153. To find the equations to the spherical ellipse. 

The spherical ellipse is a curve, traced on the surface of a 
sphere, such that the sum of the distances of any point from two 
fixed points is constant. Let 8^ H^ (fig. 26), be the two fixed 
points on the surface of the sphere, C the middle point between 
them. If P be any point in the spherical ellipse, /SP, fiP, arcs 
of great circles, then the definition gives us 

8P -f HP = a constant = 2a suppose. 

Through P draw PM^ an arc of a great circle perpendicular to 
/Sfl; and let /Sff = 27, CM= <^, PJIf = 0. Then, in the right- 
angled triangle SPM^ we have, by Napier's rules, 

cos 8P = cos (7 — ^) cos 0. 
In like manner, from the triangle HPM^ 

COB HP = COS (7 + <l>) COS 0, 
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Now COS 8P + coafiP = 2 cos {^■^+^) cos i^^'J^) ^ 

zrp CP o • iSP±HP) . [8P--HP) 

cosIiF - cos/SP = 2 sin ^^ ~ ^ sin ^^ , 

2 2 ' 

and fi!P + SP = 2a ; therefore, after reduction, we find 

ooB^iSP-HP) = 52!7f2?ii2L^ , 

' cosa ' 

,mi{8P-HP) 2L_^ ; 

squaring and adding, we find 

/cos*7 J , . 8in*7 . « ,\ «/, 
\co8 a sin a / 

Now, if we take OA as the axis of a;, OC m that of y, being 
the centre of the sphere, and call r the radius of the sphere, we 
have, by Art (70), 

a? = rsin^ cos^, y = rcos^ cos^; 
so that the preceding equation is equivalent to 

!^,. + £2^3,« = ^ (1). 

sm a cos a*^ ^ ' 

This is the equation to a right elliptical cylinder perpendicular 
to the plane of (a?, y), and, being combined with the equation 
to the sphere a^ + y* + a* = r^ (2), 

it determines the spherical ellipse. 

If we subtract (1), multiplied by sin* a, from (2), we have 

a?cos*y + (1— tan*acos'7)y* 4- «* = r*cos*a (3), 

which is the equation to an ellipsoid 

ix? y^ z* ^ /^\ 



r"cos*a « « cos*a 



if (? = 11^ cos" a, J* = ' 7 — 2 a- 1 a^ = f^ — =- 

' 1 — tan a cos 7 ' cos 7 

Hence the spherical ellipse may be considered as the intersection 
of a sphere with a concentric ellipsoid. Its equations may also 
be exhibited in a fitymmetrical form analogous to those of the 
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straight line. For, if we eliminate «* between (2) and (4), we 

'^(?-f«)-*-2^(?-F')=?-'- 

But, if yj g^ be two corresponding values of x and y, 

and hence, by subtraction and obvious reduction, 

u*{h*-<?) ~ h'ic^-a*) ~ c'ia'-V) 

by the symmetry of the formtdse. 



(5), 



154. After curves given by the intersection of surfaces of 
the second degree, there are scarcely any of interest except the 
heltXy the equations to which we proceed to find. 

The helix is a curve, traced on a right circular cylinder in 
such a way, that the coordinate parallel to the generating line 
of the cylinder is proportional to the arc of the circular base 
intercepted between the foot of the coordinate and a fixed 
point. 

Taking the centre of the circular base of the cylinder as 
origin, the axis of the cylinder as the axis of «, and making 
the axis of x pass through the fixed point in the circular base, 
and calling s the intercepted portion of the circular arc, the 
definition of the helix gives us the relation 

z = ksj 

h being the coefficient of proportionality. But, if a be the 
radius of the circular base of the cylinder, 

8 . 8 

X = a cos - , y = a sm - : 

therefore a? = a cos 7— , v = a sin 7— : 

ka^ ^ ka 

these two equations, taken together, are the equations to the 
curve ; but it may also be expressed by either of these combined 
with the equation to the cylinder 
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Since COST- = C08(2n7r + T-) , and smT- = 8inf2n7r4-r-) , 

n being any integer, it appears that the same values of x and y 
correspond to an infinite number of values of «, or the ordinate 
z meets the curve in an infinite number of points. These points 
are separated from each other by an interval Sirica \ and, if 
we call this A, we have 

27ra' 

and the equations to the curve may be put in the form 

(2irz\ . (2'rrz\ 

These equations shew that the helix is projected on the planes 
of («, x) and of (y, z) as the curve of sines, while it is obvious 
that it b projected on the plane of (a;, y) as a circle. 



aj = a cos 



( 138 ) 



CHAPTER VIII. 



ON TANGENTS AND NORMALS TO SURFACES. 

155. Definition, If through any point in a surface a straight 
line be drawn, meeting the surface again in at least one other 
point; and if, as the second point moves up to the first along 
any given curve traced on the surface, there be a limiting 
position of the cutting line, the line in that position is called 
a Tangent Line to the surface. Since an infinite number of 
curves passing through one point may be traced on the surface, 
there is an infinite number of tangent lines which can be 
drawn at any given point. We therefore cannot determine the 
equations to any one line, but we may find the condition to 
which must be subject the constants in the equations to all lines 
which are tangents at the given point. 

156. Let the equation to the surface be 

F{x,y,z) = (1), 

and the equations to anij straight line, passing through a point 
[Xf y, a) of the surface, 

'g'-'g _ y'-y _ g'-g /o\ 

~ ^~- ^~ ^^'' 

a?', y\ z\ being the current coordinates of the line, and Z, w, w, 
its direction-cosines. 

Then, if aj^, y^, 2^, be the coordinates of the point nearest to 
(a;, y, «), in which the line meets the surface again, they must 
satisfy the equations (2), and therefore 



^1 - ^ ^ yi - y ^ ^1 ~ ^ 

I m n 



,(3). 
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But, if we suppose the poiift (a:^, y^, «J to move up to (a;, y, «), 
the straight line ultimately becomes a tangent, and, replacing 

»i-^) Vx-y^ «!-«? 
by da?, rfy, (fo, 

to which they are ultimately proportional, we have, from (3), 

dx dy dz .. 

I m n ^ ' 

Differentiating the eqilation (1), we have 

dF. dF , dF ^ ^ ,^, 

_^H._^y + _rf, = (5). 

Eliminating c&, d^y, (fo, between (4) and (5), we obtain 

,dF dF dF ^ ,^. 

^^^-^■^^^ = ^ (^)' 

as the condition which must be satisfied in order that the lines 
represented by the equations (2) shall be tangente to the surface 
(1). This gives one relation between Z, w, w, which, joined with 

P + ?w" + n*=l (7), 

leaves one of these quantities independent. We have therefore 
drawn through one point (a;, y, z) a series of lines subject 
to one geometrical condition, and which must consequently 
constitute a surface of some kind, the nature of which we 
proceed to find. 

157. To find the locus of the tangent lines which can be drawn 
to a surface at one point, 

m 

The equations to any one tangent line are 



X — X _^y — y z — z 
I m n 



(8), 



Z, w, n, being connected by the equation of condition 



,dF , dF dF . /-» 

lAftAJ UU iJl/4V 
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Now any particular tangent line is determined by the qoantities 
l^ m^ fly and, as the locus includes all the lines, it must be 
independent of Z, w, w : so that, if we eliminate these quantities 
between (6) and (8), we shall obtain a relation between x\ y\ z\ 
and a?, y, «, which, being true for all the lines, is the equation 
to their locus. The elimination is easily effected by multi- 
plying each term of (6) by the corresponding member of (8), 
when we find 

f(-'-)^f(2.'-3^)-ff(.'-.)=0 (9). 

This, being a linear equation in a?', y\ z\ (which are the current 

coordinates of the tangent lines, and therefore also of their 

locus), shews that the locus of the tangent lines is in general 

v^plane^ which is called the tangent plane to the surface. I say 

that the locus is in general a plane, because it has been assumed 

jjP jjp jjp 

in the equation (6) that the differential coefficients -j- , -y-, -j- , 

do not all vanish at the point of contact. If this were the case, 
both the equation (6) and the equation (9) would be nugatory : 
this exceptive case (which can occur only for isolated points 
and lines on surfaces) we shall treat of in another chapter. 
Some writers assume at once the existence of the tangent 
plane, but, from what has preceded, it is clear that this is a pro- 
position requiring proof, and that in fact it is not always true. 

158. There is not so close analogy between tangent planes 
to surfaces and tangents to curves in two dimensions as the 
student might at first be disposed to imagine. It does not by 
any means always happen that the tangent plane touches the 
surface in one point only ; it may touch it along a line, and 
it may cut it along one or more lines, which may even pass 
through the point of contact. These three kinds of tangent 
planes may be seen in the surface produced by the revolution of 
a circle round an axis in its own plane, but which does not meet 
the curve; such is the surface which bounds the ring of an 
-anchor. For a plane perpendicular to the axis, which touches 
the surface at all, touches it in a circle; and all planes which 
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touch the surface at points outside of this circle meet it in the 
point of contact alone, while those which touch the surface inside 
of the circle cut it in a curve. In order to determine in any 
given surface what is the nature of the tangent plane, we must 
combine the equation to the tangent plane 

, , . dF , , . dF , , . dF 

with the equations 

F{x,y,z)^% F{x\y\z-)=% 

since, when the plane meets the surface, the point {x\ y\ «') is 
in the surface. If these lead to the conclusion 

a:' = aj, y = y, «' = 2?, 

the tangent plane meets the siuface at the point of contact only; 
otherwise it either touches the surface along a line or cuts it 
along one or two lines; the former is distinguished from the 
latter by two factors becoming equal. 

159. Generally the curve of intersection of a surface with 
its tangent plane has a double point at the point of contact.* 
(This includes the case of contact at one point only.) For, if 

we have the equations 

J^(a.',y>')=0, 

dF f , V . dF , , . dF , , . - 

which are the equations to the surface and the tangent plane 
at the point a?, y, z^ the direction of the tangent line of the 
curve of their intersection will be determined by combining 
their diflferentials with respect to a;', y\ z\ or 

dF , , dF , , dF J , 

dF -f f dF , , dF , , ^ r^v, 

^'^+^'^^+^'^^=« (^)- 

From these we may determine, in general, the ratios dx' : dy' : dz\ 
which determine the direction of the tangent lines. But, if 

♦ This remark is due to Mr. A. Cayley, Trinity CoUege. 
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ic' = ic, y' = y, z = z^ the two equations become identical, and 
consequently the ratios indeterminate: therefore, to determine 
them, we must differentiate the two equations again, when 
we get 

dF « , dF ^ , dF TV , 

aF , ,o d F T ,^ d F T ,^ 

1 dF ^ , dF -« , dF ^ , 

and ^ d^a; + -7- d^y + -i- rf*a^= 0, 

and therefore, at the point a?, y, 2, 

•+ 2 ^ ^yW H- 2 ^ c&'efo' + 2 ^ dx'dy' = 0...(9)". 
aycfe ^ dzdx dxdy ^ ' 

The combination of the equations (9)', (9)", will give the ratios 
dsi : dy' : d^^ by means of a quadratic equation, implying that 
there are two directions of the tangent line at the point; i.e. 
that the point is double. 

160. The preceding remarks will enable us to explain the 
difference between the two kinds of ruled surfaces of which we 
spoke in Art. (136). A ruled siuface is one which may be 
generated by the motion of a straight line which moves subject 
to certain conditions, and the two kinds are — that in which the 
successive generators do not intersect, or shew surfaces, as we 
have termed them, and that in which the successive generators 
do intersect, and therefore lie in the same plane. In both kinds 
of surfaces the generators must lie in the tangent plane: for 
the tangent plane at any point of a generator must pass through 
a consecutive point of this line, these two points being con- 
secutive points on the surface ; and therefore the tangent plane 
must include every point of the generator. Now the tangent 
plane at any point P of a generator is determined by the con- 
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dltions of passing through this line and any other tangent line 
at the point P; in the same way the tangent plane at any 
other point P in the same generator passes through that line 
and some other tangent line at the point P, Hence, the two 
tangent planes pass through one common line (the generator 
PP\ and they would be coincident if the tangents at P and P 
were in the same plane. But this cannot be the case in skew 
surfaces : for, since a curve may, for a small space, be supposed 
to be coincident with its tangent, we may consider the elements 
of the tangent lines at P and P to lie in the surface, so that 
the generator, in moving from the position PP to the consecu- 
tive one, rests on these tangent lines ; and, if they were in one 
plane, the two positions of the generator would be also in the 
same plane, which is inconsistent with the definition of skew 
surfaces. Hence, in these, the tangent planes at each point in 
a generator are distiact, so that in skew surfaces a tangent 
plane touches the surface in one point only, but cuts it along 
the generating line. On the other hand, in ruled surfaces in 
which the consecutive positions of the generator intersect and 
are therefore in the same plane, the tangent planes at each 
point of a generator coincide, so that a tangent plane touches 
the surface along a generating line. From this we may easily 
deduce the characteristic property of these surfaces; for if 
(?j, (?2, (Tg, (?^, &c. be consecutive positions of the generator, 
the surface may be considered as the limit of the planes which 
pass through G^O^^ ^2^8? ^3^4? ^^* ^ow we can turn each 
of these elemental plane areas round the line which is common 
to it and the succeeding one as a hinge until they both lie in 
the same plane — as G^O^ round O^ till G^O^ and G^G^ are in 
the same plane, and so on in succession — ^until all the elemental 
plane areas lie in the same plane, and therefore the surface 
which is the limit of these planes may be in the same manner 
unfolded into a plane surface without introducing discontinuity ; 
so that if we suppose the surface to consist of a thin flexible 
and inextensible substance, it could be imfolded into a plane 
without tearing or rumpling. On this account these surfaces 
are called developable surfaces: they will be more particularly 
treated of hereafter in the chapter on Envelops. 
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161. Definition. The normal to a surface at any point is a 
line perpendicular to the tangent plane at that point. 

To find the equations to the normal. Let a?', y\ «', be the 
current coordinates of the normal^ x^ y, «, those of the point in 
the surface through which it is di-awn; then, since the normal 
is perpendicular to the tangent plane of which (9) is the equa- 
tion, and as it passes through [x^ y^ 2;), its equations are 

oi ^ X _ y' — y z' — z 




aF -^n:---^ (10). 



dx dy dz 

162. If the equation to the surface be put in the form 

^ =/(^» y)i 

it is desirable to express the differentials of i^ in terms of those 
of ^ : in this case 

F[x, y, z) =f[x, y)-z^O. 
Therefore 

dF _ d J., \ __^^ ^^ __ ^ ^/ \ _ ^^ ^^ __ 
so that the equation to the tangent plane becomes 

.'_. = |(,._,) + |(3,._3,) (n), 

and the equations to the normal 

a''-a^ + J(^'-^)=0, y-y + l (.'-;.) =0...(12). 

163. On comparing the equation to the tangent plane (9) 

with the equation to the plane in Art. (39), we see that the 

direction-cosines of the tangent plane, and therefore of the 

normal, are 

dF dF 

dx d % 

dz 

dF 

dz 



ax ay 



if€]\f€\\(€\\' ^''^- 



/dFy (i 



\dxj \dyj \dz 
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The perpendicular from the origin on the tangent plane is, by 
Art. (48), 

dF dF dF 

dx ^ dy dz .... 



fdJiX (dFV /dFV 



164. If the equation to the surface be in the form 



u = c, 



where ti is a homogeneous function of n dimensions, the equa- 
tion to the tangent plane is nmch simplified. For, by a well- 
known property of such functions, 

du du du 

so that the equation to the tangent plane becomes 

, du , du , du t^ ^v 

^^ + 2/^ + ^^ = *" (^')5 

and Ae length of the perpendicular from the origin is 



iu) + y + u) } 

165. Curve of contact. If, instead of finding the locus of 
all the tangent lines which touch a surface at one point, we 
subject them to any geometrical condition, their points of con- 
tact will trace out on the surface a line which is called the 
curve of contact. 

In the case in which all ijie tangent lines are constrained to 
pass through some point not in the surface, the curve of contact 
is easily determined. For, since the tangent line is contained 
in the tangent plane at any point, it is sufficient to make the 
latter pass through the given point ; we thus find the equation 
to a surface which, by its intersection with the given surface, 
determines the curve of contact. Let the equation to the sur- 
face be 

F{x, y, z) = 0, 

L 
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and that to the tangent plane 

, , X dF f , y. dF , , y. dF - 

If this pass through a point a, fiy 7, we must substitute a, )8, 7, 
for x'j y\ z\ and we have 

(«-)f+(/3-y)f+(7-)f=0 (17). 

This, considered as a function of a?, y, z^ represents a surface 
which, by its intersection with F{x^ y, «) = 0, determines the 
points of contact of lines passing through a, )8, 7, that is, the 
curve of contact. 

166. It is easy to shew that, in this case, the curve of 
contact always lies on a surface of a degree less by unity than 
the degree of the given surface. Let the equation to the given 
surface be put in the form ' 

w = w^ + w^_j 4- w^^ + &c. 4- w^ = c, 

where the diflferent terms are homogeneous functions of the 
degree indicated by the suffixes. Then the equation (17) 
becomes 

/ ^ {du^ du . du_^ o ) / ^ V {du du , du ^ o ) 



+ (7-^) 



du^ . du , . du_^ o 

-j^ + -T=^ + -T^ 4- &c. 
az az az 



= 0, 



du ^ r>du ^ du (du du , du , « 

dx ay az \ax dx dx 



+y 



• :j^+ -T^4---^4-&c.^4-«-^-y^4--^'4--3^+&c 
ay ay ay } [dz dz dz 

But, by the well-known property of homogeneous functions, 

&c. &c. 

therefore, observing also that 
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the preceding equation is reduced to 

And, as t/ is of n dimensions, its differential coefficients must be 
each of w — 1 dimensions ; therefore the curve of contact lies on 
a surface of w — 1 dimensions in x^ y, z^ or of a degree less by 
unity than the given surface. 

Cor. Hence we see that, in surfaces of the sec(md degree, 
the curve of contact is a plane curve. 

It is evident that the curve of contact, which has just been 
determined, is the apparent outline of the surface to an eye 
placed at the point through which all the tangent lines pass ; or 
it is the boundary between light and shade, if the surface be 
illuminated by rays issuing from that point. 

167. When the point is removed to an infinite distance, the 
formulas for the curve of contact fail, but we easily obtain more 
simple equations. For in that case all the tangent lines are 
parallel, and therefore the direction-cosines Z, m, w, are constant ; 
so that the condition which they must satisfy, 

,dF dF dF ^ 
ax ay dz ^ 

is a relation between a?, y^ «, and constants, which, combined with 
the equation to the surface, determines the curve of contact. It 
is obvious that this equation is of a degree less by unity than 
that of the given surface. 

168. We proceed to illustrate the preceding theory by ap- 
plying it to the surfaces of the second order. The general 
equation to these is 

Ax^-\-Bf'\' Cz^'+^A 'yz+2B'zx+2 C'xy+2A"x+ 2B"y 4- 2 G"z -{-F=0 

(1); 

hence, by the equation (9) of Art. (157), the equation to the 
tangent plane, at the point (ic, y, z)^ is 

{Ax + B'z + C'y + A"){x'-x) + {By-{-C'x + A'z-{-B"){y'--y) 

+ {Cz + Ay + B'x + C")[z'^z)^0 (2), 

L2 
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a?', y\ z\ being the current coordinates of the plane. On re- 
ducing this by (1), we have 

{Ax 4- Bz + Cy + A') x' + [By 4- C'x + A'z + E") y' 

+ {Cz-\-A'yJtB'x + C")z' + A"x + 5> -f C"z + ^= 0...(3). 

If we apply to (1) the metiiod of finding the centre of the 
surface, used in Art. (76), we shall find, calling the coordinates 
of the centre a, /8, 7, the conditions that the terms involving the 
first powers of the variables shall vanish to be 

Aa + 5'7 + C'P + A' = 0, 5)8 + Col + Ay 4- 5" = 0, 

Cy + A'P + FoL -f G" = 0. 

By means of these, eliminating A\ B"; C'\ from (2), the equa- 
tion to the tangent plane becomes 

{A{x-a)^-ff[z-y) +C'{y-^)}{x'^x) 

+ {B{y-^) + C'{x-^a) + A {z^ y)} (2,' -^y) 

+ {C{z^y) +A{y^fi) +B'{x-a)}{z'^z)^0...{^). 

Now, if Z, w, n, be the direction-cosines of the diameter passing 
through the point (a?, y, «), we have 

a? — a_y — )8_« — 7 
I m w ' 

which, combined with (4), give the equation 

[Al + B'n -f Cm) {x' ^x)^[Bm + CI 4- An) (jj - y) 

4- {Gn-vAm^B'J) [z -z) = (5). 

169. On comparing the equation (5) with the first equation 
of Art. (98), it will be seen that the coefficients of the variables 
in the two are the same, and c(msequently that the planes are 
parallel. Hence the tangent plane at any point of a surface 
of the second order is parallel to the diametral plane conjugate 
to the diameter passing through the point of contact. And from 
this it follows that the six planes drawn at the extremities of 
^three conjugate diameters and parallel to their conjugate dia- 
metral planes are tangents to the surface, so that the parallele- 
piped formed by them circumscribes it. The volume of this 
parallelepiped is eight times that of the parallelepiped of which 
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three conjugate diameters are conterminous edges, and therefore, 
by Art. (106), is constant. The following are more particular 
examples. 

170. The equation to the ellipsoid is 
and therefore, by (15), the equation to the tangent plane is 



a* "^ i* "^ -* "" ^' 



OCX yy ^* __ 1 
a o c 

To determine whether this plane meets the surface in more 
points than one, we have to combine the preceding equatioije 

with a?'" y* «'*_ 

■? "^ "F "^ ? " ^* 

Subtracting the second equation multiplied by 2 from the sum 
of the first and third, we have 

a o c 

This can be satisfied only by 

a;' = a;, y' = y, «' = «, 

and tjierefore the tangent plane meets the surface in one point 
only, which is the point of contact. 

The equations to the normal at the point x^ y, Zy are, by 
the equation (10) of Art. (161), 

a\x'-x) ^ b'jy'-y) ^ c' [z' ~ z) 
X y z ' 

K^ be the length of the perpendicular from the centre, on 
the tangent plane, we have, by the equation (16) of Art. (164), 

To find the locus of the intersection of the tangent plane with 
the perpendicular on it from the centre. 
The equation to the tangent plane is 

xx' yy' zz' 



a^+f + ^ = ' (")• 
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The equations to a line through the centre, perpendicular to it, 
and therefore parallel to the normal, are 

aV 6y &zl ,,, 

= -^ = — (i). 

X y z ^ ' 

At the point of intersection, a?', y\ z\ are the same in (a) and (5), 
while a?, y, «, satisfy the equation to the ellipsoid. The equation 
(J) may be put in the form 

aoi hy' cz' faV* + h^ + cV] * / « « ,a ,« „ n«M / n 

a J c I a*"^y"^c' J 

by the Theorem I. of Art. (22) and the equation tq the ellipsoid. 
Multiplying each term of (a) by the corresponding member 
of (c), and squaring, we have 

[x'^-^y'' + z'J = aV" + hY + c\'\ 

which is the required equation. This surface is the Surface of 
Elasticity in the Wave Theory of Light. 

If we call Z, w, n, the direction-cosines of the normal, 

from which, multiplying by a, J, c, squaring and adding, we find 

so that the equation to the tangent plane may be put in the form 

Ix^-my + nz=z (aT + JW + cV)*. 

171. The equation to the hyperboloid of one sheet is 

^ -u 2^ ^ ?! = 1 

and therefore the equation to the tangent plane at (a?, y, «) is 

^' 4. M! . ?f[ - 1 

To find where this meets the surface, we combine the equations 



'8 ^.'8 ^'8 



X y' ^_i ^^^ yy _^_^ 
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with the equation to the 8ur£gu^, when we have 

which may be reduced to 

This may be split into the two linear equations 

ab c ^ ab c 

either of which, combined with the equation to the tangent 
plane, gives the equations to a straight line. Consequently 
the tangent plane cuts the surface in two straight lines, which 
are in fact the generating lines passing through the point of 
contact. 



172. For the cone 

"2 ' la ^a 

a o c 



l_ ^ S=3 



we find the equation to the tangent plane to be 



» / . » 



XX yy ^^ _ /v , 

5j~ "t" 72 "" 2" *"" " • 

cr c 



and the relation for determining the points where the tangent 
plane meets the surface, will be found to be 



i^^)' - "' 



which, since it consists of two equal factors, shews that the 
tangent plane touches the surface along the line determined 
by the equations 

x^ y' a^ '^ V c* " ^' 

that is, the generating line passing through the point of contact. 
If the vertex be the point of contact, or if a? = 0, y == 0, « = 0, 
the equation to the tangent plane becomes nugatory, since each 
term vanishes by itself. In fact there is an infinite number of 
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tangent planes at that point : for, since the tangent plane at any 
point touches the surface along a generating line, and all the 
generating lines pass through the vertex, the tangent plane at 
every point of the surface passes through that point. The 
vertex of a cone is the simplest case of the kind of singular 
point to which allusion is made in Art. (157). 

173. Let the equation to the hyperbolic paraboloid be in 
the form 0^ = 02; 

then the equation to the tangent plane is 

which meets the surface in two generators determined by its 
intersection with the planes 

^ = a;, y = y. 

The equations to the normal are 



X — X _^y — y _^ 



z' - z 



y X a 

To find the locus of the intersection of the tangent plane 
with the perpendicular on it from the origin, we have to com- 
bine the equation to the tangent plane with 

X y z 

y X a' 

Each of these ratios is, by Art. (22), equal to 

x"" -f y + z"" ^ x^ -f y' + z"" ^ x'^ 4- y^ + z'^ ' 
yx + osy' — az' az "^ xy "* 

in virtue of the equations to the tangent plane and to the 
surface; hence we find 

x^ 1^ , y- — 1^ , - = '-. . 

On substituting these values of a;, y,. Zy in the equation to the 
surface, and dividing by a;'* 4- y'*'* 4- «'", we find, as the required 
equation to the locus. 
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174. In a centric surfo/ce of the secoTvd order ^ to find the curve 
of contact^ when the tangent lines pass all through one point. 

Let the equation to the surface be 

Aa? + Bf + Cz^ = 1 ; 

then, by the equation (15) of Art. (164), the equation to the 

tangent plane is 

Aocai + Byy' + Gzz' = 1, 

ic', y\ z\ being the current coordinates of the plane. If the 
coordinates of the fixed point be a, )8, 7, the condition that the 
tangent plane shaU pass through it gives 

A(»x + Bfiy + G^z = 1, 

the equation to a plane which, by its intersection with the 
surface, determines the curve of contact. Since the equations 
to the line joining the centre of the surface with the point 
a, ^, 7, are x _y _z 

a"^"7' 

it appears that the curve of contact is parallel to the plane, 
which is diametral to chords parallel to this line, and con- 
sequently, by Art. (121), this line passes through the centre of 
the curve of contact. 

When the tangent lines are all parallel, the equation of 

Art (167) gives 

Alx + Bmy H- Gnz = 0, 

the equation to a plane passing through the centre, which, by its 
intersection with the surface, determines the curve of contact. 
It is obvious that this is the diametral plane to chords parallel 
to the tangent lines. 

175. To find the conditions that two centric surfaces of the 
second order shall intersect everywhere at right angles. If the 
surfaces cut each other at right angles, the tangent planes at 
every point of their line of intersection must be perpendicxdar 
to each other. Now let the equations to the surfaces be 

a? y* z^ x^ y* z^ 
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tiben the equations to their tangent planes at a point {xy y^ z) are 

^ , yy' .««'_! ^' . yy _». ^^' - 1 {^\ . 

from which we see that their direction-cosines are proportional to 

X y z X y z 

^' W ?' ?' '^' 7' 

and, since the planes are to be perpendicular to each other, we 
^av® ^ f z^ _ ,«x 

But, on subtracting the second equation of (1) from the first, 
we have 

The equations (3) and (4) are two relations between a?, y, «, the 
coordinates of any point of intersection of the surfaces; and, 
as they are of the same form, they must be identical, with the 
exception of a factor. Multiplying then (3) by X, and equating 
the coefficients of the variables in the two equations, we have 

whence y-c« = i8»-y, c»-a' = y-a", a^-V^a?-^. 

These latter equations shew that the principal sectionis of the 
surfaces have the same foci: such surfaces are called confocal^ 
and possess many remarkable properties. Since the equation (3) 
cannot be true generally, unless one at least of the terms be 
negative, it appears that one of the surfaces must be an hy- 
perboloid. 
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CHAPTER IX. 

ON TANGENTS TO CURVES, NORMAL AND OSCULATING PLANES. 

176. A curve in general Is determined by the intersection 
of two surfaces, and at every point of the line of intersection 
two tangent planes can be drawn, one to each surface; the 
intersection of these two planes is a tangent line to the curve. 
To find its equations let 

z* = 0, v = 

be the equations to the two surfaces; the equations to their 
tangent planes are 

II \ dv ft \ dv f , s dv 

As these are drawn at the same point, Ae coordinates a?, y, «, 
are the same in both : and, when they intersect, x'j y\ «', are the 
same. Hence, eliminating the quantities z' — «, y' — y, a?' — a?, 
in succession, we find 

oi — X y' ^ y z' — z .. 

du dv du dv du dv du dv du dv du dv*' ' 
dy dz dz dy dz dx dx dz dx dy dy dx 

as the equations to the line which is a tangent, at the point 
{xj y, z)j to the curve determined by the intersection of the 
surfaces w = 0, v = 0. 

From the equations 

du ^ du ^ du y 

-rr- dx + -T- dy -h ^rdz =^ 0. 

dx dy ^ dz ^ 

dv y dv T dv y 
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we find 

dx _ dy ^ dz 

du dv du dv du dv du dv'~ du dv du dv'"^ ^' 

dy dz dz dy dz dx dx dz dx dy dy dx 

so that the equations to the tangent line may be put under the 
form 

(3), 



X — a5_y ~y_^ "^ 



dx dy dz '' ' 

dx dti 

a form which is convenient when two of the variables are given 
as functions of the third. 

177. If one of the equations, as t« = 0, do not involve one of 
the variables as «, it represents the projection of the curve ovt 
the plane of xy^ and the equation 

/ / \ du , , . du 

represents both the projection of the tangent on the plane of 
(aj, y) and the tangent at the corresponding point of the pro- 
jection of the curve on that plane. Hence, generally, the 
projection on any plane of the tangent to a curve coincides 
with the tangent at Ae corresponding point of the projection 
of the curve on that plane. 

178. Normal plane. A normal to a curve being defined as 
a straight line drawn perpendicular to a tangent through the 
point of contact, it is clear that there is an infinite number of 
such lines all lying in a plane perpendicular to the tangent line, 
which is called the normal plane. The equation to this plane 
is evidently 

(du dv du dv\ . , . (du dv du dv\ . , . 

(du dv du dv\ , , . ^ ,^. 
or (ic'-a?) dx-^ [y' -y) dy + {z'-z) dz = (6). 
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The differentials in this equation are to be got rid of by means 
of the equations to the curve, from which we can find the ratios 
dx \ dy : dz, 

179. If we put 

^ __ (du dv du dvV (du dv du dv\^ (du dv du dvV 
\dy dz dz dy) \dz dx dx dzj \dx dy dy dxj ' 

the direction-cosines of the tangent and of the normal plane are, 
from the equations (1) and (5), 

1 /du dv du dv\ 1 fdu dv du dv\ 1 fdu dv du dv\ 
A \dy dz dz dy) ' A \dz dx dx dz) ' A \dx dy dy dx) 

(7), 

or, firom the equations (3) and (6), 

<fe dy dz 

{da? + df + dzy [dx^ + df^-dzy (e&^ + rfj^H-^*)*-^^^- 

But, by the direct application of geometrical conceptions, these 
may be expressed in simpler forms. A curve, whether plane or 
of double curvature, may be considered as the limit of a polygon, 
the sides of which are diminished in magnitude while they are 
increased in number indefinitely. Now, if A« be the length of 
a side of the polygon, the difference of 4he coordinates of the 
extremities of which are Aa?, Ay, A«, the direction-cosines of the 
side of the polygon are 

Ax Ay Az 
As ^ As^ As' 

But, as the sides of the polygon are diminished in magnitude 

while their number is increased indefinitely, the side coincides 

ultimately with the tangent to the curve, and the limits of these 

ratios are consequently the direction-cosines of the tangent ; and, 

as the length of the side is xdtimately the increment of the arc s 

of the curve, the limits of these ratios or the direction-cosines 

of the tangent are, in the language of the differential calculus, 

expressed by 

^ dy dz 

ds ^ ds^ ds' 
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or ds"^ =^ cb? -{■ df •\' dz^. 

180. Osculating Plane. If we consider a curve as the limit 
of a polygon, the sides of the latter are not necessarily all in 
one plane, but any two contermmous sides must be in the 
same plane, since 'they intersect. This plane passes through 
three of the angular points of the polygon : and, as the polygon 
approaches to the curve as its limit, this plane tends to assume 
ultimately a determinate position, in which it is called the 
osculating plane. To find its equation, we must express the 
condition that it passes through three consecutive points of the 
curve ; that is, through three points of which the coordinates are 

^^ Vi «? 
a; + db, y -^ dy^ z ■{- dz^ 

X + 2dx + rf*a?, y + 2dy -f d^y^ z + 2dz + d^z. 

Now if, in any equation F{x^y^z) =0, we substitute these 
values of the coordinates, it becomes in succession, 

F{x,y,z)+dF{x,y,z)=0, 

F{x,y,z) + 2dF{x,y,z) + d'F{x,y,z) =0; 

and, when these are* taken simultaneously, they are equiva- 
lent to 

F{x,y,z)^0, dF{x,y,z)^0, d'F{x,y,z) = 0. 

The equation to a plane, passing through a point (a?, y, 2), may 
be assumed to be 

A {x'-x) + £{tf' -y) + C{z' -z) = (1); 

and, if it be the osculating plane, that is, if it pass through 
three consecutive points of the curve, we must have, by what 
has just been said, 

Adx 4- Bdy + Cdz =0 (2), 

Ad^x + Bd^y + Cd^z = (3). 

Eliminating A^ J5, (7, in turn, between (2) and (3), we have 

^ ^ - G 

dyd*z — dzd^y dzd^x — docd^z dxd^y — dyd^x ""^ -" 
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SO that, by eliminating Aj By (7, between (1) and (4), the equa- 
tion to the osculating plane is 

{dyd^z — dzd^y) [x — oj) + [dzd^x — dxd^z) [y' - y) 

+ [dxd^y — dyd'^x) («' — «) = (5). 

It is obvious that this is perpendicular to the normal plane, 
and therefore passes through the tangent. 

In applying the equation (5), if we keep it in the symme- 
trical form, we must consider a?, y, «, as functions of some other 
variable; but, if we consider any one of them to be inde- 
pendent, of which the other two are functions given by the 
equations to the curve, the formula necessarily becomes mi- 
symmetrical. Thus, if a? be taken as the independent variable, 
so that d^x = 0, the equation (5) becomes 

fdy d^z dz d^y\ , , . d^z . , . , d^y , , \ ^ ,^x 

The following are applications of the preceding formulae to 
particular examples. 

181. The equations of the equable spherical spiral are, by 

Art. (152), 

x^ + f + ^ = r\ x^ + y^ - ry := 0, 

or z* -\- ry = r^y a? -\- y^ — ry = Q. 

From these we find 

dx r — 2y dz r 

ly'^ 2aj ' ly 2« ' 

so that the equations to the tangent become, after obvious 
reductions, 

2ax»' + (2y — r) y' = ry, 2«2' + ry' = 2r* — ry ; 

and the equation to the normal plane is 



This, after reduction, may be put in the form 

\y x) "" 2y \z 



x'' 
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in which we see that it is satisfied by the equations 

X y « ' 

and therefore it contains the radius of the sphere drawn to the 
point (a?, y^i z). 

The equation to the osculating plane, y being taken as 
the independent variable, may easily be shewn to be 

2a? {x' - a;) = {ra* + Qi?[r- 2y)] [y' - y) + 2^' [z' - z). 
182. The equations to the spherical ellipse are, (Art. 153), 
?"^^"^?"^' or' + y' + ^^^r^ 

The equations to the tangent are 

x[x''-x) _ y[y'-y) _ g {z' - z) 

a« (J--c») "" V (c"-a^) " c* («"-*") ' 

xx' — /* _ yy' "" 5^ ._ gg' — A* 

^^ a^[V^(?) ~ J^ (?^a^) "c^(a*-6'')* 

The equation to the normal plane is 

a« (J«~c*) ?' + J« (c«-a«) ^ + c* (a*-ft*) - = 0, 
^ ' X ^ y ^ z ^ 

and therefore it passes always through the centre of the sphere. 

The equation to the osculating plane is somewhat complex, 
but, if we put 

and Cf - Bz^ = Cg" - BW = i, 

Az' -Ca?^ AK' ^Cf^M, 
Bx^ - Af ^Bf^ A(f = iV, 

it takes the symmetrical form 



NORMAL AND OSCULATING PLANES. 161 

183. The equations to the helix being in the form 

z z 

X = a cos T J y = a sin Y 7 a?* H- ^ = a*, 

the equations to the tangent are 

-aj' — a? y ^ y z' — z 
— y X h ' 

If 6 be the angle which this line makes with the axis of «, 

we find tan^ = t- ^ is therefor* constant, and the tangent is 

inclined to the plane of (a;, y) always at the same angle. The 
tangent meets the plane of (a?, y) in points forming a curve, the 
equation to which is easily found. For, making «' = in the 
equations to the tangent, we have 

h {x' — a?) — y2 = 0, h [y' ^ y) -{■ xz =s: ] 

between which and the equations to the curve we have to 
eliminate a:, y, z. The last equations may be put in the forms 

hx' = hx + yZj hy ^hy ^ xz*^ 
whence, by squaring and adding, 

and therefore «' = -a {^'* + V* — <**)? 

aj = acQS-^^ ^ ^, y = asm^^ ^ ^. 

But, multiplying the equations by x and y and adding^ we have 

^ + yy = «" ; 

substituting in this for x and y , their preceding values, we ha\« 
a; cos ^ ^ '- + V sm ^ ^ '- = a: 

which is the equation to the involute of the circle. 
The equation to the normal plane is 

Qcy' - yx' + h [z' - «) = 0. 

M 
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The equation to the oBCulating plane will be most readily found 
by making z the independent variable, and therefore rf*« = 0; 

this gives us 

h {x'y-y'x) + a^ {z' - «) = 0. 

In both of these equations, if we make x =0, y' = 0, we 
find z' = «, that is, both planes cut the axis of z at the same 
point, which is the corresponding coordinate of the point in 
the curve: their line of intersection is therefore parallel to the 
plane of (a?, y). It is easy to see that both planes are inclined 
at a constant angle to the plane of [x^ y), the direction-cosine 
of the normal plane bemg 

h _ h 

and that of the osculating plane being 

a* a 



the complement of the former, as is otherwise obvious. 



Line of Greatest Slope. 

184. The line of greatest slope on a surface, starting from 
any point, is such that its tangent always makes a greater angle 
with a given plane than any other tangent line to the surface 
drawn through the same point. Since all the tangent lines at 
any point of a surface lie in the tangent plane, that one which 
is perpendicular to the intersection of the tangent plane with the 
given plane, makes the greatest angle with the plane. Hence 
the line of greatest slope on any surface has its tangent at every 
point perpendicular to the intersection of the tangent plane and 
the given plane. Take the plane of (a?, y) as the given plane, 
and let the equation to the surface be 

F{x,y,z) = (1), 

so that the equation to the tangent plane, at the point (a?, y, «), is 

dF , , V dF , , V dF , , X 
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the Intersection <rf which with the plane of (a?, y) i« given by 

the equations 

, ^ dF , dF f dF dF dF ^_x 

The equations to the tangent to the required curve, at the 
point [x, y, e), are in the form 

^' - ^ _ y -y _ g'-g /ON . 

-^ Ty &- (')' 

and, if the lines (2) and (3) are perpendicular to each other, 
we have 

g'e?y-^cir = (4). 

This differential equation, which exjHreeses the g^ieral pro- 
perty of the line of greatest slope, combined with the equation 
(1), will serve to determine it; and, if between (1) and (4) we 
eliminate z^ we shall obtain a differential equation between 
X and y, which on integration gives the projection of the line 
of greatest slope on the plane of (a?, y). 

186^ Let the given surface be the ellipsoid 

a? y^ z^ ^ 

^ + j« + ^« ^1 

and the given plane, as before, the plane of (a?, y) ; then the 
equation (4) becomes 

X y 

in which the variable z does not appear. The integral is 

a^ = G/. 

The constant C is to he determined by the condition of the line 
of greatest slope passing through any given point: if the co- 
ordinates of this be a, )8, the preceding equation becomes 



©■ = (I)'- 



M2 
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The intersection of this cylinder with the ellipsoid will give 
in general a curve of double curvature : but, if the point (a, fi) 
lie in one of the principal planes of (y, z) or («, a?), the line 
of greatest slope is a plane curve ; for, if it lie in the plane of 
(y, z)j a = 0, and therefore a; = 0, shewing that the section 
of the ellipsoid by the plane of (y, «), is the line of greatest 
slope. 

186. Let the given surface be that represented by the 
general equation 



=*©. 



the nature of which will be exphdned in the following chapter. 
In this case the equation (4) becomes 

Qcdx + ydy = 0, 
the integral of which is 

80 that the line of greatest slope in these surfaces is projected 
on the plane of (a;, y) in a circle, the centre of which is at the 
origin; that is, the line is determined by the intersection of 
the surface with a right circular cylinder, of which the axis 
is the axis of z. 
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CHAPTER X. 



ON THE GENERATION OF SURFACES BY THE MOTION OF CURVES. 

187. In Investigating the equation to the plane, (Art. 33), 
and those to the hyperboloid of one sheet, and hyperbolic 
paraboloid, (Arts. 138 and 141), we considered these surfaces 
as traced out by the motion of a straight line constrained to 
move in a certain manner. An extension of this method gives 
us the means of conveniently classifying and discussing surfaces 
of which the equations are of a degree higher than the second. 
The general theory of the process for finding the equations to 
surfaces defined as generated by the motion of a curve may be 
explained in the foUowing manner. 

188. A line is represented by two equations to surfaces, 
involving Xj y, «, and constants ; we may suppose one of the 
constants in each equation to be arbitrary, and to admit of an 
indefinite number of values, corresponding to which the surface 
assumes different forms or positions; for the form and position 
of a surface depend on the values assigned to the constants in 
its equation. K we assimie the equations to be solved with 
respect to these arbitrary constants, or parameters, as they are 
styled, they are in the form 

/(^> 2^j «) = ^» fii^y y^ «) = ^1 W) 

or, as we may write them, 

w = c, V =■ Cj (1)'. 

Now, on assigning diflferent values to c and c^, the line de- 
termined by these two equations will change in form or in 
position, or in both, in consequence of the change in the 
surfaces. If c and c^ be independent, the line may be made 
to occupy all points within the space for which the equations 
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(1)' are satisfied by possible values of the variables, so that it 
will trace out a solid locus. But, if we assume a relation to 
exist between c and c^, which may be expressed by the equation 

t(c,cj=0, or c^ = <l>{c) (2); 

then, for each value of c, the curve will assume only one 
determinate form or position, and, in passing through all its 
forms and positions, it will trace out a surface. To determine 
the equation to this surface, it is clear that we must obtain 
a relation between Xj y, and «, independent of the quantity c, 
which determines by its successive values the successive forms 
and positions of the curve. This is easily done by eliminating 
c between the equations 

2^ = c, V =» ^(c) (3), 

the result of which is evidently 

V = ^{u) (4). 

189. Hence, when the parameters in the equation to the 
generator are given explicitly, it is veiy easy to find the 
equation to the surface, as, when the relation between the 
parameters is given, the elimination is at once effected. Thus, 
for example, in finding the equation to the plane, since we 
suppose the generator to move parallel to itself, the quantities 
a and b of the equations 

of Art. (26), are constant, and ^ and q are the variable para- 
meters, so that if they be written on one side of the equations, 
these then become 

X •— az = py y — be = q. 

Now the relation between jp and ^ is to be found by the 
condition that the generator shall pass always through the 
director, of which the equations may be written 

aj = fe H- A, y == mz •{■ Jcj 
the condition for which is, by the equation (5) of Art. (30), 

p — Ji, __ q ^ k 
a — I b — m^ 
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and this equation is the form of (2) appropriate to the present 
case. Hence, eliminating p and ^ by means of the equations 

X — az = p^ y ^hz = q^ 

«j X — az — h y ^ bz ^ k 

we iind 5 — = '^— = , 

a — ^ 6 — w 

as the equation to the plane, which is evidently of the first 
degree in a?, y, z. 

190. In what precedes, we have assumed that there is only 
one variable parameter involved in each of the two equations 
to the generator; but the subject may be considered more 
generally. For we may suppose the equations to the generator 
to contain n parameters c^, c^,... c^, so that they may be written 

Then, in order that the motion of the generator may be com- 
pletely regulated, so that it shall trace out a surface, the n 
parameters must be connected by w — 1 relations, so as to leave 
one independent quantity only. If these relations be 

the equation to the surface will be found by eliminating the n 
parameters between these w — 1 equations and the two equations 
of the generator, making w + 1 in all. 

191. It usually happens in practice that the relation between 
the constants is not given directly, but is to be deduced from 
the geometrical condition that the generator shall pass always 
through some given director-line, as was the case in the pre- 
ceding example. It is easy to see that such a geometrical 
condition always corresponds to one relation between the pa- 
rameters. For, if the equations to the director be 

F{x,y,z)=0, ' F^{x, y, z) = 0, 

in order to express that the generator passes constantly through 
it, we must make a;, y, «, the same in these equations and in the 
equations to the generator 
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Between these four equations we may eliminate the three quan- 
tities a?, y, Zj so that we shaU obtain a residt involving c^yC^,... c^j 
only, and which may be written as 

which is one relation between the parameters. A similar result 
may be obtained for every director on which the generator is 
constrained to rest, and consequently a curve which contains n 
constants in its equations, may be made to rest on w— 1 directors. 

192. When there is only one director, we may obtain the 
result of the final elimination without previously finding the 
relation between the parameters which we have denoted by the 
equation c^ = ^ (c). Let the equations to the generator be 

It = C, V = (c), 

u and V being functions of x^ y^ z] and the equations ta the 
director F{x,y,z) = 0, F,{x,^,z) = 0. 

Then, if x\ y\ z\ be the current coordinates of the generator, 
and u\ v\ the values of u and r, when x\ y\ z\ are substituted 
for a?, y, «, the equations to the generator may be written as 

and. If we eliminate a?, y, z, between these equations and the 
equations of the director, we shall obtain a result in x\ y\ «^, 
independent of a?, y, z^ and which is therefore true for all points 
of the generator in all its positions, and consequently must be 
the equation of the required locus.. 

193. Sometimes, instead of assigning a director through 
which the generator is to pass, the geometrical condition to» 
which it is subject is, that the locus shall circumscribe a given 
surface ; but this condition may be at once reduced to the pre- 
ceding. For let 2^(^^ y, «) = 

be the equation to the surface which is to be circumscribed; 
then the direction-cosines of the normal are proportional to 

-—.----—, On the other hand, the direction-cosines of the 
dx^ dy^ €^ 
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tangent to the curve determined by the equations 



are proportional to 



^ = c, V = c,, 



du dv du dv ^ j^ du dv du dv ^ ^ 
dyl^^didy^' ^^""^^"^^ 

du dv du dv ^ J. 
dx dy dy dx 

But, since the surface described by the generator is to circum-' 
scribe the surface F{x^ y, z) = 0, the generator must touch it in 
every position, and therefore be perpendicular to the normaL 
Consequently we have the condition 

Tk dF ^ dF ^ dF 
dx dy dz 

This is a relation between a?, y, z^ which holds for all points in 
which the surfaces touch each other, and may be considered as 
the equation to a surface passing through the curve of contact. 
The generator therefore may be considered as constrained to 
pass through a director determined by the equations 

T-r / \ ^ f* dF ^ dF T» dF ^ 

194. It is to be observed that surfaces generated in the 
manner we have been considering may differ from each other 
in two ways — either by having different generators or different 
directors. Those surfaces which admit of the same generator, 
that is, for which the forms of the functions f and ^, or u 
and V in Art. (188), are the same, are said to belong to the 
same family^ while the individual surfaces are distinguished 
by differences in the forms of the functions -^j, '^^^ &c., that is, 
in the nature of the directors on which the generator rests. In 
the examples with which we shall illustrate the theory we shall 
consider only two families of surfaces — those which have a 
straight line, and those which have a circle as generators. The 
former, or ruled surfaces^ as we have previously termed them, 
are conveniently divided into the two classes of skew and 
developable surfaces, the nature of the distinction between 



170 GENERATION OP SURFACES 

which was explained in Arts. (136) and (160). Since the 
equations to a straight line contain four independent constants, 
which may be considered as parameters, it appears, from Art. 
(191), that no ruled surface can have more than three directors, 
as is the case in the hyperboloid of one sheet, where they are 
straight lines. 

195. It is only, however, in skew surfaces that there can be 
so many as three directors; for, since in developable surfaces 
the successive generators intersect, the condition that this should 
happen gives one relation between the parameters. Thus, if we 
suppose Xy y, Zj to be the current coordinates of one director, 
ajj, y^j «j, of the other, their equations being 

Fix, y, z) = 0, F,{x, y, z) = (1) ; 

-^.K, y.» «J = 0, F,{x„ y., z,) = (2) ; 

the equations to the generator in any position are 

^-^i y-i/i ^-\ 

a?', y', «', being the current coordinates of the generator. Now, 
since two successive generators intersect, the points a?, y, z^ 
^ij Vx') ^iJ i^^^* ^^ so taken that the tangents to the curves at 
those points are in the same plane, see Art. (160) ; and, the 
equations of the tangents to (1) and (2) being 

X -X ^ y' - y ^ z' ^z . 

dx dy dz ^^ 

X -X, ^ y' -y, ^ z' -z^ ,^. 

dx^ dy^ dz^ ^ ^' 

the condition for these lying in the same plane is, by Art. (30), 

(dydz^ - dy^dz) [x - x^) + {dzdx^ - dz^dx) [y-y,] 

+ [docdy^-dx^dy) {z-z^) = (6). 

The differentials in this equation may be eliminated by means 
of the differentials of (1) and (2), and then (6) is a relation 
between the quantities Xj y, &c., which, combined with the six 
equations (1), (2), and (3), gives seven equations, between which 
the six quantities rr, y, &c., may be eliminated, and a relation 



BY THE MOTION OF CUBYEd. 171 

obtained between a;', y\ z\ which is the equation to the develop- 
able surface. 

196. Since the successive generators of a developable sur- 
face intersect, they will by their intersection determine a curve 
to which they are all tangents. This curve has been called by 
French writers the "Ar^te de rebroussement" of the develop- 
able surface, and the term has been translated into the English 
phrase " edge of regression" : perhaps, however, the name 
" cuspidal edge" expresses better the meaning of the French 
words. This curve is a remarkable line on the surface, as it 
is a prominent edge which offers a salient angle in all plane 
sections except those which pass through a generator. It ap- 
pears, from the nature of the curve, that the surface falls away 
from it in two sheets, so that it is an extreme boundary to the 
surface: it is evidently a curve of double curvature, since, if 
it were a plane curve, its tangents would lie all in one plane, 
and the developable surface would then be reduced to a plane. 
The student may perhaps obtain a more distinct idea of the 
nature of this line by the inspection of fig. (27). 

197. Every developable surface has a cuspidal edge peculiar 
to itself; in the case of cones, it is reduced to a point, and, in 
cylinders, this point is removed to an infinite distance. Hence, 
when the equations to any curve of double curvature are given, 
we may find the equation to the developable surface of which 
it is the edge ; for, if its equations be 

F[x,y,z) = 0, F^{x,y,z)^0, 

and those to its tangent at a point a?, y^ z^ 

x' -- X ^y' — y ^z' — z 
dx dy dz '* 

we may, between these four equations, eliminate a?, y, 2, and 
obtain a relation between x\ y\ z\ which is the equation to the 
developable surface. The method of finding the equations to 
the edge,when that to the surface is given, will be found in the 
chapter on Singular Points and Lines in Surfaces. 

There is a third mode of considering the generation of de- 
velopable surfaces, which we shall explain in the next chapter. 
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Cylindrical Surfdces. 

198, Cjrlindrical surfaces are those which are generated by 
the motion of a straight line which always remains parallel to 
a given position. To find the general equation to such surfaces, 
let the equations to the generator be 



J 



X " X ^y — ^_« — z 
I m n 



(1): 



then, Z, m, n, being the direction-cosines, are constant, while 
oj, y, «, vary from one position of the generator to another. 
The preceding equations may be written in the form 

ly' — ma! =z ly ^ mXj Iz' — nx^ == Iz --' nx (2), 

in each of which the second side may be looked on as a single 
variable parameter, so that they are given explicitly as c and c^ 
in Art. (188). But, in order that the generator may move so as 
to trace out a surface, some relation between these parameters 
must exist ; and we may express this by writing the equation 

Iz — nx = <t> {ly — mx) (3). 

Eliminating a?, y, z^ between (2) and (3), we have 

Iz' -nx' = <f) [ly'-mx') (4), 

as the general equation to cylindrical surfaces, the individual 
surface being determined by the nature of the function <[>. 

199. If we assume that the generator is determined by the 
more general equations 

Ix + my + w« = S, l^x + mj/ + n^« = S^ (5), 

we easily find the general equation to cylindrical surfaces to be 

l^x + m^y + n^z == <t> (Ix + my + nz) (6), 

so that, if we have given an equation in which one linear func- 
tion of a?, y, Zj is made equal to any fimction of another linear 
function of these variables, that equation represents a cylindrical 
surface. 
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200. To find the equation to a cylinder of which the director 
is a plane curve, determined by the equations 

\x + fiy +VZ = S^ F(x^y^ z) = (7), 

let the equations to the generator be 

~r""~^-~^ ^^^' 

between these four equations we have to eliminate x^ y^ and z. 
Each of the ratios (8) is equal to 

\{x'''x) + fijy'- y) + v{z' -z) Xx' -\- fiy' + vz' - h 

in virtue of the first of the equations (7). Hence, if we put 

tK + m/i + wv = A;, 

we find oj = a?' — T 0^' 4 /^y' + vz' — 8), 

z =^ z' - j^ (Xaj' + fiy' + vz' — S) ; 

and these values being substituted in the equation F{x^ y, z) = 0^ 
give a relation between x\ y\ «\ and constants, which is the 
equation to the cylinder. 

201. Let the director be the ellipse 

« - 0, ^ + p - 1. 

In this case X = 0, /i = 0, v = 1, 8 = 0, A; = w, whence 

tuc' — hi mi — msi 

so that the equation to the cylinder is 

—^ + ^y ^ = ^ W- 
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202. Let the cylinder circiimscribe the ellipsoid 

Ax^-^Bf^ Cz^ = 1 (10) ; 

then, by Art. (167), the director is determined by the equation 
(10) combined with 

Alx ■\- Bmy + Cnz = (11), 

the equations to Ae generator being 

^^lLzy.^ij^^r (12). 



But, on combining the equations (11) and (12), we have, in 

virtue of (10)^ 

Axx' + Byy + Czz' = 1 (13), 

and we may use (11) and (13) for tiiie elimination of a?, y, z^ 
instead of (10) and (11). From (12) we have for a?, y, «, the 
expressions 

X =^ al ^ Ir^ y r&y' ^ wr, 2? «= «' — nr ; 
which, substituted in (11) and (13), give 

Ahl + Bmy' + Cm! - (^? + .Bw* + W)r = 0...(14), 

Ax"" + By'^ + Ct!'' - 1 - [AhS + Bmy' + Gut!) t = 0...(15). 

Eliminating r between (14) and (15), we obtain 

{AV^Bnt-V Crf)[Ax'^'\'By'^+ Cz"-1) = {AIx'^Bmy'+ Cnz')\ . . (16) , 

as the equation to the circumscribing cylinder. K p be the 
semidiameter of the ellipsoid, which is parallel to tiie gene- 
rators of the cylinder, its direction-coBines are Z, w, «, and 
hence, from (10), we find 

AP + BmJ' + Cn'^^, 

P 

which substituted in (16), makes the equation to the cylinder 
Ax'^ + By" + Cz" ^l=p' {Alx'+Bmy' + Cnzy : 

in this may be recognized the form (5) of Art. (149) for the 
equation to a surface of the second ord^ which circumscribea 
another surface of the same order. 
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Conical Surfdoes, 

203. Conical surfaces are generated by the motion of a 

straight line which passes constantly through a fixed point. 

To find their general equation, let a, i, c, be the coordinates 

of the fixed point; then the equations to the generator may 

be written as 

X — a _y — h _z — c 

n 



I - n. - - W' 



, X — a I y — h m ,^. 

whence = -, ^ = — (2). 

Now a, 6, c, are constant, while Z, tw, n, are the variable para- 
meters, since they vary with the position of the generator: 

hence, in the equations (2), the ratios - , — , may be considered 

as parameters given explicitly, and, in order that the g^ierator 
may in its motion trace out a sur&ce, the one of these must 
be some function of the other, which is expressed by writing 

; = *(=) w. 

whence, eliminating Z, /», n, by means of (2), we have 

?^:-*(f^!) w. 

as the general equation to conical surfaces. 

K the fixed point be taken as origin, a = 0, ft = 0, c = 0, and 
the equation (4) becomes 

=*(!) (')• 

This may be written as 

in which form we see that it is equivalent to saying that it is 
a homogeneous function of ic, y, 2, equated to zero: so that 
we have thus extended to all conical surfaces the remark made 
in Art. (79) on cones of the second degree. 



X 

z 
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204. Let the cone be that of which the director is the plane 
curve determined by the equations 

Ix + my + 71^ = S, -f(ic, y, a) = (6). 

If the coordinates of the vertex be a, &, c, the equations to 
the generator may be written as 

X* -a ^ y' -b ^ z' -c ,^. 

x—a y — h z — c ^ 

since it passes through the point (a, 5, c), and also through a 
point x^ y, Zj of the director. Each of these ratios is equal to 

l{ x' - g) + m(y - b) + n(g' - c) __ l{x' -'a) + m(j/' -b) + n {z' - c) 
Z(aj--a) + w(y — i) + n(« — c) S — [la + mb + nc) ' 

in virtue of the first of the equations (6). H^ice, if we put 

la + mb + nc = dj 

we find x=^a- f-}^ {\ r^—j^ 

(x + my + nz — d^ 

" Ix' + my' + nz' — d^ 

{d-B){z'-c) . 
IX + my ■\- nz -~ d 

which values, substituted in F[x^ y, z) = 0, give a relation be- 
tween a;', y', «', which is the required equation. K the director 
lie in the plane of (j», y), so that Z = 0, m = 0, n = 1, S = 0, eZ = c, 
the resulting equation is 

K^^. ^)=« <«)• 

K the director be the cirde of which the equations are 

« = 0, a? + y* = r^^ 

then the equation to an oblique cone with a circular base is 

{az'-'cx'y + {bz'^cy'Y = r'{z'^cy (9). 

205. Let the cone circumscribe the ellipsoid 

Aa? + By" + Cz' = 1 (10) ; 
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then, by the equation (17) of Art. (165), the curve of contact is 
given by the combination of (10) with 

Aax + Bby + (7c« = 1 (11), 

a, i, c, being the coordinates of the vertex of the cone. 
The equations to the generator may be written 

^^x^l-y^z^^ (12). 

a — a? h — y c — z ' 

On subtracting (10) from (11), and multiplying each term by 
the corresponding member of (12)^ we have 

Axx + Byy' + Czz' = 1 (13) ; 

and the system (11) and (13) may be used instead of (10) and 
(11) for the elimination of a?, y, z. Multiply the numerator and 
denominator of each member of (12) by Aa^ Bbj Cc, respec- 
tively, and add; then, by Theorem i. of Art. (22), each member 
of (12) is equal to 

Aa{x'-x) -^ Bbjy'-y) ■\-Cc{z-z ) A ax -^Bby' + Ccz'-l 
Aa{a-'x)+Bb{b--y)-^-Cc{c'-z) " Aa^ + Bb' + Cd' - 1 ' 

in virtue of (11). Again, doing the same with Ax\ By\ Cz\ 
we have each ratio equal to 

Ax'[x'-x)-^By'{y'-y)-\-Cz'[z'-z) ^ Ax"" + By'^ + Cb^^ -1 
Ax'{a-^x) + By'[b-'y) + Cz'[c-z) Aax' ■\- Bby' ■\- Gcz' -^l ' 

in virtue of (13) ; and hence, equating these ratios, we have 

(^a*+^i^+(7c«-l)(^aj'»+%'''+Gs''-l)=(^aaj'+55y'+Oc0'-l) 

as the equation to the cone. 

Let the distance of (a, J, c) from the origin be r, and its 

n h n 

direction-cosines therefore -,-,-, and let p be the portion 

of r intercepted between the surface and the origin, or the 
diameter to the plane of contact: then, at the extremity of /o. 



N 



T T T 
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T 



which, being substituted in (10), give 

P 
so that the equation to the circumscribing cone may be written 

{r' - p'O [Ax" + By'' + Cz" - 1) = p'* {Aax' + Bby' + (7c;5' ~ l)^ 



Conoidal Surfaces, 

206. Conoidal surfaces are generated by the motion of a 
straight line, which always passes through a fixed axis, and 
remains parallel to a given plane. 

Let the equations to the fixed axis be 

a? — a y — J « — c 
I m n 



= r (1), 



and to the generator, in any of its positions, 

X — X y' — y z' — z ,^. 

A. fA V ^ ' 

Xy y, «, being the coordinates of the point in (1), through which 
(2) passes. 

Let a, fij 7, be the direction-cosines of the plane to which 
(2) is always parallel : then 

\a + fil3 + vy = (3). 

From (1) and (2) we have 

a?' — a = Ir + Xp,-i 

y — J = twr 4- /Ap,V (4). 

Multiplying the three equations (4) in order by a, )8, 7, adding, 
and paying attention to (3), we get 

a{x-a) +)8(y-i) + y{z'-c) = {oLl+fim + yn)r...{5). 

From (4) we obtain 

w (a:' — a) — I {z' - c) = [nX — Iv) p, 

n{y\ — h) — m («' — c) = (w/it — mv) p, 
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and therefore 

n{y' — b) ^ m[z' — c) _nfA — mv , . 

In order that the generator may move so as to trace out a 
surface, the variable parameters of (5) and (6), viz. 

(afc + pw + 7w)r and ~- y-, 

must be functional of each other. Hence we have, for the 
general equation to conoidal surfaces, 

,(.'-a)+^(y'-5)+^(/-c)=<^{ ;^r4i";g::j }...(7). 

K we suppose the given plane to be at right angles to the 
fixed axis, then 

and (7) becomes 

If moreover we take the axis of z as the axis of the surface, 
this equation becomes, putting ? = 0, m = 0, n = 1, a = 0, i = 0, 



< -/© ' 



shewing that the ordinate paraUel to the axis of Ae conoid is 
equal to a homogeneous Amotion of dimensions in x' and y\ 
This is the class of surfaces treated of in Art. (186). 

207. Let the director be the plane curve determined by the 
equations £i? + my + n^ = S, F{x^ y, z) = 0, 

and take the axis of 2; as the axis of the surface, to which we 
will suppose the generator to be perpendicular ; then the equa- 
tions to the generator are 

X y 

x\ y\ «', being the current coordinates of the generator: from 
these we have 

X y' hd + my hi -\- my _ hd + my 
X y J» + my S — nz B — nz' ^ 

n2 



, z =z, 
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, , S - nz' , S — nz , 

whence x = x , -. ? , y = y ti , , « = 2 • 

Ix^-my^^ ^ Ix + my ^ ^ 

which values, substituted in F{x^ y^ z) = 0, give 

as the equation to the conoid. 

208. Let the director be the circle of which the equations are 

X = hj y* 4- «* = a* ; 

then the equation to the conoid, the generator being perpen- 
dicular to the axis of z^ is 



'•-.'« 



•^ + 2f =a, ora?£P =^ ax — o y , 



X 



This surface is called the cono-cuneus of Wallis, that mathe- 
matician having been the first who conceived it and investigated 
its properties. It is easy to see that planes z = ± Cj parallel 
to {x\ y'\ cut it in two straight lines so long as c is less than a, 
but that, when c \s greater than this value, the planes do not 
meet it ; so that the surface is limited within the space included 
between the planes « = + a, « = — a, 

209. To find the equation to the tangent plane and the 
nature of the contact in the cono-cuneus. Dropping the ac- 
cents, we may write the equation to the surface as 

then, x\ y\ «', being the current coorcUnates of the tangent 
plane, its equation is 

Q^z^ - (a* — «*) cca?' + Vyy' = a^«*. 

To find the lines in which this meets the surface, we must com- 
bine these equations with 

The second equation gives 
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from which, on eliminating y and y' by means of the first and 
third equations, we have 

whence, by squaring both sides and omitting the terms which 
destroy each other, we find 

[a^ - z^) {z"" - z'^) x"" = a;V [z - z'f + 2xz (a* - z^) {z - z') x'. 

This may be put in the form 

[z - z') [[c? - z^) {a;'" [z + z') - 2xzx'] - a?«» (« - 2')] = 0, 

which it is easy to see may be split into the two factors 

» - «' = 0, 

(a" - z^) [x"" [z + z') - 2a;«a;'} - a?z^ [z - 2?') = 0. 

The former, combined with the equation to the tangent plane, 
gives a straight line which is in fact the generator, the other 
gives a curve of the third order. Hence the tangent plane cuts 
the surface in two lines, one of the first, the other of the third 
order. 

210. Let the director of the conoid be the helix, of which 
the equations are 

0? = a cosn^, y — ^ minz. 

The equations to the generator, supposed to cut the axis of z 
at right angles, are 

x^ y 

whence oiy — yx = 0, or x' minz — y' costi^ = ; 
and the equation to the conoid is, therefore, 

X* sinn2i' - y' cosn«' = 0. 

This remarkable surface, which may be called the " skew screw 

surface," to distinguish it from another of which we shall speak 

presently, is that which forms the under surface of a spiral 

staircase, and is consequently one which is frequently presented 

to the eye, and is also easily constructed. 

To find the equation to the tangent plane. The equation to 

the surface being 

X sin 72^ — y connz = 0, 



, z =z; 
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that to the tangent plane is 

sinnz {x' — x) — cosn«(y'— y) + n {x cosnz + y sinnz) («' — «) = 0; 

X ti 

but, since = -^ — , this may be reduced to 

cosnjs; sinn^' '^ 

yoi -xy' -¥ n (ic* + y) [z'-z) = 0. 

211. Let the conoid circiunscribe the sphere 

{x-ay + (y-/3r + (2-7)' = r' (1), 

the equations to the generator being 

u = xy — y'x = 0, t? = a' — « = 0; 

then the equation of Art. (193) becomes 

dF dF ^ 

so that in this case the director consists of (1) combined with 

x{x-a)+y^-^) = (2). 

The equations to the generator 



X y 



> « =«> 



give - = ^ = '^'('g-«)+y(y-)g) ^ x'[x-a) + y'{y-^) 
^ X y x{x — a)+y{2f-fi) 

in virtue of (2) ; consequently 

x'{x-a)+y'{i/-^) = 0] 

y' ~ -x" ~ x^+y" ~ x'' + y'*' ' 

fl - . ^x'-ay\ 
'^ a;" + y ' 



■whence x-a = y' ^ ^ "^ , y- ^ 



and, on substituting in (1), we have 

i^x' - ay')' = {x'^+y'') {r* - (a' - 7)"} 
as the required equation. 
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Skew Surfdcea having more than one Director. 

212. In the families of surfaces, which we have heen con- 
sidering, there is only one director, so that the requisite eli- 
minations are sufficiently simple; we shall now give some 
examples of the investigation of the equations of ruled surfaces 
which have more than one director. The equations to the 
generator, when put in the form 

I m n ' 

appear to contain six parameters, but, as they can always be 
reduced to the form 

X ^ az ■\- p^ y = hz ■\- q^ 

we see that there are really only four independent parameters. 
The condition that the generator shall pass through a director 
gives one relation between the constants, and, if there be three 
directors, we have thus three equations involving the constants 
which, combined with the two equations to the generator, give 
us five equations, between which the four parameters may be 
eliminated, and an equation obtained between (r, y, 0, which is 
the equation to the surface. 

213. Find the equation to the surface generated by the 
motion of a straight line, which passes through the circum- 
ference of a circle, and also through two straight lines at right 
angles to each other- and parallel to the plane of the circle, 
their shortest distance passing through its centre. 

Taking the centre of the circle as origin and the axis of x 
coinciding with the shortest distance, the equations to the di- 
rectors are 
(I) a; = 0, / 4 «' = a'; (2) 5; = 0, a: = ft; (3) y = 0, .r = - 6. 

The equations to the generating line are 

X — a^y — P^z — rf 
I m n ' 

As it intersects (2), we have 

X -- h z , n z 

= - and -T = 



I n I X — b' 
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As it intersects (3), 

X -{- b y ^ m y 

— J— = — and -7 = '^ , . 
c m I X + o 

As it meets (1), a, ^, 7, may be supposed to satisfy these equa- 
tions, and, as a = 0, the equations to the generator give 

n xz hz 

I X — a? — 6 ' 

a rn xu by 

^ ^ I ^ x + b x-^b^ 

is the required eqnatioik 

214. Find the equation to a surface defined in the follow- 
ing manner. On the opposite sides AB^ CD^ (fig. 28), of an 
oblique parallelogram, are described two semicircles, having 
tlieir planes perpendicular to that of the parallelogram; the 
surface is traced out by a straight line which rests on these 
semicircles and on a straight line MON passing through the 
centre of the parallelogram and perpendicular to the planes 
of the circles. 

Take the plane of the parallelogram as the plane of (a?, ^), 
and the straight line MON as the axis of y : then, if be the 
origin, the equations to the three directors may be written as 

a; = 0, « = (1), 

y^-b, [x-af + 0- = r« (2), 

y = J, {x + aY -^z"^ 7^ (3). 

We may at once express the condition that the generator passes 
through the director (1), by writing its equations 

X = a(3^- ^), z = y{y-fi) (4). 

The conditions that it shall rest on (2) and (3), give the equations 

{a{b-^fi)+aY+y'{b + fif = r' (5), 

{a{b-fi) + aY + i'{b-^Y = r' (6); 
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from which, by subtraction, we have 

/3(ia* + aa + J7') = (7). 

This equation may be satisfied by ^8 = ; but that would corre- 
spond to the generator passing always through the origin, in 
which case the surface would be a cone; we take, therefore, 
the other solution 

6a* + oa + V = (8) ; 

which, being substituted in (5), reduces it to 

(4»-/S*)aa = i(r'-a*) (9). 

Between the four equations (4), (8), (9), we may eliminate the 
three parameters a, ^, 7, and we obtain, as the final equation, 
which is that of the surface, 

215. When there are only two directors, some other geome- 
trical relation must be assigned in order that the motion of the 
generator may be completely regulated. The condition most 
usually taken is that the generator shall remain parallel to a 
fixed plane ; in this case we may find a general equation for the 
class of surfaces so generated. Taking the plane of (a;, y) as 
parallel to the fixed plane^ the equations to the generator are 

5j = a, y = I3x + y. 

Now the conditions of the generator resting on two directors 
give two relations between the parameters 

t(a,^,7) = 0, ^,(a,^,7) = 0; 

from which we may find values for two of them in terms of 
the third, as 

/3=:</>(a), 7 = <Ai(a)- 

Eliminating then a, )8, 7, between these equations and those 
to the generator, we have 

y=:x<l> {z) + </>, («), 

as the general equation to ruled surfaces generated by the 
motion of a straight line which is always parallel to the plane 

of (ic, y). 
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216. As an example of such surfaces, take the following. 
A sphere touches a circle of equal radius in the centre; the 
surface is traced out by a straight line which, always parallel 
to a plane perpendicular to that of the circle, touches the sphere 
and passes through the circumference of the circle. 

Take the plane of the circle as that of (a?, y), its centre 
being the origin, and the plane of (a;, z) parallel to the fixed 
plane; the equations to the generator are 

a; = a, 3^ = ^«4 7 (1); 

those to the directors are 

aj* + y* = a', « = (2) ; 

aj^ + / + 2*- 2ai5 = 0, )%+ - a = (3); 

the last equation being the condition that the generator shall 
touch the sphere. The condition of the generator passing 
through (2) gives the equation 

a' + 7* = a' (4); 

the condition that it shall pass through (3) gives 

)8 (a*)8 + 207 - iSy*) = 0. 

This may be satisfied by )9 = 0, which would lead to the 
equation of a cylinder perpendicular to the plane of (a;, y), 
a solution which evidently satisfies the geometrical conditions. 
The other factor gives 

a^l3 + 207 - /Sy = (5). 

Between (1), (4), and (5), we may eliminate a, /8, 7, and we 
obtain as the equation to the surface 



Developable Surfaces. 

217. In Art. (197) we shewed that any developable surface 
may be considered as generated by the motion of a straight 
line which is always a tangent to the cuspidal edge. Let the 
equations to the cuspidal edge be 

a? = <^(«), y = ylr{z)] 
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then, if x\ y\ z\ be the current coordinates of the tangent, its 
equations may be written 

y'-ir{z) = ^^'{z)iz'-z); 

between these two equations we may eliminate a, and we then 
obtain an equation between a?', y\ z\ which is the equation to 
the surface. 

218. Thus, if the cuspidal edge be the helix 

a? = a cosw«, y = a smnz^ 
the equations to the tangent are 

x' — a cosnz « — wa sin 722; {z' — «), 
y — a sinnjs; = na coBnz [z' — z). 
To eliminate «, multiply by cosn2;, sinw«, and add ; then 

X cosnz + y sinn2; = a ; 

squaring both equations and adding, we have 

X -t y •— a^na[Z'-Zjj 

whence . = .- . (^ll^lz^ , ' 

and therefore 

a:' cos jn« T ^^ — ^^-^ '-Y + y sm jW q= ^ — ^^ ^t = a, 

which is the equation to the surface. 

219. This surface is called the " developable screw surface," 
to distinguish it from that of which we treated in Art. (210). 
It is obvious, from the form of the equation, that the surface 
falls back from the cuspidal edge ; for, as the equation becomes 
impossible when ^'» ^ y'^ ^ ^^ 

no part of the surface lies within the cylinder on which the 
helix is traced. K, in the equation to the surface, we make 
z' = 0, we have 

X cos ^ ^ ^ T y sm ^ ^ ^ = a, 

a ^ a ^ 



cos -[nz-^ — -^- -y , smjn«-^ — ^ ^ 



188 DEVELOPABLE SURFACES. 

shewing that the section of the surface by the plane of (a?', y] 
is the involute of the circle. 

K we take the upper of the double signs in the equation 
to the surface, we find that the direction-cosines of the tangent 
plane are proportional to 

a j a ' 

and n(a;*+y*-a')*; 

from which we see that the cosine of the inclination of the 
tangent plane to the plane of [xj y) is 

na 

and is therefore constant. 

220. Let the cuspidal edge be the equable spherical spiral, 
of which the equations may be written in the forms 

y' = 2ra? — ic*, «^ = 2np. 

The equations to the tangent are 

yy* -~ {r-'x)x' = rXj zz' = r {x + x'). 

If we take the values of y and «, derived from the second pair 
of equations, and substitute them in the first pair, we obtain the 
two following quadratic equations in a;, 

{(r-a;7-f y*}a? + 2r {rx' - x"" -^ y'^ x + rV^ = 0, 

r^aj* + 2r [rx' - «'*) x + rV* = 0. 

Between these two equations we may eliminate a?, and the result 
is, after simplifymg and dividing by rV", 

x''{x" + y'^'-2rx'Y 

= ^z'^-'x''-'y*'){{rx'-z''){r'-'rx') + {r'+rx'-^z''){x''-\-y''^ 

which is the required equation to the developable surface of 
which the edge is the equable spherical spiral. 
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Surfaces of Revolutioru 

221. Of surfaces admitting of a circle as generator we shall 
consider those of revolution alone. These may be defined as 
generated by the motion of a circle of variable radius, the 
centre of which moves along a straight line, to which the plane 
of the circle is always perpendicular : the circumference of the 
circle passes always through the curve which, by its revolution 
round the axis, generates the surface, and which in fact is the 
director. 

Let the equations to the fixed straight line, or axis, as it 

is called, be 

a; — a__y — /8_2f — 7^ 

I ra n ' 

then the generator in any position may be determined by the 
intersection of a E^here, of which the centre is at the point 
a, /3, 7, with a plane perpendicular to the axis. The equation 
to such a plane is m the form 

Ix -f my -^ nz =^ Cy 
and that to the sphere is 

[x- ay + (y-/8)'' -h [z-yY = r« = c,^ 
in this case the parameters are c and c„ and, if the relation 
between them be c = <fc (c) 

the general equation to surfaces of revolution is 

{x-af + {y-l3Y + [z-yY = il>{h:-\-my + nz). 

If we take the axis of ;s as the axis of revolution, ? = 0, m = 0, 
n = 1, and, if (a, )8, 7) be taken as origin, the equation becomes 

aj^ + y« + «« = («), 

which is equivalent to 

0? + y» = («), or z = yjr {o(? + y^). 

This form may be derived immediately by considering the 
generator as determined by the intersection of a right circular 
cylinder with a plane. 
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222. To find the surface generated by the revolution of 

a straight line round an axis which it does not meet. 

The director in this case is a straight line; let its equa- 
tions be 

X — a __y - h ^z — c ^ 

I ra w ' 

then, if the axis of z be taken as the axis of revolution, the 
equations to the generating circle are 

aj'« + y'* = r*, «' = 7, 

and, by Art. (192), we may write them 

a?'* + y" = a;" + 2^, «' = z. 

Now X = a -^ - {z — c\ tf = b •}■ — {z — c)y 

and, therefore, eliminating a?, y, and «, we have 

x'^ + y'* » l±J!^ {j,'^cY - 2^i^ [z'^c) = a" + h\ 

as the equation to the surface of revolution, which is evidently 
an hyperboloid of revolution, round the axis of z, 

223. Let the surface be generated by the revolution of a 
circle round an axis lying in the plane of the circle. Taking, 
as before, the axis of z as that of revolution, and supposing 
the director to be in the plane of (a:, z)^ its equations may be 
written as 

(aJ-&r + ^' = a^ y = 0, 

a being the radius of the circle and h the distance of its centre 
from the origin ; and those to the generating circle are 

a^ + y* = r* « = 7, 
or a;'* + y'* = a;' + f^ z' = z. 
Hence, as ^ == 0, a? = («'^ +y^)*, 
and therefore {(a;'*^ + y«)i~&}« + z'^ = a« (1). 

On clearing this equation of radicals, and, for convenience, 
dropping the accents, it becomes 

[a? + f-Vz'-^h'^a'Y - ^b\a?+f) = (2), 
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which Is of the fourth degree. It is easy to see, from the form 
(1), that the surface is limited between the planes « = + a and 
« = — a, and that its form diflfers according as h is greater or 
less than a, \i b > a, no part of the surface approaches nearer 
to the axis than a distance equal to h — a^ so that the axis 
never meets the surface. In this case it is the bounding surface 
of an anchor ring. If J < a, there is an interior sheet which 
meets the external sheet at two points in the axis, the distances 
of which from the origin are 

All sections of this surface, made by planes perpendicular to 
the axis, are pairs of concentric circles. For, if « = A be the 
equation to such a plane, we must have A < a, and hence the 
equation to the projection of the section on the plane of (a?, y) 
is, if we put cf ^ 1j? = c*, 

or {x' +fY - 2 (5« + (^){a?+f) + (J* - (?Y = 0, 

which is decomposable into the two equations 

x'+f-{b+cY = 0, aj- + y«-(J-cr = 0. 

All sections, made by planes parallel to the axis, are lemniscates 
of various kinds : those made by planes at a distance less than 
b — a from the axis, will consist of two distinct ovals ; those 
made by planes at a greater distance, will be one continuous 
curve. If the cutting plane be y = J — a, the equation to the 

section becomes 

{x^ + zj = ^b{ax'- {b-a) z% 

which is the lemniscate of Bernoulli. 

224. K the surface of revolution, of which the axis is the 
axis of Zj is to circumscribe a given surface F{x^ y, z) = 0, then, 
by Art. (193), the equations to the director are 

rt/ \ ^ dJF dF - 

Let the given surface be the ellipsoid of revolution 

or c 
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then this equation is to be combined with 

«(y-/3)-2^(a?-a) = 0, or | = |. 

The equations to the generator may be assumed to be 

a?"* + y"* = aj* 4- y , «' = « ; 

hence f _ y _ . (^±1^ _ . (^!±30* 

Substituting these values and that of 2; in the equation to the 
ellipsoid of revolution, we have 

{(a' + /g')*T(a;"'+y")*}' , {z'-yY ^. 
a' ^ c* ~ ^' 

as the equation to the surface of reyolution, which, having the 
axis of z as its axis, circumscribes the given ellipsoid. 
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CHAPTER XI. 



ENVELOPS TO SURFACES- 



225. If the equation to a surface involve an arbitrary 
constant or parameter, we may suppose this quantity to receive 
a succession of values, in consequence of which the surface will 
change in form, or in position, or in both; then the surface, 
which touches the moveable surface in all its positions and 
forms, is called the envelop to the series of surfaces which are 
formed by assigning all possible values to the parameter. 

226. Let the equation to the surface involving the arbitrary 
constant or parameter a, be 

fix, y\ z\ a) = (1), 

x\ y\ «', being the coordinates of any point whatever in the 
surface. Suppose that a becomes a + Sa, ia being an in- 
definitely small increment of a. Then the equation (1) becomes 

f{x\y\z\ a + Sa) = (2). 

Let ic, y, 2, be values of x, y\ z[, at the intersection of the 
surfaces (1) and (2). Then 

f{x,y,z,a)=^0 (3), 

and f[x, y^ z, a + Sa) = 0. 

Hence -^ {f[x, 2^? «j « + ^«) -/(^^ .Vj «j «)} = 0, 

and therefore, when Sa is diminished without limit, we have 
ultimately 

^/(^? y-, ^, «) = (4). 

Between the two equations (3) and (4) we may eliminate the 
parameter a, and we shall thus obtain an equation 

<AKy, «) = ^ (5), 
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expressing the relation between tlie coordinates of the i 
of the curve of intersection of any and every two consec 
individuals of the series of surfaces represented by {l)i 
equation (5) will therefore represent a surface which is the 
of such curves of intersection. 

227. Since the equation (5) has been deduced from (3] 
(4), it ia evident that, provided a be considered as variablt 
values of x, y, z, in (3) and (4), taken simultaneously, wi 
the same as in (5). Now, differentiating (3), we get 
df , df , df , df , „ 
dx dy ^ dz da ' 

and therefore, by (4), 



^ 



die 



^l^-f" 



But dZf dt/, dz, are proportional to the direction-cosiu 
any tangent line to the surface (5) at the point x, y,z; tb 
rection-coaines of the normal at the same point to the sur&( 

being proportional to -j^ , -^ , -^ . The equation (6) thei 

shews that any tangent line to (5) and the normal to {1 
any common point, are perpendicular to each other, 
surface therefore, which is represented by (5), touches i 
surface represented by (1). 

Since the surface (S) is tbe locus of the intereectlon ol 
consecutive surfaces represented by (1), it is frequently < 
the hcua of ike ultimate tntersectums of a series of sui 
described ^W a given law. Also, since it touches ever] 
of this series of surfaces, it is called &cir envehp. 

228. Before proceeding fiirther, we may illustrate the 
ceding theory by a simple example. Let it be required t< 
the envelop of a series of spheres determined by the equatio 

(ai-oj^+y + 2"-nV = ( 

in which a is the variable parameter. These spheres 
change both in form and in position with the variation 
the radius being in fact proportional to the distance o: 
centre frt)m a fixed point. 
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Differentiating (1) with respect to a, and equating to zero, 
w® ^av^ a; - a + n*a = (2). 

From this we have a = 



1 -n^' 
and, by means of this, eliminating a from (1), we have 



11 2 

it X a O ^ 

+ / + 5j« = 0, 



n'- 1 

as the equation to the envelop, which is evidently a right cone, 
if w < 1, and is reduced to a point if w > ] . 

229. If we consider a as constant in the two equations 

/-o, 1-0, 

and a?, y, 2?, as variables, they each represent a surface, and, 
taken together, they represent a line, which is in fact the line 
in which the envelop touches the surface 

f{x\ y, z\ a) = 0, 

corresponding to the particular value of a. Now if this line 
be supposed to change in position and form in consequence 
of the variation of a, it will, according to the theory developed 
in the previous chapter, trace out a surface which is of course 
the same as the envelop. This curve has been named by Monge 
the characteristic^^ because it determines the family of the envelop 
exactly as in the generation of a surface by a line, which is the 
intersection of two surfaces, the family of the surface generated 
is determined by the line of intersection, independently of the 
particular law of variation of the parameter. 

230. lu the example which we have just adduced^ putting 

/= (a;-a)^ H- / + «^ - nV = 0, 

we have -f = - 2aj + 2 (1 - n") a = 0, 

da ' 

This is the equation to a plane perpendicular to the axis of x^ 
and the chxjuract&ristic is the circle determined by the intersection 

02 
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of this plane with the sphere represented by /= 0. From the 
equation to the plane it is obvious that, whatever a may be, the 
plane does not pass through the centre of the sphere, and con- 
sequently the characteristic is in this case a small circle of the 
sphere. 

231. The equations to the characteristic, for any proposed 

value of a, are 

f[x, y, z^ a) = 0, 

^/(«j Vi «j «) = ^• 

Suppose that a becomes a' : then the equations to the corre- 
sponding characteristic will be 

At the intersection of these two characteristics, we have 

f{x, y, z, a') -f{x, y, g, «) _ ^ 
a — a ' 

and T— = 0. 

a — a 

Hence ultimately, when a approachcrs indefinitely near to a, 
we have 

/=0 ^=0 ^ = 
•^ "' da "' Ai^ "• 

These three equations serve for determining the point which 
is conamon to two consecutive positions of the characteristic, or, 
what is equivalent, to three consecutive positions of the surface. 
A series of these points must in general exist corresponding to 
successive values of a, and the equation to the line in which 
they lie may be found by eliminating a between any two pair 
of these three equations, so as to obtain two equations in a?, y, «, 
independent of a, representing two surfaces the intersection 
of which determines the line in question. 
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It is clear that this line must lie on the envelop, because 
we may first eliminate a between 



/=o, f = 0, 



da 

which gives us the envelop, and then eliminate a again between 
either of these equations and 






dd 

so as to obtain the second equation. This line, which is a very 
remarkable one on the enveloping surface, is calted the edge 
of the envelop. 

232. It is to be observed that such a line does not always 
exist, for the second elimination of a may lead to an equation 
which cannot be satisfied by any possible Values of cc, y, «, 
diewing that the successive characteristics do not meet. It may 
also happen that the combination of the three equations 



/==0 ^ = ^=0 



da ' da^ 

leads to one or more separate values of a?, y, and «, in which 
case the edge is reduced to one or more points. Thus, in 
cones, the edge is reduced to a point which is the vertex of 
the cone. 

It is easy to shew that any characteristic and the edge of the 
envelop touch each other at the point where they meet: for, 
differentiating the first two of the equations to the edge, viz. 



/=0 ^ = ^=0 



da ' dd^ 
where a is variable, we have 



f '^ + f '^ + t^' +f '^-O' 



dx 



dy J dy ^ dY , 



dxda^^*^ ' dyda^^ ' dzda'^'' ^ dd 
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and therefore, by the second and third equation, we have 

ctx dy ^ dz ^ 

ax da dyda azda 

But these equations coincide with those obtained by dif- 
ferentiating the equations to the characteristic, viz, 

where a is constant, at the point a?, y, «, where the edge and 
characteristic meet. Hence the ratios 

dx\ dy \ dz 

wre the same in both, and therefore the two curves touch each 
other at this point. This is also easily seen geometrically r for, 
if P, Q^ be the points in which any one of a series of charac- 
teristics is intersected by the one which precedes it and by that 
which succeeds it, PQ will be an element both of this charac- 
teristic and of the corresponding edge. 

233. If the equation to the moveable surface contain n 
parameters, connected by n — 1 equations of condition, it is 
convenient, instead of expresssing w — 1 of the parameters in 
terms of the w* by means of the equations (rf condition, and so 
reducing the question to a case involving one parameter, to 
consider them all as variable, subject to the equations of con- 
dition, and to eliminate by the method of indeterminate mul- 
tipliers, as will be best seen in examples. 

234. If the equation to the surface contain several Inde- 
pendent parameters a, J, c, &c., so as to be in the form 

f{x,y,z,a,h,c ) = 0, 

it is easy to see, by following the same method as In the case 
of one parameter, that the surface found by eliminating a, &, c, 
&c. between the equations 

/=0 ^ = ^ = ^ = 0&c 
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touches the moveable surface in all its forms and positions, and 
is therefore its envelop. It cannot however be considered as 
the locus of ultimate intersections, since, in consequence of 
there being several independent parameters, there is an in- 
finite number of positions of the moveable surface consecutive 
to any given one : for the same reason the theory of charac- 
teristics has here no place. Thus, for example, let the move- 
able surface be the sphere 

in which a, /8, are the variable parameters. We have 
| = _2(.-a)=0, | = -2(3,-^) = 0, 
by means of which, eliminating a and ^, we find 

as the equation to the envelop. This evidently indicates two 
planes, parallel to the plane of (a;, y), at equal distances; it is 
obvious that they can touch each position of the moveable 
sphere each in one point only. 

We now proceed to more extended applications of the pre- 
ceding theory. 

235. Developable surfaces. If the equation to a plane in- 
volve only one arbitrary constant, the others being assigned 
functions of it, we may, for the sake of symmetry, assume that 
the three coefficients are all functions of one variable. If 
then the equation to the plane be 

ax + by -{- cz = 1 (1), 

where a, J, c, are functions of a single variable a, the plane 
will, in consequence of the variation of a, assume a series of 
difierent positions, and we may find the equation to the sur- 
face which is the envelop of these planes. This will be found 
by eliminating a between the equation to tlie plane and 

da db dc ^ , , 

^'" + ^2^ + ^^ = « (2)- 

The combination of (1) and (2) gives the equation to the charac- 
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teristic, which is in this case a straight line, as it is determined 
by the intersection of two planes (1) and (2). It is easy to see 
that the envelop in this case is a developable surface, for any 
two consecutive characteristics, being in the same plane, must 
intersect, and consequently the smface may be considered as 
generated by the motion of a straight line, the consecutive 
positions of which intersect, add therefore, by Art. (160), it is 
a developable surface. 

The e(]^ations to the edge of the envelop or developable 
surface are found by eliminating a between (1), (2), and 

d^a d^b d^c ^ ,^ 

^^ + 5?2' + rfa«^ = ^^. 

236. We see therefore that a developable surface is the 
locus of the ultimate nitersections of a plane which involves 
only one variable parameter. Any plane therefore which moves 
subject to this condition will produce a developable surface. 
It is obvious that this condition is fulfilled in the case of a 
normal or an osculating plane to a curve of double curvature, 
since the equations 

[x —x)dx-\- {y —y) dy -\- (z ^z) dz =■ 0, 

[x — x) (dyd^z — dzd^y) + {y — y) [dzdJ^x — dxd!^z) 

H- {^ - z) [dxd^y - dyd^'s^) = 0, 

can be considered as containing only one independent quantity 
of the three a;, y, z^ since these are connected by the two rela- 
fions whict are the equations to the curve. 

237. K a developable surface be generated by the ultimate 
intersections of the successive osculating planes to a curve of 
double curvature, the chardcteristic is the tangent to the curve, 
so that the surface may be conceived as generated by the motion 
of a straight line, which constantly touches the curve. For the 
equation to the osculating plane may be put under the form 

iiy'-y) ^^ - (^'-^) ^y] ^'^ + {(^'-^) ^ - [^ -^) dz] d^y 

+ {[x' -x)dy - [y ^y) dx\ d'z = 0. 
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Differentiating this, considering a;, y, Zj as the variables^ we 
have 

{{y'-y) dz - («'-2?) dy\ d^'x + [[z'-z) dx -- [x - x) dz] d^y 

+ {{x' -x) dy - (y -y) dx] d\ = 0. 

The characteristic is determined by the combination of these 
two equations, which involves the relations 

X ^ X y' " y z' — z ^ 
dx dy dz ^ 

and these are the equations to the tangent line. 

Hence it appears, that the developable screw surface in 
Art. (218) is the envelop of the osculating planes of the helix. 

238. As an example of a developable surface, considered as 
the envelop of a series of planes, take that generated by the 
normal planes to the spherical ellipse. ^ The equation to a nor- 
mal plane of this curve, at the point a?, y, 2?, is, by Art. (182), 

«' (5'-c') I' + i« ic^-a") ^-+e' K-i") '- = (1), 

X 1/ z 

Xj y, Zj being connected by the equations 



-» -.a jn 



a;« + / + .« = r* (2), J + ^ + J = 1 (3). 

Differentiating (1), (2), and (3), with respect to a;, y, «, 
we have 

a^ib'^c") -,dx + b' {c'--a') ^dy + c' {a'--b') -, dz^O (4), 

X y z 

xdx + ydy + zdz = (^), -^ + ^ + ^ = (6) ; 

ct o c 

(4) + \ (5) 4- A* (6) = gives, on equating to zero the coeffi- 
cients of each differential, the three equations 

X a 

J« (c" - a") ^ + \3^ + /* I = 0, 
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Multiply these by x^ y, «, respectively, and add ; then, in virtue 
of (1), (2), and (3), we have 

Xr* + /A = 0, 
so that the preceding equations may be written as 



^(a«-J«)^ = xg-l)., 



whence 

'^~\?^r^'^' ^~\/^rj53', ^-xT^T^^- 

But, if we divide (2) by r", and subtract it from (3), we have 

and, if we substitute in fliis the preceding values of ar, y, Zy we 

may divide out \~^ and obtain an equation in a;', y', «', which 
must evidently be of the form 

If this equation be cleared of fractional indices, it will be 
found to be a homogeneous function of the 6th degree equated 
to zero, and consequently the developable surface is in this 
case a cone ; as indeed is otherwise obvious, since all the normal 
planes pass through the centre of the sphere. 

239. We shewed, in Art. (195), that the generating line of 
a developable siuface could have no more than two directors: 
these may be replaced by the conditions that the developable 
surface shall circumscribe two given surfaces, in which case 
the equation is to be found in the following manner. Let 
^i9 l/ii ^1 5 ^2) ^2? ^2 5 ^^ ^^ ciurent coordinates of the two surfaces, 
of which the equations are 

^1 ="% ^2 = ^ (!)• 

Then, if the points (ajj, y^, «,), (a;^, y^, 2fJ, lie on the same gene- 
rator of the developable surface, the normals to the given 
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surfaces at these points must be parallel to each other and 
perpendicular to the generator, since that line lies in a plane 
touching both surfaces. These conditions give us the relations 

du^ du^ dUj 
dx^ dy^ dz^ 



(2). 






These three equations, with the two equations to the sur- 
faces, and the two equations to the generating line 

^1-^8 2^,-3^2 «i-«2 ' 

give seven equations between which we may eliminate the six 
quantities a?j, y^, z^^ aj^, y^^ z^^ and so find the equation to the 
envelop. 

But it will generally be easier to proceed as follows: The 
equations (2) joined to t«j = enable us to eliminate cc^, y„ z^^ 
and the result is the equation to a surface, which, by its inter- 
section with u^ = 0, determines the curve of contact of the 
developable surface and the surface w^ = ; the developable 
surface may then be considered as the envelop of the tangent 
planes to that surface along the curve of contact. 

240. As an example, take the case of the two spheres 
< + //; + < = <, (X, - a)" + (y, - /9r + («, - 7)' = < ; 
we deduce then, from (2), the equations 

X y z tt 

^2 - « 2^2 " /3 «2 "" 7 

from which we find 

a^2-« ^2-^ ^2- 7 . n ^i' - («ag, + fiy, + 7gt) 

— ;^; — ~ — z — ~ — z — ~ * i; !"« ' ' 

^1 yi ^1 ^ ^1 

and therefore ax^ + /Sy^ + 70^ = r^ (r, ± rj [a). 

This being the equation to two planes, shews that there are 
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two Circles which are curves of contact corresponding, one to 
an internal, the other to an external sheet. The equation to 
a tangent plane to the sphere is 

^1 + yy^ + «^i = K (*)> 

ojj, ^1? ^1) being connected by the equation 

< + yi" + ^i' = ^' W; 

and by the equation (a). We have now to find the locus of 

the ultimate intersections of the planes determined by the 

equation (J). 

DiflTerentiating (J), (c), and (a), considering ajj, y^, «j, as 

variable, we have 

xdx^-^ ydy^ -h zdz^ =0 (J'), 

x^dx^^y^dy^ + 2Jj&, = (c), 

«^i + )8rfyi + 7<^«i = (a), 

X (J') = yi6 (c') + (a') gives, on equating the coeflScients of each 
differential, 

Xa; = /LWCj + a, Xy = /Lt^j + )8, X« = /it^Jj + 7. 

Multiplying these by aj^, y^, z^^ respectively, and adding, we 
find, in virtue of [a) and (c), 

Substituting the value of /it, derived from this equation, in the 
first of the preceding, it becomes 

and therefore, by the symmetry of the formulae, 

x-x^ y -y, ^ g-^i 

If we multiply numerator and denominator of each of these 
ratios by a?, y, «, respectively and add, each of them is, by 

Art. (22), equal to 

a? + / -f g^ - r/ 
r^ {ax-^fiy + yz) - (r, ± rj r^* * 

Again, if we do the same with a, )8, 7, each is equal to 

ax + ^y -{- yz -r^ {r^ ± r J 
^(a^ + ^+y)-^(r,±r/- 
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Equating these two expressions, we find 

as the equation to the developable surface, which touches the 
two spheres. It is evident that it represents two cones, the 
vertex of one being between the two spheres, and of the other 
without. 

241. Tvhular Surfaces, A tubular surface is the envelop of 
a sphere of constant radius, the centre of which moves along 
some line called the axis, either plane or of double curvature. 
Let the coordinates of the centre of the sphere be a, )8, 7 ; then 
its equation may be written 

(^-a)" + (y-/9)' + («-7r = '-* (1). 

Since the centre lies always in some given line, the two equa- 
tions to this line give two relations between a, ^, 7, so that, 
as r is constant, there is only one independent parameter. By 
the general theory, the equation to the envelop will be found 
by eliminating a, )8, 7, between (1) and its diflferential 

(a:-a)rfa + (y-/9)rf^+ (;s-7)rf7 = (2), 

combined with the two relations between a, )8, 7. 

The characteristic is determined by the combination of (1) 
and (2) : and, as (2) is evidently the equation to a plane, which 
passes through the point a, )8, 7, and is perpendicular to the 
axis, the characteristic is a great circle of the sphere ; and the 
tubular surface may be supposed to be generated by the motion 
of a circle of constant radius, the centre of which moves along 
a curve to which its plane is always normal. 

242. Let the axis of the tubular surface be the straight line 

Ui = l (I), 

t m n 
where ?, w, w, are the direction-cosines ; then 

{x-aY + iy-^r + (^-7)" ='•' (2), 

{x~a)da.+ {y-^)dfi + {z-y)dy = (3). 
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But (1) gives us 

da _^d^ _drf ^ 

whence (3) becomes 

l[x — a) + m(y- P) + n{z-y) = (4). 

Again, from (1), we have 

a fi y la + mfi -hny u , ^,, . „^ 
-y =» — = — = —55 5 5- =s ix + my -f- nz^ 

from (4) ; and therefore 

a=^l{lx-\-my-\-7tz\ fi=:m{lx + mi/-\-m)y y = n{lx + mi/ + nz). 

Substituting these values in (2), we have, as the equation to 
the envelop, 

{(^l ^r) X -^ l[my + nz)Y + {{I'-nt') y - m{nz + h:)Y 

+ {(!-«") z - n{lx + my)Y = r% 

which is that to a right circular cylinder, having the line (1) as 
its axis. 

243. Let the axis of the tubular surface be the circle deter- 
mined by the equations 

7 = 0, d' + ^ = <^ (1); 

then the equation to the sphere may be written as 

(aj-a)- + (y-)8)« + z'^r' (2). 

Since the characteristic is a great circle of the sphere (2), 
it appears that the envelop in this case is the same surface as 
that deduced in Art. (223), and it is unnecessary to repeat the 
analysis, but we may shew how to find the edge of the envelop. 
The result of the elimination of da and dfi between the dif- 
ferentials of (1) and (2) is 

/9a?-ay = (3), 

the equation to a plane which, combined with (2), gives the 
characteristic. To determine the edge, we differentiate (3) with 
respect to a and )8, paying regard to (1), and, after eliminating 
these quantities, we find 

a^ + f^O, 
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which, combined with the equation to the envelop, gives 

«« = r* ~ c\ 

If r > c, this is possible, and, combined with the preceding 
equation, determines two points on the axis of «?, which repre- 
sent the edge of the envelop. K r < c, the equation is im- 
possible, or there is no edge to the envelop, as, in fact, the 
consecutive characteristics do not meet. 

The following are examples of envelops to surfaces, in which 
there are more parameters than one independent. 

244. Find the surface constantly touched by the plane 

~ + f + - = 1 1 , 

a, J, c, being connected by the equation 

abc = m' (2). 

Differentiating (1) with respect to a, J, c, and taking the 
logarithmic differential of (2), we have 

acda ydb zdc ^ ,-x da ^ db ^ dc . , . 

(3) — \ (4) = gives, on equating to zero the coefficient of each 
differential, 

X \ y _ ^ ^ ^ 

a^'^a' F""J' 7^'i' 

Multiplying by a, J, c, respectively, and adding, we have, in 
virtue of (1), 

whence a = 3a;, h = 3y, c = 3a, 

which values, substitated in (2), give 

as the equation to the envelop. 

245. Find the equation to the surface, which is constantly 
touched by the plane 

Ix + mi/ + nz = Vy 
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Ij m^ tij V, being connected by the equations 

/« 4. ^« 4. „« = 1, 

v« - a" "^ V- - b' "^ ? - c- "^ 

Differentiating with respect to /, m, n, v, we have 

scdl + yrfwi + «rfw = dv (1), 

Ml + mdm + >w?w = (2), 

Idl indm ndn 

+ -5 55 + 



v* — a* ' V* — 8" V* — <? 



X (1) — /Lt (2) — (3) gives, on equating to zero the coefficient of 

each differential, 

I 
Xaj= fd +-^ J4), 



m 



\ = V 



\y =^fim + -^-zrp (5)^ 



Xz = fin + -5-— i (6). 



Z (4) H- m (5) + n (6) gives, by the conditions, 

\v = fi (8): 

^ {^) + y (^) + ^ (^) gives, putting r'* = ic** + y* + «^ 
^ a ic my nz 

Xr" = /AV + -5 a + a X2 + -2 2 ; 

V — a V — o V — c 
whence Xfr'' — v^j = -^ 5 + ^ i^ + -5 « (9): 



(4)« + (5)' + (6)' gives 

™ m~ n 



P 



^ ^ "" /^ "^ TIIJJ Z2N^ "^ 7II5 f2\2 "I" 



(«» _ a')" ^ («* - bj ^ [v' - cj ' 
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whence X* {t^-v") = ~, by (7) and (8), (10), 

a^d therefore X = —7-, ^ , and /a = -5 ^ , 

Substituting these values in (4), we have 

, X vl 

wnence -« 5 = -5 ^ . 

ir — a V — or 

Similarly 



y vm 



, z vn 

and 



7^ — (? V* — c 



Multiply by x^ y, «, and add ; then, by (9) and (lO), 

a? y" «* _ 



This is the equation to the surface of a wave of light propa- 
gated through a crystalline medium. See Fresnel, Mimoirea 
de rinstitutj vol. Vli. p. 136; Ampfere, Annales de Chimie et 
de Physique^ vol. XXXIX. p. 113; and Smith, Cambridge Trana^ 
xicttonSj vol. VI. p. 85. 
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CHAPTER XII. 

ON PARTIAL DIFFERENTIAL EQUATIONS TO FAMILIES OF 

SURFACES. 

246. We have seen in the preceding Chapters that families 
of surfaces might be expressed by means of equations involving 
arbitrary functions, on the form of which depends any particular 
individual surface of the family. We might eliminate by dif- 
ferentiation the arbitrary functions from these equations, and 
thus obtain partial differential equations to the families of 
surfaces : but it is equally possible to obtain these directly f5pom 
the equations to the generator, as we proceed to shew. 

Let the equations to the generator be 

/(aj,y,2f, a, J, c, ...) = 0, /(aJ,y, «, a, J, c, ...) = 0...(1), 

in which a, i, c,... are n parameters, connected by n — 1 equa^- 
tions of condition ; so that there is only one really independent, 
of which the others may be considered as functions. Now, to 
begin, let there be only two parameters, a and J, of which h 
may be taken as a function of a\ then, if we diflferentiate the 
two equations (1), first with regard to a;, and next with regard 
to y, considering z^ a, and J, as functions of these variables, we 
obtain four additional equations, while we introduce three new 
quantities, viz. ^ da da 

da'^ dx^ dy' 
We have therefore, on the whole, five quantities, 

■L db da da 

which may be eliminated between the six equations consisting 
of (1) and their four differentials. It is obvious that the result 
of the elimination must be a partial differential equation of the 
first order, since we proceed only to one differentiation. 
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If there be three parameters^ a, h^ c^ on proceeding to th^ 
second differentials, we obtain twelve equations, but we have 
then to eliminate twelve quantitfes, viz. 

, db dc d^b d^G da da d^a d'^a d^a 
''' '""'rfa' Ta' M' M' d^' dy' M' d^' d^'' 

which is in general impossible; we must therefore proceed to 
the third differentiation, when we find twenty equations, be- 
tween which we have to eliminate eighteen quantities, and the 
result gives two differential equations of the third order. 

It is easy to find, in general, the order of differentiation to 
which we must proceed in order to eliminate m parameters^ 
Let n be the required order of differentiation ; then the number 
of quantities in the series 

da da d^a d^a d*a cTa d!^a 



.« 1 



""' d^' ^' dx^' dxdy' df dx^"" rfy 

is J (?i + 1) (n + 2), while the successive differentials of the m — \ 
parameters J, c, ..- with respect to a, together with the quan- 
tities themselves, give (w — 1) (w+1) fimctions; so that the 
total number of quantities to be eliminated is 

\iri^\) (7i4.2) + (w-1) (ti+I). 

On the other hand, the number of equations, including the 
original ones, together with their differentials up to the rf^ 
order inclusive, is (w+1) (w + 2). 

In order, then, that elimination may be possible, we must 
have 

(?i + l)(n + 2)>|Ctt+l)(w + 2) + (7»-l)(n+l), 

or J (w + 2) > in — 1, 

from which the lowest value of n is 

n = 2m — 3, 

247. If the equations to the generator be given in the ex- 
plicit form 

w = c, v = ^{c) (1), 

the partial differential equation to the family of surfaces is easily 

P2 
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found. For, supposing the functional equation to be 

F{x,y,z)=^(^ (2), 

1 dF , dF , dF 1 ^ , . 

we nave Tt"^ + -r-ay + -t- a« = ..(3)- 

Now, If the curve (1) lie on the surface (2), the values of the 
differentials dx^ dy^ dz^ derived from (1), must satisfy the equa- 
tion (3). But if for shortness we put 

du dv du dv _ j^ du dv du dv ^^ du dv du dv _^ j^ 
^^-&^-^' &S-^^-^' d^Ty-Ty-^-^ 

we have, fi^m (1), p " ^ ^ 'E ^^^' 

Eliminating <£c, dy^ dz^ between (3) and (4), we find 

-^ dF ^ dF ^ cbF 
ax dy dz ' 

88 the required differential equation. 
IfwepHt^ = ^, j = ^,wehave 

dF dF ^ dF dF 

^+^^ = ^' Ty-^-d^^-^^^ 

and therefore the partial differential equation may be written 

also imder the form 

Pp + Qq^R 



Cylindrical Surfaces. 

248. The equations to the generator are, in this case, 

a? — a y — P 2 — 7 



I m 

Z, m, n, being constant : hence 



n 



? 



I m n 



these equations, combined with 



dF , . dF , dF , -, 
^d^^^^dy^-^dz = 0, 
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, dF dF dF 

as the partial differential equation to cylindrical surfaces. 

This equation may be applied to find the conditions that the 
general equation of the second degree may represent a cylinder. 
The form of the general equation is 

and we deduce from the preceding equation 

l{Ax + B'z-\-C'y-\'A")-\'m{By-\'C'x^-Az^-B") 

Now, so long as the coefficients of a?, y, «, in the latter of these 
two equations, are supposed to be finite, it is evident that it 
cannot hold good for all the values of the three variables which 
satisfy the former : we must have, then, since the coexistence of 
the two equations for all such values of the variables is required 
by the nature of the case, 

lA + mC + nB' = 0, 
mB + nA + W = 0, 

nC-¥ IB' +m^' = 0, 

lA" + mB" + nC" = 0. 

These are four relations between only two independent quan- 
tities (since the variables are, in fact, any two of the ratios 
Z : m : n) ; and therefore, in order that they may coexist, there 
must be two equations of condition between the constants. 
These are easily found by eliminating Z, w, w, between the first 
three, and between the last and the first two, and the results are 

AA'^ + BB'^ + CC'^ - ABG - 2A'B'C' = 0, 

A' {AC'-BB') + B"\B'C^AA) + C"[AB^C") = 0. 

Conical Surfaces, 
249. The equations to the generator may be written 



I m 



n 



? 



where Z, wi, n^ are the parameters, and a, ^, 7, constant. 
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From these we have 

dx _^dy ^dz ^ 
I m w ' 

and, dividing each member of the latter equations by the cor- 
responding one of the former, 

dx ^ dy ^^ . 

X — a y — ^ z — y^ 

by means of which equations, eliminating the differentials from 

dF , dF , dF , 
ax dy ^ dz 

/• 1 / \ dF , rk\ dF , . dF ^ 
wefind (a,-a)^+(y-^)^+(.-7)-^=0, 

as the differential equation to conical surfaces. 

If we make a = 0, )8 = Oy 7 = 0, that is, if we suppose the 
Vertex of the cone to be at the origiuy the equation becomes 

dx ^ dy dz ' 

shewing that -F is a homogeneous function of a;, y, z, 
^. dF dF ^ dF dF 

the general equation to conical surfaces may be replaced by the 

equivalent one 

{x-a)p+ (y-P) q = z-r^. 

Conotdal Surfaces, 
250. If the axis of the surface be the line 

I m n ' 

the equations to the generator will be 

?ji^ ^ tm^i^Li = p (2), 

aj, y, 2;, being the point of the axis through which the generator 
passes. 
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The plane, to which the generator is always parallel, having 
a, ^8, 7, for its direction-cosines, there is 

Xa + /A)8 + V7 = (3). 

Differentiating (2) we have, for any proposed generator, 

d^ dy' dz' ,. 

X = f =T (*)5 

but, from (1) and (2), 

x' " a — Ir ^y' — b -- mr z' — c — nr ^ 

, 3x' dy' dz' ,^. 

hence —, 7- = —, ^ = -; (5). 

X ^ a — Ir y — ^ mr z ^ c — nr ^ ' 

From (1) and (2) we have 

a;' — a = Ir + \/j, 
y' -h ^mr -{■ fip^ 
z' — c = nr -\- yp : 

and therefore, multiplying these equations in order by a, )8, 7, 
and attending to (3), we get 

a{x'-a) +)8(y'-&) + y{z'-c) = {la-hml3-hny)r...{e). 

But, supposing F{x'^ y', z') = to be the equation to the 
surface, we have 

dF y , dF 7 , dF 7 , 

and therefore, by virtue of (5), the differential equation of 
conoidal surfaces will be 

, , , V dF , f t -L \ ^F , , , . dF 

^•^ -«-?»•) ^ + (y -h-mr) ^ + (^ -c-«r) ^=0, 

when for r we substitute the expression given in (6). 

If the axis of the conoid be taken as the axis of z and be 
always perpendicular to the generator, then 

Z = 0, m = 0, n = 1, a = 0, 6 = 0, a = 0, /9 = 0, 7=1, 

and therefore, by (6), a' — c — nr = : thus the differential equa- 
tion to the conoid becomes 

.dF ,dF ^ 
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Surfiices of Revolution. 
251. If the equations to the axis be 

a? — a y — /8__« — 7 
I m n ' 

the equations to the generator will be 

whence Idx + mdy + ndz = 0, 

(aj-a)(& •+ {y-P)dy + {Z''y)dz = 0, 

and therefore 

^ ^ & ^ 

which equations, combined with 

dF , dF , rfi'^ , 
-dx + ^dy + ^dz=.0, 

give {w(«-7)-»*(y-/3)}^ + {n(aj-a)-Z(«-7)}^ 

as the differential equation to surfaces of revolution. 

If the axis of revolution be taken as the axis of z^ then 
Z = 0, m = 0, n = 1, a = 0^ )8 = 0, so that the differential 
equation becomes 

^ dx ^ dy " ' 



Ruled Surfiuiea having a Director Plane. 

252. If we take the director-plane as that of (aj, y), the 
equations to the generator are 

« = a, y — x^[a) -{-"if (a). 
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From the first, ?? = -r- * <7 = -r- . 

^ dx^ ^ dy 

From the second, 

= <^ (a) + [x4>\a) + ^(a)}i>, 1 = [x4>\oi] + ♦'(a)} q, 

whence -2 = — ^ (a). 

Differentiating this equation first with respect to a?, and then 
with respect to y, and putting 

we find ?!LZ^=»^'(a).^^ ^^ ^^^ = - f (g).gy 

whence yV — 2pj5 4-^V = 0, 

which is the required differential equation. 



Developable Surfaces, 

253. The equations to this family are, by Art. (235), 

00?+ iy + c^ = 1, 
and xda + ycS + isdc = 0, 

where a, J, c, are all functions of a single variable a. 

Putting a = ^ (a), J = ^ (a), c = ^ (a)j 
these equations become 

aj^(a) + y(^(a) + «x(a) = 1 W) 

and aj^(a) +y<^'(a) +«x(a) = (2)- 

Differentiating (1), first with respect to a?, and next with 
respect to y, we have, in virtue of (2), 

and <^ (a) + qx (a) = 0, 

and therefore p =f{q). 
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Differentiating this last equation first with regard to x and 
next with regard to y, we get 

and therefore rt = «*, 

d^ d^z _ / d\ Y 
etc* ' rfy* "" \dxdy) * 

as the differential equation to developable surfaces. 

Tubular Surfaces. 

254. K the axis be a plane curve, the equations to this 
family of surfaces, the plane of the curve being that of ajy, are 

(x-ay + {y-bY + z* = p% 

t 

and {x — a)da-{- (y — J) dS = 0. 

Since a and b are connected together by a single equation, 

we may suppose each of them to be a function of a third 

quantity a, or that 

a = (a), b = <l> (a). 

Then {x-0{a)Y 4 {!/-<f>{a)Y + ^« = p' (1), 

and {x-0{a)}0'{a) + {y-(f>{a)}(f>'{a) = (2). 

Differentiating (l), first with regard to a?, and next with 

regard to y, considering a and z as variable, we have, in 

virtue of (2), 

X- 0{a) -\-pz = 0j 

y-<l>{a) +qz ==0. 

Substituting in (1) the values of (a) and (f) (a), given by these 
equations, we have 

as the required differential equation. 

If the axis be not a plane curve, then the equations to this 
family are, by Art. (241), 

(^-a)«+(y-Jr+(0-cr = />», 
and {x'-a)da -\- {y'-b)db-\^ {z-c)dc = 0. 



(3). 
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Since a, 5, c, are connected together by two equations, we 
may put 

a=e (a), J = (a), c = ^ (a). 

Then the equations become 

[x'e(a)Y+{y-i>[a)Y+{z-xW = p' (l), 

and {x - e{a)] ff{a) + {y-<l>{a)} f (a) + {z- x{a)} x' (a) = 0...(2). 

Differentiating (1), first with regard to a;, and next with respect 
to T/y we have, in virtue of (2), 

and y - 0(a) + ? {« - xWl = ^j 

Differentiating these equations in like manner, we have 

ll+f + r{z-xm - "g {ff{a) +p^{a)] = 0, 
[pq + s{z-x[m - ^ {ff(a) +i,x'(a)} = 0, 
[M + «{«-x(«)}] - 5 {<^'(a) + ?X'(«)} = 0, 

From these four equations we readily see that 

[l+/+r{a;-x(a)}]-[l+2'+^{^-x(a)}]-b? + ^{^-X(a)ir = 0. 
But, on combining (1) and (3), we have 

whence z - x(a) = ± (^ ^^C^ ^i , 

which value, substitated in the preceding equation, gives, after 
obvious reduction, 

(IH- / + ^Y ±p{l +f + ^)K{r (1 + q') 

as the required differential equation. 

The partial differential equations of developable and tubular 
surfaces may be investigated also sjnmnetrically in the following 
manner. 
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Developable Surfaces. 

255. Let a;, y, «, be the coordinates of any point of a de- 
velopable surface ; a, /8, 7, the variable parameters. Then 

ax+ fiy+ 7« = 1 (1), 

xda -{-ydP + zdy = (2) ; 

a, /3, 7, being subject to two equations, 

0(a,^,7) = O' 
X(a,^,7)=0. 

the functions ^ and ^ being any whatever. 
From (1) and (2) there is also 

adx + fidy + ydz = (4). 

Suppose -F= to be the equation to the developable surface; 
and put 



(3>r 



= U, 



dF 
dx 

d*F 



d^F 



=■ u 



dydz 
then we shall also have 



dy-"^' 
d'F 

d'F ^ , 
dzdx ' 



= Tr, 



dF 
dz 

d^F 



d^F 
dxdy 



= w 



Udx + Vdy + Wdz = (5). 

By the aid of an indeterminate multiplier, \, we shall get 
from (4) and (5), observing that, by virtue of (1), (2), (3), 
X and y may be regarded as independent variables, 

U\ 
\ 

V 



a = 



^=^ 



w 



,(6). 
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Now the only equations connecting a, /S, 7, x^ y, «f, with 
rfa, rfyS, dyj are (2), and the differentials of (3) ; all which three 
equations are satisfied identically by putting 

rfa = 0, e?)8=0, dy=% 

without subjecting to any elimination the absolute or relative 
values of a?, y, z^ a, )8, 7. Differentiating, then, the equations 
(6) on this hypothesis, we get 

d\ dU 1 , , , , , , . 

— = -y^ =-^ .(w^ + t^rfy + vcfe), 

rfX rfF^ 1 , , , , , , . 

-T- = -Tf =^ .(vc^ +W£fe ^-wdx)^ 

— = -™r = -=^^[wdz'\'v'dx -\-udy\. 

Eliminating dy and dz by cross-multiplication, we get 

^.{?7(v«?-w'-) + F(t*V-«?i£?7 + TF{^/?V- W)} = Rd^...[l), 

where JS = wt;i£? — W — vv* — tr«?'* + 2u'vw\ 

Observing that -B is a synunetrical function of w, v, w?, u\ v\ w\ 
it is evident that we shall have also 

^ . { V{wu - v") + TT (vV - W) + Z7(w't;' - ww')] = JSrfy . . . (8), 

Multiplying the equations (7), (8), (9), by ?7, F, TT, respectively, 
adding, and attending to (5), we get 

+ 2 FTr(i?'tr' - uv!) + 2 lFZ7(t^V - W) + 2 ?7F(t*V - w?tt?') = 0, 

as the synunetrical form of the partial differential equation of 
developable surfaces. 
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Tvhular Surfdces. 

256. Let p be the radius of each sphere ; a, /S, 7, the coor- 
dinates of the centre of any one of the spheres ; then, a:, y, z^ 
being the coordinates of any point of the envelop, we shall have 

(^-«r + (y-^r + (^-7r=p" u), 

(a;-a)c?a+ {y-'0)d^ + {z"y)dy = (2). 

The quantities a, )8, 7, are subject to two equations, 

/{a, /?, 7) = 0| 

From (1) and (2), we get 

{x-a)dx+ [y-P)dy + {z-i)dz = (4). 

Suppose F= to be the equation to the tubular surface ; then 

we shall have also 

Udx 4- Vdy + Wdz = (5). 

Now, a, )S, 7, ic, y, z^ being connected by the equations 
(1), (2), (3), it is evident that a, yS, 7, 2?, may be regarded as 
functions of two independent variables, x and y : we have then, 
from (4) and (5), by the aid of an indeterminate multiplier \, 

\V-\-y- P = o\ (6). 

XW-Vz - 7 = o) 

Now the only equations connecting a, yS, 7, a?, y, jr, with 
rfa, c?)8, ^7, are (2), and the differentials of (3) ; but all these 
three equations are satisfied identically by putting 

da = 0, dp= 0, dy = 0, 

without subjecting to any limitation the absolute or relative 
values of rr, y^ z^ a, ^, 7 : differentiating, then, the equations (6) 
on this hypothesis, we get 

_ \dU+ dx __ 'KdV+ dy _ XdW + dz 
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and therefore, performing the differentiations, 

(1 -f- \u) dx 4- \wdy + \vdz = — TJd\^ 
(1 4- \v) dy + Xvbdz + Xw'dx = — Vd\ 
[l+Xw) dz + Xv'dx H- Xudy = - TFSX. 

Eliminating dy and efo from these three equations, we get 

'^ = U-{-\[U[v^'w)^Vw'-Wv'] 

-V\^{U[vw-v:^)-\-v![Vv' + Ww')--Vww'--'Wvv']...[l)\ 
where 

a symmetrical fdnction of w, v, w^ u\ v', «?'. We must have, 
therefore, also 

•V\^[V{wu-v'^)^v'[Ww' + Uu')-Wuu' -Uww']. ..[%), 

- ^ = W+ \[W[u-{- v)--Uv'^Vu'] 

+ \' { W{uv - w") + w' ( Uu' + Vv') - Z7W ~ Vuu'} . . .(9). 

Multiplying the equations (7), (8), (9), by Z7, F, TT, respec- 
tively, adding, and paying attention to (5), we get 

- 2u' VW- 2v' WU- 2w' UV] 

+ \*' { Z7^ {vw - w"0 + V [wu - v'^) + W^ {uv - ^/;'*^) 

+ 2 FTr(i;V - W) + 2 TrZ7(w?V - W) + 2 ^/^(i^V - w?^?')} = : 

2 

but, from (1) and (6), V = ^2 ^ 72 ^ ^2 5 

hence we obtain, for the symmetrical form of the differential 
equation to tubular surfaces, 

{U'+v'+wy±p{U''^r'+wy.[u{v''{-w')+v{W'-\-u') 

+ w{U' + V')- 2u' VW- 2v' WU-- 2w' UV} 
-]■ p''{U' [vw - u"") + F« {wu - v") + W [uv - w") 
+ 2 VW[v'w - uu') + 2 TFC/'(w?V - W) + 2 Z7F(w'i;' - 2^2^')} = * 

♦ The symmetrical investigations of the differential equations of Develop- 
able and Tubular Surfaces, given in the te;s:t, have been extracted from the 
Cambridge Mathematical Journal^ for November, 1844. 
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257. The transformation of the partial differential equa- 
tions from the symmetrical to the misymmetrical form is readily 
effected. Suppose, in fact, the equation F=0 to be reduced to 
the form 

then it is easily seen that, p, ^, r, ^, ^, denoting the partial dif- 
ferential coefficients of z with respect to x and y, according to 
the usual notation, 

te = — r, t? = — f , V? = 0, 
u' = 0, v' = 0, tt?' = - 8. 

If we substitute these values of the partial differential coef- 
ficients of i^ in the partial differential equation to the surface, 
we shall at once effect the proposed transformations. Thus^ the 
equation to developable surfaces becomes 

r^ - «» = 0, 
and the equation to tubular surfaces 
(l+/ + j»f ± p{l+/ + 2*)M^ (IH- 2") -2p?* 

the equations to these surfaces obtained in Arts. (253) and 
(^54). 
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CHAPTER XIII. 



ON SINGULAR POINTS AND LINES OF SURFACES. 

258. In the Chapter on Tangencies it was stated that, 
under certain circumstances, the equation to the tangent plane 
becomes nugatory in consequence of the vanishing of all the 
terms. We now proceed to consider the nature of the points 
where this occurs. It is to be observed that, since the vanishiug 

of the three differential coeflScients -^, -7—, -j-^ involves either 

one or two relations between aj, y, z^ besides the equation to 
the surface, the singularity can occur only at isolated points 
or along isolated lines, and not throughout any extent of 
surface. 

In this and succeeding investigations we shall have frequent 
occasion to use the differential coefficients of the first and second 
order of a function of three variables : we shall therefore, for 
shortness, use the following notation. If the equation to the 
surface be expressed by the equation 

F{x,y,z)=0 (1), 

then we shall put 

^^U — =F — =Tr 

dx ^ dy ^ dz ' 

d^F _ d^F _ d'F _ 

da?^""' df""' dz^ " "^^ 

d'F , d'F , d'F 



dydz ' dzdx ' dxdy 
Differentiating the equation (1) twice, we have 
Ud'x + Vd'y + Wd^z + uda^-{- vd/ + wdz^ 

+ 2udydz + 2vdzdx + 2wdxdy = 0...(2). 
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There will be a singular point under the conditions expressed 
by the three equations 

i7=0, P"=0, ^^^=0 (3); 

which reduce the equation (2) to 

(w) M + [v) dy" H- {w) dz^ + 2 [{u) dydz + [y) dzdx H- {w) dxdy] 

= (4), 

the bracketed letters indicating the values which they take when 
we substitute for a?, y^ Zy their values at the point in question. 

If all the quantities (w), (v), {w)j {u)^ [v)^ [w')^ be zero, we 
must differentiate the equation (1) as far as the third order, and 
so on successively, until we arrive at an order of partial diffe- 
rential coeflScients of which, at any rate, all do not vanish. In 
the examples which we shall adduce, however, we shall not 
have occasion to proceed beyond second differential coefficients. 

The equation (4) gives a relation subsisting between the dif- 
ferentials dxy dyj dzy in the surface at the singular point. These 
are the same for the surface and for a straight line touching it 
at the point; and therefore the equation (4) gives a relation 
between the differentials dx^ dy^ dz^ on the tangent lines at the 
singular point : or, since the very same relation must hold good 
also for the coordinates of all points of these lines, we may sub- 
stitute Xy y, Zy for dxy dyy dzy in (4), and we fibid 

[u] x^ + (v) y" + [w] z'+2 {u) yz + 2 {v) zx -{- 2 {w) xy = 0...(5), 

as the equation to the locus of the tangent lines at the singular 
point, which is now taken as the origin of coordinates. This 
equation, except for particular values of the coefficients, is that 
of a cone of the second degree. It may happen that the left- 
hand member of this equation may be decomposed into two 
factors of the first degree, and then the equation will represent 
two planes. The condition that this may be the case is 

[u) [v) {w) - {u) {u'Y - [v] {v'Y - {w) {w'Y + 2 {u') [v') [w') = 0. 

If it had been necessary to proceed to the third differential coeffi- 
cients, we should have found generally the equation to a cone 
of the third degree, and so on: exceptions arising from the 
same cause as in the instance of the equation of second dif- 
ferential coefficients. 
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From the nature of the smgular points which we have been 
investigating, it is evident that more than one tangent plane 
will belong to them; an infinite number in the case of the 
tangent cone, which may be regarded as the locus of the ulti- 
mate intersections of the tangent planes at the point. It appears 
therefore, as might have been anticipated, that a plurality of 
tangent planes is indicated by the indeterminate forms assumed 
by the direction-cosines of tangency at the point. 

If the three equations (3) are satisfied by assigning certain 
relations between the variables, then the curve formed by the 
intersection of the surface (1) with that indicated by the relation 
between the variables which satisfies (3), is a locus of singular 
points ; that is to say, it is a line in which two or more sheets 
of the surface intersect, at each point of which line the surface 
will of course have two or more tangent planes. If the equa- 
tions (1) and (3) are satisfied simultaneously by assigning certain 
definite values to a?, y, z^ and not when they receive values 
differing slightly from these, the point will be single and not 
one of a series of singular points, and will have a tangent cone. 
If, for possible values of two of the variables on one side of the 
singular point, we find impossible values of the third variable, 
that point is a citsp. If the same occur at every point of the 
singular line, it is called an edge of regression [arUe de rebrousser 
ment) : such, for examples, are the curves which are the loci of 
the ultimate intersections of the generating lines of developable 
surfaces. 

259. The following is a list of examples in illustration of the 
pireceding theory. 

Ex. 1. Find the nature of the point at the origin in the 
surface 

/ a 1 '2 • 2\'2 2 2 • 7.2 '2 2 2 

[x +y -f z) = ax + oy — c z . 
Here, putting x^ + y'^ + z^ = r^^ 

U=2x{2r^-d'), 

V=2y{2r^-b% 

W = 2z {2r' -{■ c')j 

q2 
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tt = 2 (2r* - a') -h Sx% 

t; = 2(27^-J-) + 8y*, 
M? = 2 (2r" + c') + 8^', 
u' = 8y;s, v' = SzXy w = 8a?y. 

Now, when ic = 0, y = 0, is? = 0, Z7, F, TF, all vanish^ while 

w = - 2a*, v = - 2ft*, M7 = 2c^ w' = 0, v' = 0, «?' = ; 

BO that the equation to the tangent cone at the origin is 

aV + fty - cV = 0. 

Ex. 2. The equation to Fresnel's wave-surface lai biaxal 
ciystals is 

(a^ + / + «') (aV + fty-f cV) - a*(ft* + c*) a:*- ft» ((^ + a*) y" 

-c*(a« + ft")«" + a*iV = 0: 

find whether it has singular points, and determine their nature. 

Here U^ 2x {a* (r*-.ft*-c*) + aV + fty + cV}, 

r= 2y {ft* (r*-c*-.a*) + aV + fty + cV}, 

Tr= 2i? {c* (r*-a*- ft*) + a*a:* + ft*/ + c*«^}, 

where r* = as* + / + «*. 

Now, if we put y = 0, r* = ft*, and assume accordingly 

'a*-ftV /ft*-c*\* 



a; = ± c 



/a'-ftV /ft"-(f\* 



we shall satisfy the equation to the surface, and also make 
Z7, F, and TF, vanish: hence, as the double signs of x and z 
may be combined in four difierent ways, there are four singular 
points on the surface. To obtain the equation to the tangent 
cone, we must find the values of w, v, w^ w', v\ w\ at the singular 
points. These are yeadily seen to be 

u = 8a*c*.^^I, t? = -2(a*-ft*)(ft*-c*), w? = 8a*c* ^^^ , 
cC — (y or — (T^ 

w' = 0, i;' = 4ac{(a*-ft*)(ft*-c*)}*^^, «?' = 0. 

Substituting these values, and dividing the whole by 

(a' - J") {V - c') 



v^a 



8aV 
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we find, as the equation to the cone, 

Q^ cf — <? ^ z^ c? + (? ^ _ A 



The existence of these singular points in the wave-surface was 
first pointed out by Sir W. Hamilton. 

Ex. 3. Let the equation to the surface be 

then U=^2x{z + a)^ F=2y(« + ft), W=x'' + / + Sz\ 

At the origin, where aj = 0, y = 0, « =5 0, these three quantities 
vanish ; therefore there is a singular point at the origin : also 

tt = 2(;2J + a), V = 2{z + b)j w = 6«, 

u* = 2y, V = 2a;, w' = 0, 

{u) = 2a, (v) = 2J, (m?) = 0, {u) = 0, (t;') = 0, {w) = 0. 

The equation to the locus of the tangent lines becomes, then, 

aa? -J- J/ = 0, 

which, a and b being supposed to be both positive, can only 
represent the axis of z. The cone in this case degenerates 
into a straight line ; and, as z can never be positive, since that 
renders x and y impossible, it appears that the point under 
consideration is a cusp. The surface surrounds the negative 
axis of «, which it touches at the origin, so that its form re- 
sembles the shape of the flower of the convolvulus. 

If a and b be of contrary signs, the equation to the locus 

of the tangent lines is 

aa? — by* = 0, 

which represents two planes perpendicular to the plane of Xj y. 

Ex. 4. Let the surface be the cono-cuneus of Wallis, the 
equation to which is 

Here Z7 = - 2aj (c* - ^s''), F = 2a»y, W = 2a?0. 

These all vanish when a? = 0, y = 0, independently of the value 
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of 2;; hence the axis of 2; is a locus of singular points or a 
singular line. 

u' = 0, v' = 4tXZj w = 0. 

The equation to the tangent lines becomes, in this case, 

ay -^ \c —z )x =0j 

where a;', y\ are accentuated to distinguish them from z^ the 
undetermined coordinate of the point of contact. The preced- 
ing equation is equivalent to those of two planes perpendicular 

to the plane of a^, 

ay' + (c« - zy X = 0, 

ay' - (c« - zy x' = 0. 

By assigning different values to 2?, we obtain different equations 
corresponding to successive points taken along the axis of z. 

Ex. 5. The equation to the kSligoide dSvelopable (or develop- 
able screw surface) is 

a;cos-^-T ^ ^ -\ +y sm-^-T -^ ^-[ = a. 

{ h a ) ^ { h a j 

Putting -^ — ' ^ — = ^, it may be ascertained that 

/I a;(^co85 — a;sin5) 

yC ycosg-arsing) , 

a [x +y - ay ^ 

TF= -7- [ycosO — xmiO). 

But, as may easily be shewn, 

ycoB0 - ajsin^ = (a?* + ^'^ — «')* ; 

therefore, if we assume 

27rz . 27r2; 

x = a cos -7— , y = a sm -7— , 

the preceding expressions will vanish, and therefore the line 
determined by these equations, and the equation to the surface, 
is a hcus of singular points. 
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This line is the intersection of the surface by the cylinder 

and is evidently the generating helix. Since, in the equation 
to the surface, oi? -^ y^ can never be less than a^, it appears that 
no part of the surface lies within the helix, which is therefore 
truly an edge of regression. 

On proceeding to the second differential coefficients, and 
substituting in them the critical values of x and y, we find, 
retaining only the terms which become infinite from involving 
(x^+y^ — a^)^ in the denominator, that (w), (v), (w?), (t*'), (v), («?'), 
may be replaced respectively by 

^ . 2Trz 2irz ^ , 2irz ^irz ^ 

2 sin —r- cos -rr- , — 2 sm —7— cos —5— , 0, 
h a n h 

2ir . 27r« 27r ^irz 

T" d sin —7- , -^r- d cos —7-- , 
h h ^ h A ; 

. „27r« o27r« 

sm — = cos —T- \ 

h h 

so that the equation to the locus of the tangent lines is 

(a:'* - y"") xy - xy' {a? - y«) + 27r -^ «' {xx + y'y) = 0, 



where the accentuated letters are the current coordinates of the 
tangents, and the unaccentuated the undetermined coordinates 
of the point of contact. This equation may be decomposed into 
two factors 



a^ 



x'y — y'x 4- 27r -7- «' = 0, 

x'x + y'y = 0, 
which are the equations to two planes. 
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CHAPTER XIV. 

ON THE CURVATURE OP CURVES IN SPACE. 

260. Let any number of points P, P, P", P"', ..., (fig. 29)^ 
be taken in a curve AB in space. Join PF^ FF\ P"P'", ... 
by straight lines : these lines will be chords of the curve, and, 
when the number of the points is increased without limit, will 
ultimately assume ratios of equality with the corresponding 
elements of the arc of the curve. Produce FF^ FF\ inde- 
finitely to points r, y; PT, FT^ will ulthnately be tangents 
to consecutive points of the curve : and it is evident that the 
amount of the curvature of the curve in the vicinity of the 
point P may be properly measured by the ratio of the angle 
TFT to the chord or elemental arc PF^ that is, by the rate 
at which the tangent changes its direction in passing firom any 
point of a curve to a consecutive one. 

261. In the osculating plane PFF draw two normals KOj 
K'O^ from the middle points K, K\ of the chords PF^ FF' : 
these normals will include an angle KOK' equal to the angle 
TFT: call this angle &; the point 0, in which the two» 
normals intersect, will be the centre of a circle passing through 
the three points P, P, P'. This circle is called the osculating 
circle to the curve at the point P, in consequence of having two 
consecutive elements PP\ FF\ in common with the curve. 
Each of the distances OP, OP, OP"^ is a radius of this circle. 
Supposing the elements PF^ FF\ to have been taken each 
equal to &, then the bent line KFK' will ultimately be an 
elemental arc &, both of the curve and of the osculating circle ; 
and, since it subtends at an angle Se, we shall have in the 
limit, p being the ultimate value of OP^ 

r. is 
OS = — , 

P 
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or, replacing infinitesimal differences by their proportional dif- 
ferentials, 

T ds efe 1 .. 

rfe = — , or -5-= - (1)^ 

p ^ as p ^ ' 

This result shews that the curvature of a curve^ as indicated by 

ds . 
the ratio -7- , varies from point to point of the curve inversely 

as the radius of the osculating circle : for this reason, this line 
is called the radius of curvature of the curve at the point. The 
angle rfs is called the angle of contingence. The radius of the 
osculating circle is sometimes called the radius of absolute cur^ 
vature to distinguish it from the radius of spherical curvature^ 
which is the radius of a sphere passing through four consecutive 
points of the curve. 

262. K we suppose the osculating plane PPP' to revolve 
through a certain angle about the chord PP'\ we shall bring 
it into the same plane with the consecutive osculating plane 
PP"P\ the three elements PP\ P'P', P'P", being thus 
brought into a single plane. If the plane ppp'P" be then 
turned through a certain angle about P'P'\ we shall have 
four elements of the curve in a single plane ; and so on inde- 
finitely. Thus, a curve in space may be in this way reduced 
to a plane curve. Conversely, by opposite movements, we may 
change a plane curve into a curve not contained in any one 
plane. The ultimate value of the ratio of the angle between 
two consecutive osculating planes, which we will call 85, to the 
length of the elemental arc S5, may be taken as the measure 
of the torsion of a curve in space at any point. This torsion 
of curves in space may be regarded as a species of curvature, 
and, as it is of an entirely different nature from the curvature 
which we have considered above, curves of this class have been 

dQ 

called curves of double curvature. The ratio -j- , the ultimate 

value of -^ , is never infinite in continuous curves, and is always 
zero in curves lying in one plane. 
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263. To calculate the angle of contingence at any point of 
a curve in spac^. 

Let Xj y, Zj be the coordmates of any point P, (fig, 29), of 
the curve, and let 

dx dy dz 

ds="' f="' ^='^' 

u\ v\ Wj denoting analogous quantities at P*. Then, Se repre- 
senting the angle between the tangents at P and P, we have, 

COS(&) = UU -\- w' -\- WW 

= M (m + 8w) + V (v + 8v) -\- w[w-\- hw). 
But w' + 1?" 4- w?" = 1, 

and (w + 8m)* + (v + Sv)* + (w f Ixjof = 1, 

and therefore 

2wSw + 2i;Sv + 2m?Sw? + 8w* + Sv* + Sw?* = 0. 
The expression for co8(Se) becomes therefore 

cos(S£) = 1 - i (Sw* + W + lv?\ 

. .8s 
sm — 
2 
whence k , . 8e* = Sw" + 8v* + Si^*, 



(I) 



and therefore, in the limit, 

d^ = rfw* + dv^ + t?w?*, 
or, restoring the values of w, v, i^, 

*- {(4)'- (^1)'- ("§)]' «• 

Performing the differentiations indicated in the equation (2), we 
have, dx^ dy^ dz^ dsj being all supposed to be variable, 

f?s = ^ {{dsd'x - dxd'sY + [dsd'y - dyd'sf + (t&cZ''*^ - dzd''sy]K 

Now, squaring the binomials in the expression under the radical 
sign, we shall obtain, for the coeflScient of ds\ 

{d'x)' + {d'yY -f {j:'zf ; 
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for the coeflScient of {gPsY^ 

and, for the coefficient of ds d^s^ 

-2(dxd'x-{-dyd^y-\dzd^z) =~ ^dsd's: 
hence we see that 

de = 1 {{d^xy + [d^yY + {d^r - m^]' (3). 

From (3) we get 

deds* = {{ffxf + {d'yY + [dPzY] d^-da* [d^sf; 

and therefore, since 

ds* = da? + df + dz\ 

and ds <f « = dx tPx + dy d^y + dz d^z^ 

we have 

d^ds'' = {(<fa;)' + (<fy)» + {<f«)'} (dir» + df^^" + <fe*) 

- (<for <f a; + <?y d^y + <fz <f a)' 

= (dyd^z-dz^yY + (<&<?'« -tfo^z)" + [dxd'y-dyd'x)\ 

<7e = ^ {(dfytf « - <fe (^y)" -\-{dzd'x- dxd'zy + {dxd^y - dyd'xf}* 

W. 

It may be remarked, that the three binomials under the 
radical are the same as the coefficients of x' — x^y — y^ z' — z^ 
in the equation to the osculating plane. Art. (180). 

From the different expressions (2), (3), (4), which have been 
obtained for dz^ we may get a variety of formulae for the radius 
of curvature at any point of the curve, by virtue of the equation 
(1). Thus, taking the expression for dz given in (3), we have 

d^ 

^ ^ [[d'xY + [d'yT + {d'zY - {dhY]^ • 

264. This method of obtaining the radius of curvature serves 
for the determination of its magnitude, but gives us no informa- 
tion respecting its position. We shall proceed, therefore, to 
develop another method of investigation, which will determine 
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at once both the length of the radius of curvature and the 
coordinates of the centre of the osculating circle. 

The normals KO^ K*0^ (fig. 29), are the intersections of the 
osculating plane PP'P" with two consecutive normal planes: 
hence the determination of the centre of curvature O is coin- 
cident with the determination of the point of intersection of 
these three planes. 

The equation to the osculating plane at the point P, the 
coordinates of which are oj, y, 2, will be, (Art. 180), 

^(x'-ic) + Biy'^y) + C{z'-z) = (5); 

where A=^dy d*z — dz d^y^ 

B = dz d^x — dx d^z^ 

C ^ dx d^y — dy d^x. 

The equation to the normal plane at the same point is, 
(Art. 178), 

{x -Q^dx-\- {y'-'y)dy + [z' — z)dz = (6). 

The equation to the normal plane at the consecutive point 
X + dx^ y + dy^ z + efe, will be 

{x' - aj) (^ + d'x) + [y' - y) [dy + d'^y) + [z' - z) [dz + d'^z) 

- [djo'^df + d^) =0; 

and therefore, at the point in which the two consecutive normal 
planes intersect, 

[x'-^x)d''x + [y'-y)d''y + [z'-z)d^z - ds' ^ 0...(7). 

Eliminating x — x between (6) and (7), we get 

C[y-y) - B[z'-z) = dxds^ (8), 

and, by symmetry, 

A{z-z) -C[x-x) = dyds^ (9), 

B[x'-x) -'A[y'-y)=^dzd8^ (10). 

Adduig the sum of the squares of these three equations to the 
square of (5), we have 

[A' + B" + G') [{x' - xY + (y - yf + {z' - zf\ = ds% 

and therefore, observing that 

[x--xy + {ij'-yY + {z'-zr = p% 
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we see that 

^ d^ 

{{dyd'z-dzd'yY + {dzd'x-dxd'zY+{dxd'y-dyd'xY}^ ' 

a result which agrees with the formulas (1) and (4). 
Again, A{5) +jB (10) - (7(9) gives 

{A'-^B'+a'){x'^x) = {Bdz -- Cdy) ds' : 
but Bdz - Cdy = d'xidf + dz^ - dx[dyd^y^-dzd\) 

= d^x [ds^ — da?) — dx[d8d^8 — dx d^x) 
= tZ'oj ds^ — dxds d^8 ; 

, , 7 8^ d^^ — dx d^s o \d^ ) . . 
hence a? - a; = efe ^« ^ ^2 ^ ^a = /> ^ (H), 



and, by symmetry, , fdy\ 

, , . ds cfz - dz d*8 g \ds/ ,,„, 

z-^=ds j.^s'^fn ^P -^- (13). 

Let a, /8, 7, denote the angles which the radius of curvature 
p, estimated in the direction from oj, y, «, to a?', y, z\ forms 
with the coordinate axes: then 

X — X \asj 

cosa = = p J , 

p as ' 







cosy = -^ = p-^ . 

From these three formulas, observing that 

cos*a + cos*^ + cos*7 = 1, 
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"--■^ f - {(4)- . (4)\ (4)'}' (»), 

a result which Is in agreement with the formulse (1) and (2). 

265. The determination of the centre and radius of the 
osculating circle may be effected also by the following simple 
method.* 

Let PQ^ QBj (fig. 30), be two consecutive elements of the 

curve, and let us suppose them to be equal, which is the same 

thing as considering ds constant or taking s for the independent 

variable. Complete the parallelograms FQRSj SQTRj and 

let My Ny M\ N'j be the projections of P, Q, B^ T, upon the 

axis of X. The centre of the osculating circle, which passes 

through the three points P, Q, JS, will evidently lie in the 

line Q8 produced. Let Q be the extremity of the diameter 

through Q: join BQ' and PB: Q8 will be bisected by PM in 

a point V. Then, QBV^ QQ'Bj being right-angled triangles, 

wc have 

QB'^Qg xQV, 

or, putting QO = p^ Q8 = X, QB = dsj 

ds^ = p\. 

Let a, /8, 7, be the angles which QO makes with the co- 
ordinate axes; then 

^fifcosa = iJTcosa = M'N* : 

but M'N = NN' - NM' = JfJVT- NM' = d^x: 

hence Xcosa = rf^a;, 

d^x 
and therefore cos a = P~j~i • 

d\ 
Similarly cos/8 = /> -7^ , 

d'z 
cos7 = /)^. 



* This method was given by Mr. Archibald Smith, of Trinity College, in 
the Cambridge Mathematical Journal for February 1838* 
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Hence, observing that 

cos^a + cos^^ + 008^7 = 1, 

,, . 1 {(d^x\^ fd'yV fd'z\']^ 

we obtain - = .^^ j 4- [J) + [^) | . 

If we change the independent variable from s to any other 
quantity, we shall arrive at the formulae obtained for p in the 
two preceding articles. Thus, the formula (14) results imme- 
diately from this expression for />, by introducing the alteration 
corresponding to the supposition that ds is no longer constant. 

Again, x'j y\ z\ being the coordinates of the centre of 
curvature, we get, putting for p its value just obtained in the 
expressions for cos a, cos^, cosy, 

X — X = p cosa = p' -j^ , 
y -y^p cosy3 =p -Aj 



55 d^x 



z — z = p COS7 = p 



ds' 



266. To calculate an expression for -7-, the measure of 

• do 

torsion. 

The equation to the osculating plane at the points a;, y, «, 
l^eing j^ + By' 4 Cz' = D, 

that to the consecutive osculating plane will be 

^V + B'y' + C'g' = i)*, 
where ^' = ^ + 8^ 5' = 5+ 85, 0' = C->rlC. 

Now, hd being the angle between these two planes, we have, 
by Art. (41), 

^|M8^ = sin«(8d) 

_ (BZG- CBBY + {CSA-ASCy + [ABB-BSAf 
{A^ + B''+C^){A'* + B" + G") 

In the limit, indefinitely small increments being replaced by 
their proportional differentials, 

™_ [BdC-CdBY + {CdA-AdCy + (AdB-BdAf 

{A' + B'+Cy 
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But B^dziTx- dxd^z^ dB - dzd^'x - dxcPz^ 

C= dxd^y — dyd^x^ dG ^ dxd^y — dycPx^ 

and therefore 
BdC-CdB=dx {dx {d*y d^z - d'z d^y) + dy {cfz (Px - (Px d^z) 

+ dz{d'xd^y-€ry<Fx)]j 

analogous expressions existing for the two other binomial terms 
in the numerator of the formula for dff^. 

Hence, putting ds* for dai' 4 dy* + {fo*, and taking the square 
root, we have 

dO _ dxid^yd^z-d^zcPy) + dy{d'zcPx- d'ocd^z) -f dz{d*iccPy—d!'yd^x) 
ds " {dyd'z-dzd'yy + [dzd'x-dxd^zY + [dx d^y - dy d^xf 

......(15), 

which is a measure of the rate of torsion at any point of the 
curve. 

267. Points of Inflected Torsion. The total amount of the 
torsion of a curve, as we pass along any proposed length of the 
arc, is equivalent to an angle ^, that is, to the sum of all the 
successive values of iO : if the torsion, after having for a certain 
space taken place in one direction, then assume an opposite 
course, the torsion at the point of the curve, where this change 
takes place, may be said to be inflected^ and the point itself may 
be termed a 'point of inflected torsion. In passing along the arc 
through such a point, the measure of torsion must evidently 
change sign. Hence, by the formula (15), we see that the con- 
dition for a point of inflected torsion coincides with a change of 
sign in the expression 

dx[d^yd^z-'d^zd!'y)-\'dy[d^zcC'x-d'xJ^z)-{^dz{d^xd!'y-cPy€Px)^ 

or d!^x[dyd^z-dzd^y) -{- dJ^y{dzd^X''dxd^z) 

+ d!'z{dxd^y-dyd'x) (16). 

If the change of sign take place so that the expression (15) 
pass through a zero value, the change in the character of the 
torsion will be continuous: if this expression pass through 
infinity, the change of torsion will be abrupt, two consecutive 
osculating planes including, if the curve be algebraical, an angle 
of — 180°. The point will therefore be cuspidal. 
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268. Points of Suspended and of Infinite T<yi*sion. The expres- 
sion for the measure of the rate of torsion, given in Art. (266), 
may be zero at a certain point, although it may not change 
sign as we pass through the point. The torsion does not in 
this case change its character, but is merely stationary for an 
infinitesimal porti(m of the arc: the point may therefore be 
called a point of suspended torsion. If the expression for the 
measure of the rate of torsion be infinite, and there be no 
change of sign, the increase of the torsion will be abrupt, and, 
supposing the curve to be algebraical, the angle between two 
consecutive osculating planes will be + 180° : such a point may 
be called, in relation to the rate of torsion, a point of infinite 
torsion. 

If the expression (16) be rendered identically zero by the 
equations to the ciuve, for all simultaneous coordinates, the 
curve will lie entirely in one plane; a conclusion which agrees 
with Art. (X45). 

269. Points of Inflected Curvature, If, as we pass along 
a particular portion of a curve, the angle 8s lie first on one side 
of the tangent at each point, and afterwards on the other, it is 
evident that the natiure of the ciuvature undergoes alteration, 
concavity and convexity being interchanged. This will be 
clear on inspecting (fig. 31), where three consecutive elements, 
PP\ FP\ F'P"\ are drawn, the angle Sa, in the osculating 
plane PP'P\ being below the tangent at P, and, in the oscu- 
lating plane PP'P'\ above the tangent at P. The point 
where the change takes place may be called a point of inflected 
curvature* 

Suppose, first, that the change in the character of the curva- 

ds, 
ture is continuous: then, since -7- must change sign through 

zero, we see, from the formula (3), supposing s to be the inde- 
pendent variable, that 

(Px d^v d^z 

*^ = ^' ^=^' ^' = « (")• 
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or, from the formula (4), 
^ {dy ^z " dz d^y) = 0, -j-g {dzd'x-dxd^z) — 0, 

^3 (dx^y^dyd^x) « (18). 

K we suppose a; to be the independent variable, then, firom 
the equations (18), we see that, as necessary conditions, 

dy d^z dz d^y d^z d^y 

dx da? dx doi? ^ dix? ^ daf ^ , , 

1^ ^' 3?=^' ^=« w 



dx^ da? dx^ 

ds . 

K -^ be finite, these three conditions evidently reduce them- 



selves to the two following, 

d?z 
= 0. 



7 « — V, 



da? ' da? 

da . . . 
When -1- is infinite, the conditions (19) will occasionally be 



satisfied when ^ ^ 

"* '^ = 00, ^^ = 00. 






If the change in the nature of the curvature be abrupt, then 

d^ 

-J will pass through oo , and, if the curve be algebraical^ two 

consecutive elements of the curve will be inclined to each other 
at an angle of — ISO**. Hence, in one or more of the equations 
(17), or of the equivalent equations (18) or (19), must be re- 
placed by 00 , 

270. Points of Suspended and of Infinite Curvature. If a 

dz 
change of sign do not take place in the value of -^ , when it 

passes through zero, the curvature is merely suspended; and 
if, without changing sign, its value pass through infinity, the 
rate of curvature is infinite. Such points may be called re- 
spectively points of susp&nded and points of infinite curvature. 
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271. Points of Injlected and of Sitspended Torsion are or- 
dinarily comprehended under the appellation of points of simple 
infection; an essential property of such points being that two 
consecutive osculating planes coincide, or that three consecutive 
elements are in a single plane. 

Points of Infected and of Suspended Curvature are ordinarily 
denoted by the common name o{ points of double inflection ; two 
consecutive elements at such points lie in a single line. These 
points have been called points of double inflection, because their 
existence involves that of points of simple inflection. I have 
adopted different appellations for such singular points, because 
I think the ordinary terms do not correspond with sufficient 
distinctness to the true geometrical peculiarities of the points, 

272. There is an important distinction between plane curves 
and curves of double curvature, in regard to their radii of curva- 
ture. In plane curves the radii of curvature intersect each other 
consecutively, the locus of these intersections being the evolute, 
to which all the radii are tangents ; while in curves of double 
curvature the radii of the osculating circles do not meet each 
other consecutively. Through the middle points K^ K\ K"y.. 
of the several elements PF^ FF\ F'F'y.. of the curve 
PFF\... (fig. 32), draw normal planes i, i', 2/",... intersect- 
ing each other consecutively in the straight lines AB^ A'Fy.. 
and thus forming a developable surface, the envelop of all the 
planes. K we cut the planes i, L\ by the osculating plane 
PFF'j which is at right angles to both of them, the lines of 
intersection will be the normals KG and K' (7, perpendicular to 
ABj and of which the former will be the radius of curvature of 
the ciuve at the point P, In the san^e way, cutting the normal 
planes i', L'\ by the osculating plane FP"F"j we shall have, 
for the sections, the two nojrmajs K'C and K" C\ perpendicular 
to AB\ the former of which will be the radius of curvature at 
the point F. Now it is evident that the radius K' C does not 
coincide with the other normal K'C^ because these two lines are 
the intersections of the same plane L' with two different oscula- 
ting planes: hence K'C will meet AB in a point / different 
from (7, and consequently the two radii of curvature, KG and 

R? 



I 
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K' C'j situated in the planes L and X', have not a common point 
at the intersection of these two planes: it follows, therefore, 
that these two radii do not meet. 

From what we have said, then, it appears that the centres of f 

curvature C, C, (7",... do not result from the successive inter- 
sections of the radii KGj K'G\ K"C"y.. and that consequently 
these radii are not tangents to the locus of these points: the 
radii of curvature cannot therefore be regarded as formed by 
the unwrapping of a thread wound about the curve CCG"...: 
in other words, that CC'C'y.. is not an evolute of the curve 
PJP'P"... whenever this latter curve has double curvature. 

273. Although the locus of the centres of the osculatmg 
circles is not an evolute of PP'P"... ; yet, as Monge has 
shewn, this curve may be proved to possess an infinite number 
of evolutes. In fact, if in i, the first of the normal planes, 
we draw arbitrarily a straight line KD, (fig. 32), which will 
always be normal to the proposed curve; and then, through 
2> and K\ draw another straight line K'DD\ which will lie 
in L\ the second normal plane; then a third line K'Uiy^ 
situated in the plane L\ and so on successively, we shall 
obtain, by the successive Intersections of these normals, a curve 
DUD".,, to which these normals will be tangents. The curve 
PFP",.. or, which is the same thing, the curve KK'K"...^ 
may evidently be described by unwrapping a string wound I 

about the curve DD'D'y., which will thus be an evolute of 
the former. For, from the construction of the points Z>, D\ D'\ 
&c., it Is clear that In the limit DK^ D'K'^ D"K'\ &c. are 
respectively equal to DK\ UK"^ D"K"\ &c. Moreover, since 
the first normal KD was drawn arbitrarily in the plane i, we 
may, by varying the direction of this normal, obtain an infinite 
variety of evolutes all situated on the enveloping surface of the 
normal planes^ 
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CHAPTER XV. 

ON THE CURVATURE OF SURFACES. 

274. A PLANE is said to be normal to a surface when it 
contains a normal line. If, at any proposed point of a surface, 
a series of normal planes be drawn, the radii of curvature of 
the various normal sections of the surface at the point will gene- 
rally vary : from a comparison of the curvatures of the different 
normal sections, we shall arrive at a conception of the nature of 
the curvature of the surface around the point in question. 

The radius of curvature, at any point, of a, plane normal 
section of a surface is determined by the intersection of the 
normal to the surface at the point with the normal plane at 
a consecutive point of the curve of section. 

275. Let the equation to the surface be 

then, adopting the notation of Chapter xiii., we shall have, for 
the equations to the normal at the point (a;, y, «), 



X — X _y — y _z — z 



(1). 



Now the direction-cosines of any tangent line are 

dx dy dz 
^' ^' 'ds' 

and the tangent line may be taken as that which touches the 
curve of section at the point where the normal is drawn. Hence 
the equation to the normal plane, at the point (a;, y^ 2), will be 

[x' -x) dx^ iy' -y) dy + {z' -z) dz = (2). 

Since, by differentiating the equation to the surface, we get 

Ud^ + Vdy + Wdz = (3), 
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it is evident that the line (1) lies in the plane (2) : the inter- 
section of (1) with the consecutive normal plane will there- 
fore lie in the line of intersection of (2) with the consecutive 
normal plane. The equations to this line of intersection are 
(2), and an equation obtained by differentiating (2) with respect 
to x^ y^ «, viz. 

The equations (1) and (4), taken together, determine sc\ y\ z\ 
the coordinates of the centre of curvature of the section, and 
the radius of curvature is the distance between that point and 
(a?, y, «). From (1) and (4), there is 

X — X _ y' — y _ ^' "~ ^ _ ^* /c\ 

"T^" V """Tr~" Ud^x + VcPy -{^ WcPz '''^^^' 

hence also, p denoting the radius of curvature, 

which is one expression for the radius of curvature. 

276. We may eliminate the second differentials <?«?, cPy^ ^z^ 
from the equations (5) and (6) in the following manner. Dif- 
ferentiating (3), we have 

UJPx -f Vd'y + Wd^z + vda? + vdf -f wds? 

+ 2u'dydz + 2vdzdx + 2w'dxdy = 0: 

availing ourselves of this equation, and putting 

dx ^ J dy _^ ^^ _ 

■^-h ^-^7 ^-^j 

we readily transform the equations (5) and (6) into 
Pu + m^v + n*w 4 2mnu + 2nlv' + 2lrmo 
^ U ^ V W 

X -^ X y — y' z -- z' ^ ^' 

^^^ ^ Pu + m'v + ri'w + 2mnu + 2nlv' -f 2lmw' ' ' ' ^^^' 

277. There is no condition which will enable us to select one 
of the two signs introduced by the radical into the expression 
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for p in preference to the other, although, at each point of the 
surface for an assigned normal plane, p must have some deter- 
minate position. The ambiguity of sign indicates that it is 
quite arbitrary which side of the tangent plane we adopt for 
the positive direction of p. The actual position of p can be 
obtained only from the equations (7), the equation (8) serving 
merely to determine its magnitude. 

278. The equations (7) and (8) may easily be transformed 
so as to involve the partial differential coeflScients of z with 
respect to x and y, instead of the partial differential coefficients 
of F(Xj y, z) with respect to a;, y, z. 

Conceive the equation to the surface to be reduced to the form 
z being thus rendered explicit. Then it is easdly seen that 





dx 


Pi 


dy 


% 


w=- 


-h 




cPz 


■■r, 


d^z 


--ty 


VT = 


0, 




u' = 0, 




V =0, 




w' = 


d'z 
dxdy 


The 


equations (7) and 


(8) 


will therefore become 
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= 8. 



279. For all normal sections passing through ar, y, z^ the 
quaQtities 

Uj Vj Wy Uj Vj W7, u\ v\ w\ 

are constant ; but the expressions for x — x\ y — y\ z — z\ p, 
will change as Z, m, n, vary; the variation of Z, tw, w, taking 
place in accordance with the two conditions 

P+ m^ + n^ =1 (9), 

lU^ mV+nW=^ (10) ; 
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the latter of which expresses the perpendicularliy of the tungent 
line to the normal. 

Since, at any assigned point of the surface, the quantltj^ 
a? - ^'i y — y't z — z'j in consequence of the variations of Z, w, n, 
have changes of magnitude, it is possible that they may likewise 
experience changes of sign. Should a change of sign take place 
in the value of any one of them, it will take place simultaneously 
in the values of all, the expression 

ru + ni^v + v?w + 2mnu + 2n?v' + 2lmw\ 

which is common to all of them, being the only variable element 
in their values. Such changes of sign indicate that the centre 
of the circle of curvature must lie, for diflferent sections, in oppo- 
site directions from the point (a;, y, z\ or that the surface in the 
vicinity of the point lies partly on one side and partly on the 
other side of the tangent plane. We proceed to ascertain under 
what conditions these changes of sign can take place. 

P„t -^ Y. ^ = ^ 

x — x y — y z — z Jar^ 

A being a constant: hence we see that a change of sign in 
a; — a;', y — y\ z — z\ will take place simultaneously with a 
change of sign in IP: but, from (7), we see that 

B? {Pu + m*v + n*w + 2mnu' + 2nlv' + 2lmw) = A ; 

or, putting Rl = x^j Rm = y,, Rn = «„ 

ux^ + vy^ + wz^ + "^u'y.^i + ^vz^x^ -I- 2wxj/^ = A.. .{11) : 
we have also, from (10), 

Ux^ + Vy^ + Wz^ = (12). 

Thus we see that a change of sign in the values of a; — a;', y — y'^ 
z — z\ is coincident with a change of sign in the square of the 
radius-vector of a centric conic section, of which the equations 
are (11) and (12). K the conic section be an ellipse, all its radii 
are possible, and therefore their squares are always positive, and 
the values o{ x — x\ y — y\ z - z\ have always the same sign. 
If the conic section be an hyperbola, some of the radii are pos- 
sible and some impossible; their squares may, therefore, be 
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positive or negative, and the changes of sign which we are 
considering may take place. 

The nature of the conic section will be best seen by sup- 
posing the surface to be referred to the tangent plane at the 
point (ic, y, «), as the plane of a?y, and then the equations to the 
conic section are reduced to 

z^ = 0. 
The conic section will be an ellipse if 

uv — vP > 0, 
and an hyperbola, if uv — w''* < 0. 

K it should happen that uv — w'^ = 0, 
then the hyperbola will degenerate into two straight lines : also 

^g _ Au _ Av 

" {lu + mw'y^ {Iw' + mvY ' 

so that J?* never changes sign : if the relation between I and m 

be such that 

lu + WW?' = 0, or Iw* + wiv = 0, 

these two relations being really one and the same, then x — x\ 
y — y\ z — «', /», all become infinite. 

The relation uv — «?"* = 

is satisfied in the instance of developable surfaces, the infinite 
values oix — x\ &c. having relation to sections along the gene- 
rating lines of the surface. 

280. To find the greatest and least radii of curvature of the 
normal sections at any point of a surface. 

K we put T {W^-V'-vWy = P, 

we have to make 

p 

- = Pu + m*v + n^w + 2mnu' + 2nlv' + 2lmw' (13) 

P 
a maximum or minimum; Z, m, w, being supposed to vary in 

agreement with the relations (9) and (10). From (10), we have 

m'V''+2mnVW+ n'W^=ClP, 

2mn = y^ : 
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sinularly 



2nl = 



2lm = 



WU » 

UV 



Sabstttatiiig these expressions for 2mn, 3«t^ ihn^ in (13), we get 

- = J?? + Km* + Lif (14), 

2r= « +-^{Uu' - Vv' -Wwi 



where 



K=v+ ^{Vv' - Ww'-Uu') 



(15). 



W 
L = w + rZ^ (Wv)' - Uu' - Vv') 

That p may be a maximum or mimmmn, we must equate the 

p 

differential of — to zero : hence, from (9), (10), (14), we have 

Idl + mdm + ndn = 0, 
Udl + Vdm + Wdn = 0, 
Hldl + Kmdm + Lndn — 0. 
Eliminating dl^ dm^ dn^ by indeterminate multipliers, we have 

{K+\)m^ /iF = [ (16). 

Multiplying these three equations In order by Z, m, n, and 
adding, we have, by (9), (10), (14), 

- + X = 0. 
P 

Hence, from the equations (16), 



1 = 



m = 



n = 



P 



P 

in 



(17). 
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Multiplying these equations in order by Z7, F, W, and adding, 
we have, by (10), 

U^ F" W 

P + -^ + -^= ^ (18). 

^-.£ iT-- i-~ 
P /> P 

By the solution of this quadratic equation may be found, in 
terms of the quantities Z7, F, TF, -H, jST, i, P, whidi are known 
for any point of the surface, the greatest and least values of p 
at that point. By substituting either of these values in (17), 
we determine the ratios I : m : n^ which give the position of the 
corresponding normal section. 

281. These equations also enable us to prove that the normal 
sections of greatest and least curvature are at right angles to 
one another. Thus, if Z„ tw^, n^, and Z^, w^, w^, be the values of 
Z, 7W, 71, corresponding to p^, p^, the greatest and least values of 
Pj the equations (17) and (18) must be satisfied when each of 
these systems of values is substituted for Z, tw, w, and p. Hence, 
writing down (18) for each value of p, and subtracting one equa- 
tion from the other, we get 

fF _ P\ r U' F' 






= 0. 



V pj \ p,. 

Hence, if p^ and p^ be different, the second factor must be equal to 
zero, or, which is the same thing, on account of the equations (17), 

which shews that the sections are at right angles to one another. 
The normal sections of greatest and least curvature at any point 
of the surface are called the principal sections^ and the radii of 
curvature ihe principal radii of curvature,^ 

♦ The investigations which I have given for the determination pf the prin- 
cipal radii of curvature and of the positions of the principal sections, were 
communicated to me by Mr. Thomson, of St. Peter's College. 
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282. In the case of an ellipsoid, 

cf^ V^ c^" ' 

we have ^=-i-> ^~^' ^"^T?? 

2 2 2 

**"?' ""^V' '^"?' 

w' = 0, v' = 0, w?' = 0, 

j> being the perpendicular from the origin on the tangent 
plane. Hence the equation (18) gives us 

of ^ z^ 



From the last term of this quadratic, when cleared of its 

fractional form, which is equal to — 5-, it appears that the 

product of the greatest and least radii of curvature is constant 
for all points for which jp is constant. The equation for p may 
be put into another remarkable form ; for, if we write it thus, 



\ pp) \ pp) \ pp) 
and subtract it from the equation to the ellipsoid, we see that 

a — pp o — pp c - pp 

this equation shews that, so long as pp is constant, the point 
(a?, y, z) of the ellipsoid will lie also in a concentric surface 
of the second order, which will be also confocal, since, if 
a, J', c , be its semiaxes, 

a" = a? —ppj y^ = i* " PPi c* = c' "^ PP'i 
and therefore 

— c =^ o ^ c J c — a = c — a y a — =« — o\ 
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283. The perpendicularity of the principal sections may be 
concisely established also by the following reasoning. 

Taking the tangent plane at the point in question for the 

plane of xy^ and putting accordingly w = in the equation (13), 

we have p 

^ = ru + 2lmw' H- rn^v (19), 

I and m being subject to the condition 

P + w' = 1 (20). 

Differentiating these two equations with regard to I and m, 

and putting dp = 0, we get, by means of an indeterminate 

multiplier \, 

lu + mw = \l (21), 

mv + Iw = \m (22) ; 

whence {u—v)lni-\-w (m* — P) = 0, 

rr? u —- V m <_/x. 
r w i 

hence, l^j m^, and Z^, w^, being the values of Z, m^ for the 
principal sections, we see that 

^ ^- 1 

7 • 7 ^J . 



I I 



2 



which is the condition for the perpendicularity of the sections. 

284. To prove that the curvature of any normal section 
is equal to the sum of the curvatures of the two principal 
sections, multiplied respectively by the squares of the cosines 
of the angles which the principal planes make with the normal 
plane. 

Multiplying (21) and (22) by I and m respectively, and 
adding, we get, by (19), 

and therefore, elinunaling I and m between (21) and (22), 

P\ / P 



(«-f)(^-f) = «'" (^^)- 
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^^ Pi9 Pij denote the principal radii of curvature, and 
suppose that the planes of xZj yz^ coincide with the principal 
planes. Then, from (19), putting Z =« 1, m = 0, p = p^^ simul- 
taneously, we have 

P 

— = «*: 

Pt 
similarly, putting Z = 0, ?w = 1, p = p^j 

P 

— = 17. 
P2 

Thus u and v are the roots of the equation (23), which is 

a quadratic in — : hence it follows that w' = 0. We obtain, 

P ' 

therefore, from (19), 

- = f'w + w*t? = P — + — 1 ; 
P Vi PJ 

or, if Z = cosa, m = sina, 

1 cos*a sin*a , ^ 

-= + (24), 

P P^ Pt ^' 

which establishes our proposition. 

285. We have shewn that, if the planes of xz^ yz^ coincide 
with the principal sections, we must have, as a necessary con- 
dition, w' = 0. It may easily be seen that this condition is also 
sufficient; for, putting w?' =f in (21) and (22), we get 

lu =s XZ, mv = \w, 

and therefore mlu = mh ; 

an equation which may be satisfied by Z = 0, tw = 1, or by 
Z = Ij m = 0. 

286. The formula (24) may be established also in the follow- 
ing manner.* 

Let (Zj, TWj, wj, (Zjj, Wjj, tig), be the direction-cosines of any 
two lines through a point P, at right angles to one another 

* This method of investigating the formula was communicated to me by 
Mr. Blackburn, of Trinity College. 
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In a plane of which the direction-cosines are proportional to 

U, F, W. Then 

Ul^ + Fw, + Wn^ = (a), 

Ul^ + Vm^ + Wn^ = [h). 

Again, let (Z, tw, n) be the direction-cosines of a line in the 
same plane passing through P, and making an angle a with the 
line (Zj, m^, n^. We have then 

Z7Z+Fm+ Wn^O (c), 

ZZ^ + mm^ H- nn^ = cos a 

ZZj + WTWj + wn^ = sina ' [d). 

\l^ + ^jTW, + n^n^ = J 

Now, \j, \j, being arbitrary multipliers, (c) — Xi(a) — \j(i) 

whence « = \«. 4V,; 

or, by (rf), cos a = X^ : 

similarly, sina = X^. 

Hence Z = Z^cosa + Z^sina > 

m = mucosa + iw^sinav (e), 

w = n^ cosa + n^ sina J 

a geometrical theorem. 

Let the plane considered be the tangent plane to a surface 
at a point (a?, y, «), and let (Z^, m^, wj, (Z^^, tw^, n^), be the 
direction-cosines of the principal normal planes. Then, by 
the formulae (17), 



^-fy.-^r, 



( 



nW. 
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Hence, by (c) and (rf), 

p 
HIL + Kmm. + Lnn, = — cos a : 

Pi 

P 
similarly HIL + Kmm^ -f Zinn, = — sina : 

also, by (14), HT + ^m* + Zn» = - . 

We have therefore, by (e), 

cos* a sin^a _ 1 
Pi P% " p' 

287. The formula (24), the discovery of which Is due to 
Euler, is extremely valuable, as it enables us at once to cal- 
culate the radius of curvature of any proposed normal section 
when the radii of curvature of the two principal sections are 
given. If, instead of making use of the principal sections of 
the surface, we were to take any normal planes whatever at 
any point, it would be necessary to introduce the radii of cur- 
vature, Rj Rj B"j of three such sections, and the angles a', a", 
contained between them, into the expression for the value 
of p. 

Thus, taking one of the normal sections as the plane of a^, 
if we put in the formula (19), successively, 

Z=l, 7w = 0, p = jB 

I = cosa', m = sino', p = If 

Z = cos(a' + a"), w = sin(a' + a"), p = JB" 

we shall have three equations from which we can find w, w'y r, 
in terms of Bj Bj B'\ a , a". Hence, by (19), we might deter- 
mine the value of p for any proposed normal section whatever, 
in terms of the radii of these three normal sections and their 
contained angles. 

287. If p, p', be the radii of curvature of any two normal 
sections at right angles to each other, we may prove that 

1111 

- + - = - + -. 

P P Pi Pit 
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Putting in the formula (24)^ a + ^tt instead of ot, and replacing 
p by p\ we have 

1 sin* a cos* a 
+ : 

P Pi P2 

hence - + — = — | — , (25); 

P P Pi P^ 

which shews that the sum of the curvatures of any two normal 
sections at right angles to each other is invariable. 

Cor. Combining this conclusion with the equation (18), 
which gives the values of the two quantities p^^ p^y we see 
that, the system of coordinates being any whatever, 

288. We will proceed to make a few remarks on the 
equation (24). In the first place, it is important to observe 
that p^ and p^ are values of p in the equation (19) corresponding 
to the same sign of the radical P: this will be easily seen if, 
for distinctness of conception, we first take (19) with the positive, 
and secondly with the negative vaJue of P. We shall find in 
both cases that, in arriving at the relation (24), the same sign, 
whichever it may be, has been of necessity retained throughout. 
We must bear in mind, also, that the quantities p^ and p, are 
not necessarily symbols of the mere magnitude of the principal 
radii of curvature, for they may be either both positive, both 
negative, or the one positive and the other negative. The sign 
of p will depend upon that of p^, p^, and the value of a. As a 
consequence of (24), it will therefore foUow that (25) signifies 
that the analytical sum of the curvatures at any point is con- 
stant, the geometrical sum not being subject to such limitation, 
except when p^ and p^ have the same sign. 

When pj and p, have the same sign, then it is evident 
that p will have always the same sign as either of them : this 
shews that all the normal sections at the point in question lie, 
in the neighbourhood of the point, on the same side of the 
tangent plane. 

s 



I 
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Suppose that n>, is less than p, ; then, writing (24) under the 
fonns 1 1 ,1 jv 

- = I sin OL 

P Pi VP, Pa/ 



- = — h COS a ; 

P P. \Pi Pj 



it is plain that 



> - 



1 1 
— < - 



Pi P Pi P 

Pi <Pi P. > Pi 

or that, in absolute value, p^ is a minimum, and p^ a maximum, 
among all the values of p. 

K p^ =3 p, ; then it is evident, from (24), that 



ill 



Pi = Pii 



whatever be the value of a : thus all the normal sections have 
at the point the same curvature, and may all equally be re- 
garded as principal sections. A point of the surface possessed 
of this peculiarity is called an umbilicus. We shaJl enter, 
below, more fully into the examination of these points. 

Next, let us suppose that the principal radii have opposite 
signs : for instance, let p^ be positive and p, negative. In this 
case the curvatures of the principal sections will be opposite, 
so that the surface must lie partly above and partly below the 
tangent plane in the neighbourhood of the point. If we agree 
to denote by p, simply its geometrical magnitude, we shall have 



1 cos*a sin*a 



P Pi P« 

Suppose that a' is the least positive value of a which will 
satisfy the equation 



9 ' • 9 / 

COS a sm a 



Pi 



then, as a increases continuously from — a' up to 27r — a\ it is 

evident that - will be zero and therefore p infinite for the 

P 
following values of a, viz. 

— a', a', TT — a', tt + a', 27r — a. 



ON THE CURVATURE OF SURFACES. 259 

It IS clear also that p will be positive as a varies from — a 
to + a', and from tt — a to tt + a' ; and that it will be negative 
as a varies from a' to tt — a'^ and from tt -h a' to 27r — a!. 

If therefore we draw, in the tangent plane at the point, 
two straight lines inclined at angles — a', 4- a\ or, which cornea 
to the same thing, at ajigles tt — olj tt + a'^ to the axis of a?, 
these straight lines will be the traces of two normal planes 
which separate the normal sections, of which the curvature has 
one direction, from those of opposite curvature. 

It is easily seen from the formula that p^^ is the absolute 
minimum of all the positive radii, and p^ the absolute minimum 
of all the negative radii. Analytically speaking, p^ affected 
by its sign minus, is a maximmn, being the least of the negative 
radii. In the case considered above, where p^ and />, were 
supposed to have the same sign, one of these quantities is a 
maximum and the other a minimum, both geometrically «iid 
analytically^ 

In the <3ase of a developable surface, it is easy to see that 
one of the radii ia infinite : thus, from (23)9 

(.-£)(.-f).„^: 

but, in a developable surface, as we see by putting U and V 
both equal to zero In the equation of Art. (255), 

uv = w'* : 

hence — (w-fv ) = 0: 

P\ />/ 

thus we see that /^^ = oo . Euler^s formula is therefore reduced 

^^ 1 cos^g 

P"" P^ ' 

a result which shews that p has the same sign for all values 
of a, or that the surface, in the vicinity of the point under 
consideration, lies entirely on one side of the tangent plane. 

289. There is a striking analogy between the formula con- 
necting the radius of any normal fiection with the principal 

S2 



I 
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radii, and the relation subsisting between the diameters and 
axes of an ellipse or an hyperbola. In fact, putting 

the positive or negative sign being taken accordingly as /o^, p„ 
have the same or contrary signs, we have 

1 cos'g sin'a 

the equation to a central conic section of which a, J, are the 
semiaxes, and R a diameter inclined at an angle a to the 
direction of a. Thus we see that, if the axes of the conic 
section denote the square roots of the principal radii, the dia- 
meter wiU represent the square root of any radios whatever, 
the corresponding normal section being inclined at the same 
angle to one of the principal sections as the diameter of the 
conic section to one of its axes. 

• 

290. The curvature of any surface at any of its points may 
always be assimilated to the curvature of an ellipsoid at any 
one of its vertices, or of an hyperboloid of one sheet at one 
of its real vertices. Suppose that, in the planes of xz^ yz^ two 
ellipses are described, their centres being in the axis of z at 
a common distance c from the origin, c being a semiaxis of 
both: let the other semiaxes of the two ellipses be a, ft, re- 

spectively, a and h being so chosen that — = p,, — = p . An 

ellipsoid may be constructed, of which a, J, c, are the semiaxes 
in magnitude and position. Let R be the distance of a point 
in the ellipsoid from its centre, the distance of the point from 
the plane of xy being c. Then the radius of curvature (at the 
origin) of the elliptic section of the ellipsoid, made by a normal 

plane at the origin, passmg through this point, will be p' ■= _ . 

c 
Now the equation to the section of the ellipsoid, made by a 

plane through its centre at right angles to the axis of «, gives us 

1 _ cos'g sin*a 
R^ " ~^ "^ "T" • 
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hence, putting for a', J", their values 

respectively, we get 

c cos* a sin* a 



+ 



^'" P. • P 



j» 



, J^ t 1 cos* a sin* a 
but c = —7-; hence — = 1 . 

P P Pi P, 

But^ in relation to the surface, 

1 cos*a sin* a 

- = H- : 

P Pi Pa 

and therefore p = p. 

Thus we see that the radii of curvature of all normal sections 
of the surface and of the ellipsoid coincide both in magnitude 
and in direction; and that, accordingly, the ellipsoid has a 
complete osculation with the surface. As we pass from point 
to point on the surface, the osculating ellipsoid will, of course, 
generally change, not only in form, but in all the circumstances 
of position. 

If we next suppose p^ to be positive and p^ negative, we 
must have, preserving the same notation as in the preceding 
case, and making the sign of p, explicit, 

a* J* 

c being taken positively as before: thus a will be real and b 
imaginary; and consequently the ellipse in the plane yz will 
be changed into an hyperbola, to one branch of which the axis 
of ^ is a tangent and the origin the vertex, this branch lying 
in the negative direction of the axis of z : the osculating surface 
will therefore become an hyperboloid of one sheet, of which the 
ellipse in the plane of xz is the ellipse de gorge. The identity 
of p and p' for the surface and the hyperboloid may be shewn 
just as in the case, already discussed, of the osculating ellipsoid. 
The osculating hyperboloid will therefore indicate the exact 
nature of the curvature of the surface, both in magnitude and 
direction, for every normal section. 
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In the case of a developable surfaoe^ we know that one of the 
principal radii of curvature, p^ for instance, is infinite. The 
axis b of the ellipse in the plane of yz will, therefore, become 
infinite; so that this ellipse will degenerate into two straight 
lines, one coincident with and the other parallel to the axis of y. 
The osculating surface will accordingly, in this particular case, 
degenerate into a right cylinder up<Mi the ellipse in the plane 
of 0^2 as its base* 

It may be remarked that,, in the case when p^ and />, have 
the same sign, we might have taken for the osculating surface, 
instead of an ellipsoid, either an hyperboloid of two sheets or 
an elliptic paraboloid, both of which surfaces are convex as 
well as the ellipsoid. We might also, when />, is negative, 
p^ being positive, have taken an hyperbolic paraboloid instead 
of an hyperboloid of one sheet, either of these surfoces being^ 
equally capable of representing both the magnitude and the 
direction of the curvature. The two surfaces, however, which 
have been selected out o£ the five, will be sufficient for the 
purpose of illustration. 

291. To speak generally, any two surfaces are said to oseuhte 
at a point where they have a common normal, when all normal 
sections made by the same plane have mutual osculation at the 
point. That this may be the case, it Is necessary that the 
principal sections of the two surfaces coincide, and that their 
principal radii of curvature be equal and of the same nature* 
Suppose, in fact, that p, Bj are the radii of the normal sections 
of the surfaces made by any normal plane. Let e be the angle 
between the principal sections of the two surfaces. Then, p,, p , 
being the principal radii of one surface, and B^j B^y of the other, 

1 cos'a sin'a 



P Pi P 



9 



1 cos'(a + e) 8in'*(aH-e) 
B B^ -Bj 

Suppose that B == p^ for aU values of a ; then 

co8*a sin* a co8*(a + e) siu'fa + e) 



Pi P« ^1 ^ 



2 
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putting a = 0, a = ^TT, successively, we have 

1 __ co8*8 sin^e 

1 __ sin'e co8*e 

and therefore 

cos*a cos"s cos*a sin*e sln*a sin's sin'a cos^e 



+ - ^ + r. + 



A ^8 ^I ^2 

COS* (a + e) sin'* (a + e) 

, ^ 2 sina cose sine cosa 2 cosa cose sina sine 
hence = ^ ■ ^ — : 

since this is true for all values of a, we have 

0=.Bm2e(i-i-), 

and therefore Bin2e «** 0, 

a relation which shews that the principal sections of the two 
surfaces coincide. Putting e = 0, we see that 

1--L 1 J_ 

or p^ = i?,, p^ = R^ 

Conversely, it is easily seen, from the formula (24), that, if 
p^ = jBj, p^ = -Rg) e = 0, we shall have also, ^ « /», for all 
values of a. Thus the coincidence of the principal sections and 
the equality of the principal radii are suflScient and necessary 
conditions for osculation. 

292. Umhilid. The radii of curvature of the principal 
sections, and therefore of all normal sections, at an umbilicus, 
are equal, and on the same side of the tangent plane. The 
conditions, therefore, for a point of this nature, are that the 
values oi X — x\ y " y', z ^ z\ in (7), shall be the same both 
in magnitude and in sign for all simultaneous values of 7, m, ti. 
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given by the equations (9) and (10). That this may be the case, 
it is sufficient and necessary that the expression 

P 

of Art. (280), be invariable under the conditions of the problem. 

P 

By the equation (9), the expresrion for - becomes 

- = Z + (JJ-i) ? + {K-L) m\ 

But, if we eliminate n between (9) and (10), it is eacdlj seen 

that, for any arbitrary value of Z*, there are two different values 

p 
of m\ Hence, that — may be constant, we must have, as the 

conditions for an umbilicus^ 

P 

P 
or, writing these formulse in fuU, 



= v+^{Vv' ^Ww'-W) 



(26). 



= ^ + ^ {Ww'^ Uu' -Vv') 

K ?7 = 0, V and W being finite, then the first of these ex- 
pressions becomes u^ and, in order that the second and third 
may not become infinite, we must have 

Vv' - Ww' = 0, 

and then the second and third assume indeterminate forms. 
We may however rescue the formulae from indeterminateness 
in the following manner. 

Since Z7= 0, they become 

Vv'^Ww' W, . , 
Xj — =y(«*-^)+^t 
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and jj = -^ {u — w)'\'U, 

Adding together these two equations, we have 

W V 

and therefore the ccmditions for an umbilicus are reduced to 

Vw + W\ = (F* + TP) w + 2VWv;\ ^^^^' 

In like manner, if F= 0, TFand ?7 being finite, 

and, if TFsa 0, ZJand F being finite, 

Uu' = Vv', \ 
IPv + V^u = (CT' + F*) w + 2£rFw?' j (^^^* 

Suppose that Z7= 0, and F= 0, TF being finite. 

Then, from the equations (27), putting F= 0, we have as 
the conditions for an umbilicus 



w = V, 



vf = 0. 
Similarly, when F = 0, TF = 0, the conditions are 

and, when TF = 0, ?7= 0, the conditions are 

K? = w, 
t?' = 0. 

In order to ascertain the existence of umbilici on a surface, 
we must combine the equation to the surface with the equations 
(26), and determine whether these equations can be satisfied 
by three real simultaneous values of x^ y, 2;, so as not to make 
?7, F", TF, any of them zero; the values of the coordinates 
will in this case determine an umbilicus. If the two equations 
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(26) are equivalent to only one really independent equation, 
tlien this equation, together with that to the surface, will deter^ 
mine a certain curve on the surface of which every point is an 
umbilicus : such a line is called a line of spherical curvaiure^ 
because at each of its points the surface possesses a uniform 
curvature like the sphere. 

Wo must try also whether any one of the eqaatiens (27), 
(28), (29), can be satisfied, when [7, F, or Wj respectively, is 
zero ; the equation (26) being in such cases inapplicable. 

293. We may readily transform our oonditions for tunbilid 
into equivalent ones involving the partial differential coefficients 
of z with respect to x and y. For this purpose we must replace 
Z7, Vj Wj M, V, i€y u\ v\ %o\ respectively, by 

^, J, -l,r, f, 0, 0, 0,«. 

Thus, (26) becomes 

q p Pi^ 



or 



8 



whicli will be the proper relation, unless j? or j be zero. If 
^ or j' bo zero, wo must have respectively, as the requisite 
conditions, ^ ^ q, «=(l + 2")r, 

« = 0, r = (I +/) t 



or 



Kp and q be both zero, then the conditions are 

5 = 0, r = f . 



294. In the case of the ellipsoid, its equation being 

a? f z^ ^ 
■^^ h"^ c^" ^ 



we have 



a 



U 



2^ 2y 



W^ 



2z 



,s > 



a ' 



u 



^ = j., 



0, V = 0, 



W = s 



W = 



c 
0. 



a > 
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It is evident that the equations (26) are not satisfied, 
that r= 0, so that y = 0; then, from (28), 



Suppose 



^(6'-o') = ^(a«-y), 



whence, from the equation to the ellipsoid, 



a? = a 



, g' - y 

a' - c"' 



9 V 

Z = C 






From these relations it appears that there are four umbilici 
on the surface of an ellipsoid, situated in the principal section 
through its greatest and least axes; and that they are the 
positions of its vanishing circular sections. 

225. *The conditions for the existence of an umbilicus may 
likewise be deduced from the consideration that the two roots 
of the quadratic equation 

-ii-,5 + -^+Jl-fc=0 (a) 

H^±. ir-±: Z-- 
P P P 

must be equal. Now, if jET, Kj i, be not all equal, when any 
values of oj, y, Zy are substituted, let K be the mean. It is 
readily seen that one root of the equation must lie between 
H and K^ and the other between K and L, Hence, if the 
roots be equal, tiiey must either be each equal to K^ or we 
must have ff-^ K t=z L 



or 



V 



= ^ + ^(^^^ -Ww'-Uu') 



W 



U V t 



(J), 



* This method of investigating the conditions for umbilici was commu- 
nicated to mo by Mr. Thomson, of St. Peter's College, to whom I am also 
indebted for a knowledge of the formulse themselves. 
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which are the general condltiond for an umbilicus. The former 

P 
condition, that each value of — shall be equal to K^ can only 

be satisfied if F « 0. Now, when any of the quantities U^ F, 
or W^ is equal to zero, the tranaformations of Art. (280), by 
which the products 2fiin, 2n?, Hm^ are eliminated, is impossible, 
or rather nugatoiy ; and therefore, to find whether in any ^ven 
surface there are umbilical points for which any of these quan- 
tities vanish, we should have recourse to the original expression 

P 
for — . However, it is clear that if, making use of this express 

sion, we had found by any other process an equation giving 

P 
the required values of — for any point of the surface, it would 

necessarily have been the same as (a) for general values of 
U^ Vy Wj w, &c., though in a diffisrent form probably. Hence, 
if we can put (a) under a form which is not impossible or nuga- 
tory when any one of the quantities Uy F, Wj vanishes, it will 

P 
give the values of — at any point where such cases occur. 

Thus, let U=0. We may put (a) under the form 

Now we have, from the values of H, Ky Lj 

V*L + W*K = VvD + TT't) - 2 VWti, 
generally. Also, when U=0, 

IPKL = - ( F»' - Ww')\ 
Hence the qnadratic equation becomes, when Z7 = 0, 



= 0. 



-{Vv'-Wwy+L-^iv'w+Wv-^VWu'-iV+W) ~l = 



0. 



or 



/p_ \/p v'w+w*v-2VWu' \ {Vv'-Wto'y 
\p "Jlp v' + w* )- v*+w*~ 
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This must be considered as supplementary to the equation (a), 

giving the value of — for any point where Z7= 0. Symmetrical 

equations apply to the cases where F= 0, or W= 0. Now the 
condition that any equation of the form 

[z — a) (« — 6) = c' 

may have equal roots, is 

(a + 6)* = 4(ai-c»), 

which requires that 

c = and a = b. 

Hence the conditions for an umbilicus, wher^ 

u=o, . 



are Vv' - Ww' = 0, 

V*w + W'v-2VWu' 
a°d M = v*+W' 

Similarly, the conditions for an umbilicus, where 

r=o, 

are Ww' - Du' = 0, 

, TT'm + IPw - 2 WUv' 
and » = fr+lP 

and, where TF= 0, 

and Uu' - Vv' = 0, 

IPv 4 F»« - 2 UVw' 



,(c). 



id): 



ie). 



w — 



TJ^^- V 



Hence, to find all the umbilici of a surface, we must first satisfy 
the general conditions (6) for as many points as possible, and 
we must then try whether there are any points for which any 
one of the special systems (o), {d)^ (e), is satisfied. 

296. In the preceding Article it has been remarked that, 
although in certain cases the investigation of Art. (280) in- 
volves indeterminate operations, yet the equation (18) there 
obtained will be universally true, and that it must be essen- 
tially the same as if it had been found by a process involving 
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no nugatory expressions. *We shaU, however, now give an 
investigation which is at all times free from nugatory operations, 
in order that every light may be thrown upon this important 
equation. 

Wo have to render 
p 

P ^ ^ 

a maximum or minimum, subject to the conditions 

IU+ mF+ nTTsr (J), 

P + w* + n* «1 (c). 

Differentiating (a), (5), (c), and putting e^ «= 0, we get 
Bs (Zm + mw' + nv') dl + [mv + nv! + ?«?') rfw + {nw-k- Iv' + 97iu') dn^ 
^ Idl -^ mdm + wdn, 
= CaZ + Frfm + TTrfn. 

From these equations we obtain, by indeterminate multipliers, 

lu + mu)' + nv' = \l + fi Uj 
mv + nu' 4- ?«?' = Xw -^ f^Vj 
nw -f Zv' + mv! as Xw 4- /t*TF 

Multiplying these equations by Z, wi, n, respectively and 
adding, we have, by the aid of (a), (5), (c), 



Hence 






niw j+ y -j-mu'^fkW. 



If from these three equations we eliminate m aixd n by 
cross-multiplication, we see that the coefficient of I ia gyni- 



• This investigation was given by Mr. Grcathead, of Trinity Colleee in 
the Cambridge Mathematical Journal, for May, 1838. 
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metrical with respect to the coefficients; so that, if we call it 
8j and write 

'- 1 Ml" - f) («-- f) -"'} ^ ''{•'■''■-"•(''- 7)} 



+ 

we shall have also 



+ V\v'w'-u' (u 






P 

P/JJ 

If we multiply these three equations by Z7, V, W, respec- 
tively, and add, we have, by the relation (J), 

- 2VWu' (^ - ^ - ^WUv' (v --Y- 2UVw' U - ^ 
_ CT V ^ F V» - W'w'' + 2 VWvW + 2 TFC/i^ V + 2 ZTFwV = 0. 
This is a quadratic equation in — , with which the equation 

r 

(18) will coincide, when cleared of its fractional form. 

297. Having considered above the properties of the normal 
curvature of surfaces, we will now establish an important 
theorem, due to Meunier, by which the curvature of an oblique 
section at any point of a surface may be immediately obtained 
from that of a normal section at the same point. 

Differentiating the equation to the surface, we have 

Udx + Vdy + Wdz = 0, 
Ud^x + Vd^y + Wd\ •\-udo(?-\- vdy^ -f wdz^ 

+ 2udy dz -f- 2vdz dx 

+ 2w'dxdy = 0. 
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Let R be the radios of curvature of the oblique section ; then, 
by the theory of the curvature of curves in space, (Art. 265), 
we know that, a, ^3, 7, being the angles which S makes widi 
the coordinate axes, 

(Tx = -^ coso, 

ay = -j^ coBPj 

cPz = -^ CO87. 

Hence we get 

1 
= -g (Z7co8a + rco8i8 + Trco87) + &C.2 

but, 6 denoting the inclination of the section to the normal 
plane, ^ ?7co8a + FcosjS 4- ^^0057 

, ^ cos^ « 

hence = --^- + &c. 

It will be observed that the remaining terms of the equation 
are functions only of the partial differential coefficients of 

F{x^ y, z\ and of j7 ? x ' ^5 ^^^^ i^rm^ will therefore 

remain constant so long as tiie oblique section passes through 
the same tangent line to the surface at the point under con- 
sideration. Hence, under this condition, 

cosd , , 

— p- = constant. 

When d = 0, 5 = p, p being the radius of curvature of the 
normal section: hence 

R — pcosOj 

or the radius of curvature of an oblique section is the projection 
upon the plane of this curve, of the radius of curvature of the 
normal section which passes through the same tangent line. 

298. A line of curvature in any surface is the locus of a 
series of its consecutive points, such that the normal at each 
point shall meet the normal at the consecutive one. 
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The equations to the normal are 



X — X V — V z — z 



_y -y __^ - 



U V W ' 

Let each member of this equation be represented by Q, 
Then x' = x-\-QU, 

y'=^y+QV, 

K the consecutive normals meet, x\ y\ z\ will remain 
constant when oj, y, «, and therefore Z7, F, TF, Q^ vary in- 
finitesimaUy. Hence we have 

dx + QdU + UdQ = Oa 

dy^-QdV +VdQ =0,i (30). 

dz +QdW+ WdQ = 0.J 

Eliminating Q and dQ from our equations, we find 
{VdW-WdV)dx + [WdU-'UdW)dy + [UdV-VdU)dz = 0, 

as the differential equation for the lines of curvature. This 
equation, together with the equation to the surface, involves all 
the properties of lines of curvature. The process of integration, 
the differential equation being of two dimensions in dx^ dy^ dz^ 
will introduce into our results an arbitrary constant so involved 
that, when oj, y, 2, are given, it will have two different values. 
If we substitute these two values of the constant in the integral, 
we shall thus get the equations to two lines of curvature passing 
through the given point. 

299. Differentiating the equations (9), (10), (13), considermg 
Z, w, n, variable, and putting dp = 0, which corresponds to the 
determination of the principal sections, we get 

Idl + mdm + ndn — 0, 

TJdl + Vdm 4 Wdn = 0, 

and (Zw+mti?'+nu)rfZH- (int?+nw'-f-Zi£?')c&w+(«t«?+?v'+mM')rf7i = 0, 

or dTJdl + dVdm + dWdn = 0. 

Multiplying these equations in order by ds^ \, /a, adding, and 

T 
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equating to zero the coefficients of dl^ dm^ dn^ we obtain 

dx-\-\U + fidU = 0, 

dy + \V + fulV =0, 

dz +\W + fLdW=0. 

Now, if between these three equations X and /Lt be eliminated, 
it is clear that we shall get an equation coinciding with the 
equation which results from the elimination of Q and dQ be- 
tween the equations (30). From this it is evident that the 
directions, in which the lines of curvature start from any point 
on the surface, coincide with the directions of greatest and least 
curvature, and are therefore at right angles to each other. 

300. That the two lines of curvature, through any point 
of a surface, are at right angles to one another, may be demon- 
strated also in the following manner.* 

We have for the diflferential equation of the lines of curvature 

{VdW^WdV) dx + [WdU-UdW) dy H- {UdV^VdU)dz = 0. 
Now VdW- WdV= {Vv'^Ww')dx + {Vu'^Wv)dy 

+ (Vw^Wu')dz: 
also Udx + Vdy + Wdz = 0. 

Therefore, elimmating dx, 
VdW- WdV= ivu' -Wv-^{Vv' -Ww')\dy 



-+ 



Vw-Wu'-^{Vv'^Wto')\dz 

= - WKdy + VLdz. 

Modifying the second and third terms of the above equation 
similarly, and arranging the result, we find 

U[K-L)dydz + V{L-H)dzdx+W[H-K)dxdy = 0. 

Hence, if ?, w, w, be the direction-cosines of the tangent to 
a line of curvature through any point of the surface, their ratios 

• For this demonstration of the perpendicularity of the lines of curyatuze 
I am indebted to Mr. Fischer, of Pembroke College. 
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are determined by the equations 

J77+ Vm + Wn = (a), 

UiK- L)mn+V{L-'irjnl+ W{H-^ K)lm = 0.,.{b). 

It is readily shewn that two, and only two, systems of values 
of the ratios may be deduced from these equations, and that 
they are all real. Hence, if ?j, m^, w,, and Z^, m^ n^ be the 
values, we may write down the equation (a) for each system; 
and we thence deduce, by a common process, 

U V W 



m^n^-m^n^ nj^-n^l^ l^m^-ljn^ 



(c). 



...(rf). 



Similarly, from (J) we deduce 

U[K-L) ^ V{L-H) ^ W{H-K) 

Therefore, dividing the members of the equations (c) by the 
corresponding members of (c?), we have 

and therefore IJ,^ -f m^m^ + WjWg = 0. 

Hence the two directions of the lines of curvature through 
any point are at right angles. 

301. The identity of the equations for finding the positions 
of the principal sections and the directions of the lines of 
curvature at any point of a surface, points out to us a method 
of finding at once the principal sections and principal radii at 
any point of a surfade of revolution. Let P be any point of 
the surface; M the point where the axis of revolution is 
intersected by a perpendicular let fall upon it from P^ N being 
the intersection of the axis with a normal to the generating 
curve at P. The plane of the generating curve will evidently 
be one of the principal sections, since any two of its consecutive 
normals must meet; and the other principal section must pass 
through the normal PN at right angles to the area of the gene- 
rating curve. The principal radius of curvature of the former 
section will be the radius of curvature of the generating curve* 

t2 
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The radius of curvature of the latter section will, by Meunier^s 
theorem, be equal to the product of PM^ which is the radius of 
the circular section of the surface through P^ and the secant 
of the angle MPN] that is, it will be the line PN. 

302. To find the lines of curvature on centric surfaces of the 
second order. 

Let the equation to the surface be 

a^ y" «' . 
a" c 

The differential equation to the lines of curvature is consequently 

Q^ if 7? 

Let — = ^> f« = ^J "i = w?. The preceding equations become 



a 



tt + t? -f K? = 1 



(*•-«-) I: +(«"-«•) x+(«'-^')£=o. 



du 



dv 



dw 



(1), 

(2). 



Eliminating u from the latter equation, by means of the former, 
we have 



du 



+ 



< 



^^a* b'^c 



dv 



du 



) + «.( 



a'-b* V-<? 



dw 



du 



)-., 



or 



5« - c" = ^ (- c^du^(?dv +aVM + 5Vv) 
dv 



V) 



— 7- (— b^du — h^dw + c^du + <?dw). 
aw ^ 

But, by (1), du -\- dv -{- dw = 0; 

and hence the equation to the lines of curvature may be put 
under the form 



V 



w 



y-c' 



dv dw cfdu + Vdv + (?dw ' 

K from this equation we eliminate du^ we obtain an equation 
of Clairaut's form, of which the integral is found by substituting 



1 
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for -Y- an arbitrary constant. For the sake of symmetry, we 

shall denote this constant by ^; and we must consequently 

substitute g and h for dv and dw in the diflferential equation, 
and therefore also, for du^ —{g + h^y which we shall denote 
by /. Thus we have 

du ^dv __ dw 

7"7~T (3), 

where /+ ff + h = . 

and the complete integral is 

V to 6* — c* 



,(4). 



g h ay+b'g + c'h 

Also, by symmetry, we have for the integrals involving the 
variables w^ u and w, v, 



w u c* — a* 



u V a — 

f-g-ay+Vg + c% 

The manner in which the quantities f^ g^ A, have been intro- 
duced, shews that they represent only one arbitrary constant. 
Any one of the equations (4) may accordingly be written in such 
a form as to contain only one arbitrary constant explicitly ; and 
it will be shewn below that /, g^ A, may be expressed sym- 
metrically by two arbitrary constants, one of which is irrelevant, 
as it enters as a factor in the integral. 

From the equations (4) the properties of the projections of 

the lines of curvature may be readily deduced. Thus, taking 

z^ a? 
the second, and substituting for w^ w, and g^ their values -> , -« , 

and — (/+ A), we have 



«" X or — c 



Let o", 5", c*, be positive quantities in descending order of 
magnitude. Then, unless / and A have opposite signs, this 
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equation cannot be satisfied by any values of z^ scj which satisfy 
the inequality 



T + nf < 1; 



that is, by values which correspond to any point of the ellipsoid. 
Hence we may write the equation as 



where 



i' = m 






(5), 



a = — 






(6). 



• • • f 
Eliminating ^ between these equations, we have 

1 = a — c 

c a 

Hence we conclude that the projections of the lines of cur- 
vature on the plane of greatest and least axes of the ellipsoid 
are ellipses the semiaxes of which 7, a, are connected by the 
equation (6). Thus the construction for describing them is as 
follows. Draw an ellipse, concentric with the ellipsoid in the 
plane ca, with the lines 



-r^\k 



-/.«\i 






as semiaxes. Take any point in this ellipse; draw perpen- 
diculars from it to intersect the axes of z and a?, ajid, with the 
intersections as vertices, describe a concentric ellipse. This 
will be the projection of a line of curvature on the plane ca. 
Also, by giving the point assumed in the auxiliary ellipse 
every possible position in its circumference, we obtain the 
projections of all the lines of curvature. Similar constructions 
are applicable to the projections of the luies of curvature on 
the other two principal planes: and, by taking one or two of 
the quantities a% &*, c*, negative, we may extend the rules to 
hyperboloids of one or of two sheets. 

In the case we have taken, of an ellipsoid, the plane of the 
greatest and least axes being chosen as the plane of projection 
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each curve intersects the consecutive one, and the locus of these 
intersections may be found from (5) and (6) by the ordinary 
process. Thus, by diflferentiation. 



Hence 







a? 


da = 


= 0, 


J* 


, ydy-\- 


a" 


-5" 
a* 


arfa = ' 




c" «" 


^ 




ai' 




V - c» y* 


b^a*' 




'/ 






a' 



^hich gives ^(j._^«)-i = «^(«._5«)-* • 

By combining this equation, first with (6) and then with (5), 
we find that each member is equal to 



2 2 



= r(5-_c«)*H--(a«^&-)*. 



c ^ ' a^ 
Hence - {V-cy + - (a«-&^)i = [a^-c^ (7), 

is the equation to the required locus, which is therefore a group 
of four straight lines (on accoimt of the double signs of the 
radicals) forming a rhombus, of which the diagonals coincide 
with the axes of c and a. 

Thus we see that the projections of the lines of curvature on 
the plane of the greatest and least axes, are ellipses inscribed 
in a rhombus, with their axes coincident with those of the 
ellipsoid. K we consider V^ as not of intermediate magnitude 
between c^ and c*, the equation (7) represents an imaginary 
group of straight lines, which shews that the projection of any 
line of curvature on the plane of the greatest and mean, or of 
the mean and least axes, does not meet its consecutive. 

It may be remarked, with respect to the equations (4), that 
any one of them may be deduced from any other, by combining 
it with the equation 

w + V + ?^ = 1, 
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as 18 easily verified. Also, by multiplTmg the first bj a', the 
second by i", and the third by c*, and adding, we have 

ulV^c^) v[(?^a^) wia^^V) ^ 

which is the symmetrical integral first given by Mr. dUs in the 
Gamhridge Mathematical Journal for May, 1840. This equation 
might also have been found directly, when it was proved that 

du ^dv ^ dw 

by eliminating, by means of these relations, duj dv^ dw^ fromi (2), 
the differential equation to the lines of curvature, which is the 
method followed by Mr. Ellis. 

Without losing generality, we may substitute for f^ g^ A, any 
expressions in terms of two distinct constants which satisfy the 
condition /+^ + A = 0. 

Thus, if we take k and ^ for the constants, we may assame 

or /=A(J«-<^)(a«-,U 

g = k{c'-a*){V-r,\\ (9). 

h = k{a*-h'){<?-riy 
Making these substitutions in (8), we have 

U V *" _ A 

^,^1^,*?-,-' 

Adding this equation, multiplied by 17, to 

a? y* ^ 
we have -5 + ±^' ^- i* = ^ (11). 

This equation shews that the lines of curvature of any centric 
surface of the second order, are its intersections with con- 
focal surfaces of the second order. Since this property is 
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independent of the centre, it follows that it must also be true 
for the case of an acentric surface. 

If the coordinates x^^ y^, z^y of any point in the line of cur- 
vature be given, by substituting these values for Xj y^ z^ in (10), 
which will be a quadratic in 77, we may determine two values 
of this parameter, which, substituted in (11), will give the 
equations to hyperboloids of one sheet and of two sheets con- 
focal with the ellipsoid, which cut it in the two lines of cur- 
vature passing through the given point a;^, y^, a^. In general, 
the equation (11) may be considered as a cubic for determining 
7;, when flj, y, a, have any given real values whatever, a?^, y^, z^. 
The three roots, which may readily be shewn to be real, corre- 
spond to three species of surfaces, confocal with the ellipsoid 
(a, 5, c), which intersect in the point aj^, y^, a^. In the present 
case, when this point is on the surface of the ellipsoid (a, i, c), 
and therefore aj^, y^, a^, satisfy the equation (a), one root oi the 
cubic is zero, and the other two are the roots of the quadratic 
(10), which is the reduced eqimtion. Thus, whether we take the 
form (10) or (11) of the integral, the two arbitrary constants 
may be determined by the solution of a quadratic equation, firom 
the condition that the curve passes through a given point. 

At an umbilicus, 

2 5, a* — J* . 2 2 &* — c* 

and therefore, substituting these values of »,, ^„ «„ for a;, y, «, 
in (8), or 



we see that 



^ + J=0, f+k = 0, 



and therefore, since f+g-\-h = Oy that ff = 0. 
Hence, by the equation (12), 

2^ = 0, 

which shews that the lines of curvature through an umbilicus 
coincide with the section of the ellipsoid made by a plane 
through its greatest and least axes. 
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If, in the equations 

xdx ydy zdz __ 

and (J--..«)-+(e«.a«)|. + (a«-ft«)^ = 0, 

we give to a?, y, «, the values which they have at an umbilicus, 
we see that thej are both reduced to the single equation 

the ratio oi dy to dx or dz being therefore indeterminate. This 
shews that the property of the intersections of consecutive 
normals is satisfied equally in whatever direction an indefi- 
nitely small arc is taken on the surface of the ellipsoid starting 
from an umbilicus. 

This result may at first sight appear to be incompatible with 
our former conclusion, viz. that the lines of curvature through 
an umbilicus coincide with the plane of xz. Conceive, how- 
ever, an indefinitely smaU ring to be described on the surface 
around the umbilicus : firom each point of this ring a pair of 
lines of curvature will start indefinitely nearly coincident with 
the plane of xz. Hence we see that, in whatever direction 
we may start fi:om the umbilicus to this infinitesimal ring, 
the subsequent course of the lines of curvature will be ulti- 
mately the same. 

The student is recommended to consult Leroy's GSometrie 
Descriptive^ for graphic illustrations of the forms of the lines 
of curvature. 

303. K there be three series of surfaces, such that all. the 
surfaces of each series cut the siufaces of the other two series 
at right angles, the lines of intersection of any one of the 
surfaces of the three series, with the surfaces of the two con- 
jugate series, are its lines of curvature. This remarkable 
theorem was given by Dupin, in his DSvehppementa de GSo- 
mStrie^ GinquUme MSmoire, 
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* Let be any point in which three conjugate surfaces 
intersect, and let the rectangular axes OX, F, OZ^ be perpen- 
dicular to the tangent planes of the three surfaces at 0. Let 

^ (»7 y? «) = ^ («)j 

^1 (^7 y^ «) = \ («i)» 

J^\ (^j y^ «) = \ Wj 

be the equations of the three series; and, when proper values 
are attached to X, \^ \^ let (a) be the surface touched by 
YOZ, (aj by ZOX, and (aj by XOY. Hence, when a? = 0, 
^ = 0, « = 0, we have 

F=0, Tr=0, -j 

Tr, = 0, ?7, = 0, (6), 

U^ = 0, F, = 0, J 

the suflSxes of the letters in {b) connecting them with the cor- 
responding surfaces. 

Now, since the system is orthogonal, we must have iden- 
tically 

UJI + V^V + WJV = [ (c). 

Differentiating the first of these equations with respect to a;, 
the second with respect to y, and the third with respect to «, 
putting 0?, y, «, each equal to zero, in the result, and making 
use of the equations (J), we have 

(FJK) + (TFJK) = 0, 

(W;){«') + (C7)K)=0, 

{U)[v\)+{V,) {«')=0, 

the brackets denoting that, in the quantities enclosed, a;, y, z^ 
are equated to zero. From these equations wc conclude that 

The relation {v!) = 0, see Arts. (284, 285), shews that the 
planes of xy and xz contain the principal sections of (a) through 

• This demonstration of Dupin's theorem was given by Mr. Thomson, of 
St. Peter's College, in the Cambridge Mathematical JoumcU for February 1844.. 
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0, and therefore the lines of intersection of (a^) and (aj with 
(a) touch the principal sections of (a) at 0. Now O msLj be 
any point in one of the surfaces (a), and therefore each of 
these surfaces has its lines of curvature traced upon it by the 
surfaces of the series (aj, (a^). Similarly, from the equations 
{v\) = 0, {w\) = 0, it foUows that each surface (aj has its lines 
of curvature traced by (a^) and (a), and each surface (a^) by 
(a) and (aj, which is the theorem to be proved. 

It will be observed that in this demonstration only one sur- 
face of each series has been considered* Hence the theorem 
proved is, that if any three surfaces cut one another at right 
angles along each line of intersection, at any point where all 
three meet, the lines of intersection on each surface will be 
tangents to its principal sections. Dupin's theorem follows 
inunediately from this result. 
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CHAPTER XVI. 



PROBLEMS. 



Prob. 1. Planes are drawn through a given point passing 
through a series of parallel straight lines; to prove that the 
intersections of these planes with a given plane all pass through 
a single point. 

Let the equations to any one of the system of parallel lines be 

T " ^T "" "^r ^^^' 

and let (a', b\ c') be the given point. 

The equation to any one of the planes will be of the form 

^-^ (v-w) +^-^^ (w-u) +?-^ (u-v) = (2), 

where w, v, w^ are arbitrary constants. 

Since this plane contains the given point, we have 

— 5 — iv-w) + iw-u) + iu-v) = (3). 

From (2) and (3), we see that the equation to any one of 
the planes is 

— 5 — (v-w) + ^ (w-n) H (u-v) = (4). 

This equation shews that every one of the planes passes 
through a line defined by the equations 

X —a' y — ^' __ Si — d /-N 

"IT "=~^r~-ir' ^^^' 

a line passing through the given point and parallel to each 
of the system of parallel lines. 

Let the equation to the given plane be 

f + | + '- = l (6). 
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The equations (5) and (6) determine a point in the given 
plane through which every plane defined by (4) passes, or a point 
common to all the traces of these planes on the given plane. 

This proposition agrees with the rule in perspective which 
asserts that ^^ all lines parallel in nature have the same vanish- 
mg point." 

Prob. 2. To find the relations between the coordinates of 
the extremities of three conjugate diameters in an ellipsoid. 
Let the equation to the surface be 

L ^ I s= 1 

a O C 

This is satisfied by 

X = alj y = bm^ z = cn^ 

provided that P + w* + n* = 1 (1), 

and therefore aly bm, cn^ may be taken as coordinates of the 
extremity of a semidiameter r. 
In like manner we may take 

x' = al\ y' = bm\ z' = crij 

under the condition P + rn* + n!* = 1 (2), 

and x" = ar, y" = bm\ z" r= en", 

under the condition r + m'"'+ w"" = 1 (3), 

as the coordinates of the extremity of two other semidiameters 
r and r". 

Now, if we change the coordinate axes, so as to make them 
coincide with r, r , and r", we shall have to put 

al aV at' 

and similarly for the others. If we substitute these values in 
the equation to the surface, and make the conditions that 
r, /, r\ shall be conjugate semidiameters, which involves the 
vanishing of the terms containing the rectangles in the trans- 
formed equation, we find 

11! + mm + nn = 

U" + m'm!' + nV = \ C^)- 

T'l -f m!'m + n'n = 
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The equations (4) shew that 

^^ ■ yy , ^^' n 

^« -t- J. -h c^ -"» 

^' y/ ^j'^;" _ 
^, + J, + ^« -0, 

^2 -t 52 + ^2 -^, 

which are the required relations between the coordinates [x^y^z)^ 
{x\ y\ z')^ {x\ y'\ z"\ of the extremities of three conjugate 
diameters. 

Cor. 1. From the equations (4), we see that (Z, w, w), 
{l\ m', n'\ [l'\ m"y n"), are the direction-cosines of three lines 
which are at right angles to each other. 

Cor. 2. Let (X, F, Z), {X', F, Z% [X'\ T\ Z'% be three 
such points, and li such a line that 

Bl = X, Rm= r, Rn = Z, 

Bl' = X', Bm' = r, JBn' = Z, 

Br = X", Bm" = r ', iZw" = Z" ; 

then, from the above conclusions, we easily see that, if the points 

{X,Y,Z), {X',Y',Z'), {X'\T',Z"), 

be the extremities of three radii, at right angles to each other, 

of a sphere 

a^ + f-^z'^B", 
the points 

faX bY cZ\ faT_ bT cZ\ faX^ hT^ cZ\ 
\B' B' BJ' \B ' B ' Bj' \ B ' B ' B)' 



will be the extremities of conjugate diameters of an ellipsoid 

a? y^ ^ z^ 



V ^ A = 1 



For further information on this subject the reader is referred 
to a memoir by M. Brassine, in Liouville's Journal de Mathe- 
matiques^ Av. 1842. 



288 



PROBLEMS. 



Prob. 3. The sum of the squares of the projectioiis of any 
three conjugate diameters on a fixed line is constant. 

Instead of projecting the diameters on the line directly, it is 
better to project the coordinates of the extremities of each 
diameter, and add them. Now, if X, /t, v, be the direction- 
cosines of the given line, the sum of the projections of the 
coordinates of the extremity of one diameter is 

al\ + bmfjL + cnv : 
similarly, for the other two, we have 

aT\ + bm!fi + cwV, 
af'X + bm"p, -i- cn'v. 

Squaring and adding, and observing that both the axes of 
coordinates and the lines of which the direction-cosines are 
(Z, w, n), {I'y m', n'), (f, m!\ n"), are rectangular systems, we 
shall have for the required sum, 

aV + by + cV, 

which is a constant quantity. 

Prob. 4. The sum of the squares of the perpendiculars 
drawn from the extremities of three conjugate diameters on 
a fixed diametral plane is constant. 

If the equation to the plane be 

Xa; + /Lty -f v« = 0, 

in which X, /.t, v, are the direction-cosines, and if ^, p'^ p"^ be 
three conjugate perpendiculars, 

p = alX -i- hmfi + cnv, 

p = al'X + bm'fi -f cwV, 

p' = al'X + brri'iJL + cn'v^ 
and therefore 

/ H_y« +y« = aV -h &V + cV^ a constant. 

Prob. 5. The sum of the squares of the reciprocals of three 
diameters of an ellipsoid at right angles to each other is constant. 
The equation to the ellipsoid being 

^, + J. + ^, I, 
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and, r being any diameter of which the direction-cosines are 

X = rl^ y = rm^ z = m] 

1 P m^ n^ 

therefore ^ = ~2 + la + "t« 

r a o c 

Similarly for another diameter, 



1 P m'' n' 

— = -1- J L J L 

r, a o c 



I 



and agam _ = ^ + ^ + ^ 



Adding, then, and observing that, in consequence of the diame- 
ters being at right angles to each other, 

P + Z^« + ;^« = l, m« + m,« + m,>l, n' + n^' + n^'=l, 

, 111111 

we nave -^H — 2 + — 2 = -« + T8 + -§- 

r r^ r^ a b c 

Prob. 6. To find the locus of the centres of the sections in 
a centric surface of the second order, made by planes which all 
pass through one point. 

Let the equation to the surface be 

Ax' -f -By + Cz' = 1 (1), 

and a, 6, c, the coordinates of the fixed point through which 

all the planes pass. The equation to any one of them must be 

of the form 

l{x- a) -{■ m[y — h) + n{z — c) =0 (2). 

Now the equation to the line which is the locus of the centres 
of planes parallel to this one are, by Art. (121), 

. ^ = ^ = ^ (3). 

Therefore the coordinates of the centre of the section must 
satisfy the equations (2) and (3). Eliminating ?, m^ n, between 
them, we have 

Ax[x-a) + By[y-b) 4- Gz [z-c] = 0, 

u 
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as the equation to the required locus, which is evidently a surface 
similar to (l), passing through the origin and the given point 

Prob. 7. To find the locus of the intersection of tangent 
planes to an ellipsoid, drawn at the extremities of a system 
of conjugate diameters. 

Let the coordinates of the extremities l>© ^^oj y©? ^o J ^ i V y ^ i 
x^ y^j z^ ; then the equations to the tangent planes are 

Ax^x + Byj/ + Cz^z = 1, 

Ax^x + By^y + Cz^z = 1, 

Ax^x + Byjy H- Gz^ = 1. 

Adding, then, we have 

Now, as the diameters are conjugate, the tangent plane at the 
extremity of any one is parallel to the diametral plane contain- 
ing the other two, and therefore the point of intersection (a?, y, «) 
is the extremity of the diagonal of a parallelepiped of which the 
three diameters are conterminous edges. Now the projection 
of the diagonal on any line is equal to the sum of the projections 
on the same line of the three edges terminated at one extremity 
of the diagonaL Hence, making the three axes in turn the 
lines of projection, we have 

aj = aj, + aj, + i»^, y = y,^-y^^y^, « = «o + «i + ««. 

Substituting in the preceding equation, it becomes 

Aa^^-Bf-^- C^ = 3, 

which is the equation to the required locus. It is obvious that 
this is an ellipsoid concentric with and similar to the original 
one, and that its axes are greater in the ratio of \/3 to 1. 

Prob. 8. If, at a point P in a curved surface, a tangent 
plane be drawn, on which a perpendicular F be drawn from 
a fixed point ; and if, in F, a point P' be taken such that 
OP.OY =1<? (a constant), the locus of F will be a surface 
such that the perpendicular from on its tangent plane at P 
passes through P, and, if the length of this perpendicular be 
F, there exists the relation OP. OT == k\ 
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Let the coordinates, measured from 0, of P, be (a:, y, a), those 
of P', [x\ y\ z') ; then, if <f> be the angle between OP and F, 

Z;« = OP.Or= OF.ORcos6 = OF.OP.'^^l^^ 

^ OF, OF 

= xx + ^y + ««' (1). 

Now, if P(ar', y\ z) = (2) 

be the equation to the locus of P', and if ^^ be the perpendicular 
from on Its tangent plane, 

, dF , dF , dF 



^? TSFy /^\ 

.dx'j "^ Uyy "^ U^v I 

DiflFerentiating (1) and (2)^ considering a;, y, «, ar, y, a', as all 
variable, we have 

x'dx + yc?y + z'dz + Qcdx' + ydy' -i- «tfe' « (4), 

_^+_^y + _^=0 (5); 

to which, if /(aj, y, «) = be the equation to the given surface, 
we have to join 

l'^ + |'^^ + l'^ = ^ («)5 

X (5) + /A (6) - (4) gives 

Now, since the directions of OF and Y coincide, it follows that 

rJ • 4/ • »' • • *^ , • «^ • _;l • 

^ ax ay dz 

hence, putting /jl -^ — x =0j 

we must have also 



e£z; 






U2 
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and the equation (7) is reduced to 

and therefore, x'j y\ z\ being subject to only one equation (2), 

we may equate the coefficients of dx\ dy\ dz\ to zero, and thus 

we have 

dF dF dF 

this proportion shews that the line, of which the direction-cosines 

are proportional to a?, y, z^ coincides with that of which the 

' ,. . ^' ^ . dF dF dF ^^ . ^ 

direction-cosmes are proportional to -^-7 , -7-, , -7-; ; that is, that 

OP and OY "coincide in direction, or that OY* passes through P. 
Also, from (3) and (8), we have 

__ Qcod + yy' + zJ 1^ 

or p^r = yfc«, that is, OROY' = R 

Surfaces related to each other in the manner described above 
are called reciprocal surfaces by Professor Maccullagh, who, in 
the Transdctiona of the Royal Irish Academy^ vol. xvil., has 
investigated many of their properties, and applied them most 
ingeniously to researches in the Theory of Light.. 

If the original surface be an ellipsoid, the reciprocal surface 
will also be one — such that the products of the corresponding 
axes are equal. 

Prob. 9. A straight line moves so as to have three of its 
points constantly in three fixed planes; to find the surface 
traced out by any other point. 

Let the equations to the fixed planes be 

te + my + W2; = 0, I'x + my + n'z = 0, I'x + m"y -f- ri"z = 0. 

Let a, &, c, be the distances of any assumed point (a?, y z) in 
the line from the three points which are to rest in the three 
planes. If the coordinates of these points be a, )8, 7 ; a', /3' y • 
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a", ^", y ; and the direction-cosines be X, /Lt, v, the equations 
to the line may be put in three forms 

X — a _ y — P _« — 7 _, 

\ fJb V ^ 

X — a _^y — p z ^ f^ _^ 

r = C. 

But the coordinates a, ^, 7, &c. must satisfy the equations to 

the planes ; hence we have 

1 

tK + myb + nv = - (& -f iny + nz)^ 

I K -\- ra yi, -\- n v = — {I x + m y + n z). 

From these we can determine X, /a, v, in the form 

X = ^aj+5y + C^, fi = A'x + B'y + C'z, v = A"x+B"y'\-C"z^ 

where the coefficients of Xj y, z^ are functions of a, J, c, and of 
the direction-cosines of the fixed planes. Hence, observing that 
X^ H- /Lt* + v* = 1, we have 

{Ax + By-\- Czf + [A'x + B'y 4 C'zf + {A"x + B"y + C"^)" = 1, 

as the equation to the required locus, which is evidently a 
centric surface of the second degree. 

Prob. 10. If, through a fixed point 0, any three chords 
AA\ BB\ CC\ be drawn in a surface of the second order, 
the locus of the intersection of the plane passing through 
-4, 5, (7, with that passing through A\ B\ (7', is a plane. 

Take as the origin, OA^ OB^ OC^ as the axes of a:, y, « ; 
the equation to the surface being 

Aa?+Bf^Cz^^2A'yz^-2B'zx^2C'xy+2A"x-^2B"y^2C"z+E=0 

(1). 
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Now, i[OA = a,OB= b, 0C== c, OA = a', OB' = b\ 0C' = c'; 
the equation to the plane ABC is 



and that to A'B'C is 



a o c ' 



» 1^ 7/ 1^ / ■■■• 

a o c 



When the planes intersect, we may combine the equations 
in any way we choose: adding them, we have 



X 



G+^)+Kf+*-')+'G+J)=^- 



This is a relation between the coordinates of the line of 
intiersection, and it may also be considered as the equation to 
a plane in which that line lies. We have now to shew that 
it remains fixed in position when the position of the chords 
is changed, the point remaining the same. For this purpose 
we observe that a and a', being the intercepts on the axis of x 
between the origin and the smface, are the roots of the equation 

Aal" + 2A"x + ^ = 0, 

derived from the equation to the surface by making y = « = 0. 
Hence, by the known relations between the roots of an equation 
and its coefficients, 

1 1 _ 2A" 

a a E ' 

In like manner we find 

h'^h'^ E ' c'^ c" ~E~' 
Substituting these values in the equation to the plane, it becomes 

A"x + B"y + C"z + E=:0 (2) 

Now, if we were to change the position of the chords passing 
through 0, we should in fact be simply changing the direction 
of the coordinates without altering the origin. The substitu- 
tions for effecting this transformation are linear, or of the form 

X = ax' -^ by' -^ cz ; 
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and therefore the groups of the terms of the first and second 
degrees in the equation (1) will change independently of each 
other, the constant term not being altered. Consequently the 
equation (2), which involves the same constants as the last four 
terms of (1), will experience the same change from the trans- 
formation of coordinates as it would do if it were deduced from 
(1) after the transformation had been there effected. Conse- 
quently the position of the plane (2) remains the same when 
the coordinate axes are changed, or it is the locus of the lines 
of intersection of the planes passing through the extremities of 
the chords. 

Prob. 11. If there be two homofocal ellipsoids, 

and we take in one two points, P[x^ y, z) and Q (f, i;, 5)? and 
in the other two points, F (a?', y , z) and Q (f ', 17', ?'), so con- 
nected, that 

^""7~|"" y^W^^' ?"7"f' 
then shall Pg = F Q. 

Eliminating a?', y\ z\ |', 1;', f, by means of the preceding 
relations. 

But, as the surfaces are homofocal, 
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hence 

Since Xj y, «, f , i;, f, are coordinates of the ellipsoids, the 
second side vanishes, and we have 

[FQf - {PQY = 0, or FQ = PQ. 

Prob. 12^ To find the locus of the middle points of all the 
chords in a centric surface of the second order, which pass 
through a given point. 

Let Ax^^B^^ Cz^ = D ^l) 

be the equation to the smface, and 

X — a y — h z " c ,. 

—j— = ' = (2), 

the equation to any chord passing through the fixed point a, ft, c. 
Then, if aj^, y^, z^^ x^j y^^ z^^ be the coordinates of the points 
where the chord meets the surface, we have, from (2), 

^lZ15 = 2^J:iI^« = 5 Jli? (3) 

I m n ^ '^ 

and, from (1), the two conditions 

Ax^ + By^ 4 C«,' = A Ax: + %." + (^< = D ; 

whence A « - x^) + 5 (y,» - y^) + C (z^ - O = 0. 

Dividing each term of this last equation by the corresponding 
members of (3), we have 

Al{x^-hx;) 4 Bm{y^^-y^) + Gn[z^^-z^) = 0. 

Now, if x\ y\ z\ be the coordinates of the middle point of the 
chord, 

x=^i^[x^+x^, y=\(y,+y,\ «' = i(«, + ^«), 

and the last equation becomes 

Ahc + Bmy H- Gnz = 0. 
But a?', y\ z\ satisfy the equations (2), so that 

x' ^ a __y — b _z' — c 
I m n ' 
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Hence, eliminating Z, m, %, between the last two equations, we 

find 

Ax'{x'-a) + By'[y'-b) + Cz' [z'-c) = 0, 

as the equation to the required locus, which is evidently a 
surface similar to the original one, passing through the origin 
and the fixed point. 

Prob. 13. To find the equation to the surface which is 
described in the following manner: 

At the middle point of every central plane section of an 
ellipsoid, a normal to the plane is drawn, and along this, in 
the same direction, are measured lines equal to the semi- 
axes of the section. The extremities of these lines will trace 
out a surface of two sheets, which is the one in question. 

By Art. (122), the semiaxes of a section of an ellipsoid 

2 2 2 

X y z 

s ' x« ~ jt ^f 

a c 
made by a plane he + my + n« = 0, are given by the equation 

r' - a^ + ^^ _ i'- -^ r' ^c' " (^)- 

The equations to a normal to the plane through the origin are 

I m n ^ ^ •' 

and if along this normal we measure distances equal to the 
semiaxes of the section, p, being the length of either distance, 
must be a root of the preceding quadratic : or we may take it 
as equal to r\ eliminating, then, Z, m, n, between (1) and (2), 
we have 

3 2 2.2 2 2 2 

oirx ^ by ^ cz 

r^ — c" 



2 2 "•" 2 L2 ""2 2 ~~ "l 



as the equation to the surface. K we put for r* its value 
of '\- y^ -^ 2*, and get rid of the denominators, the equation to 
the smface becomes 

[g^j^y'j^z^){d'x^j^Wf^c'z^)--a^^^^c^)^--V^ 

+ a«iV = 0. 
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This is Fresnel's constraction for the Wave Surface in the 
Theory of Light. 

Prob. 14. To find the condition that a plane shall touch 
a surface in two consecutive points. 

The equation to the tangent plane at any point a:, y, «, is 
Uai + Vy' + Wz' =: Ux + Vy + Wz. 

Let the right-hand member of this equation be represented 

by P: then, if the plane touches the surface in two consecutive 

U V W . 
points, -p, -p'i -p-'i will remain constant while we pass from 

the point x^ y, a, to the consecutive point. Hence 

dU _dV _dW _dP 
U V '^ W F' 

Effecting the differentiations, and denoting each member 
of this multiple equation by dQj we get 

dU= udx + w'dy + vdz = UdQj 
c?F= vdy -f udz -\-w'dx^ VdQ^ 
dW= wdz + v'dx + u'dy = WdQ. 

Eliminating dy and dz by cross-multiplication, 

Rdx^ {U{vw'-u^) + V{uv-ww') + W[wv; --w')} dQ, 
where R = uvw — [uu'^ + W* + wv)^) •+ 2uvw\ 

a symmetrical function of w, v, w^ u\ v\ w. Similarly, we 
must have 

Bdy ={V {wu- v") + W[vw-uu) + U[uv-ww')} dQ^ 
Edz^\w \uv - w") + TJ [wu - ml) + V[vw - uv!)] dQ. 

But, from the equation to the surface, we have also the 

condition 

Udx + Vdy + Wdz = 0. 

Hence, multiplying the previous equations by Uj V W 
respectively, and adding, the former member of the resulting 
equation disappears by the last condition, and we have for 
the required condition, 

U^ {vw - u') + V' {vm - v'^') + W^ [uv - w'^) 
+ 2 VW{v'w' - uu') + 2 WU{wu' - W) + 2 UV[u'v' - ww') = o. 
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This equation, combined with that to the surface, will determine 
a locus of points such that the tangent plane at each point 
touches the surface also at a consecutive point. 

It may be observed that this consecutive point does not 
generally lie in the locus. 

The equation may be expressed more briefly in terms of 
the partial diflerential coefficients of z taken with respect to 
X and y. Conceive the equation to the surface to be put under 
the form f[x,y)-z^Oi 

then U = ^} ^=?j TF=— 1, w = r, v = t^ w = 0, 

u =0j V =0^ w =s: 

substituting these values in the equation, we reduce it to 

rt-8^ = 0. 

Greathead : Cambridge Mathematical Journal^ vol. II., p. 22. 
Salmon: Cambridge and Dublin Mathematical Journal^ 
vol. III., p. 44. 

Prob. 15. To find the condition that the two principal radii 
of curvature at any point of a surface may be equal and have 
opposite directions. 

Under the circumstances of the problem, the values of p 
given by the quadratic equation in Art. (296) must be equal 

with opposite signs: the coefficient of - must therefore be 

equal to zero. Hence the required condition is 

= 'iVWu + 2WUv + 2UVw'. 
If the equation to the surface be written under the form 

then, by the process stated in Art. (278), the condition assumes 

the form 

(l+2')r + (!+/) < = 2py«, 

a formula given by Dupin in his Developpem£nts de Giometrte^ 
p. 188. 
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Prob. 16. To prove that, in a surface of the second order, 
the principal radii of curvature have at all points either always 
the same or always opposite directions. (Dupin, DSveloppenwnts 
de GSomStrie^ p. 195). 

The equation for the determination of the two radii of cur- 
vature at any point is 



V 



+ 



F« 



+ 



W 



P ' T ' P 

H-- iT-- L-- 

9 9 9 



= 0. 



(1). 



Now the equation to a surface of the second order may 
always be expressed in the form 

Hence U=AxA-A, V=Bif + B', W = Cz + C, 
u = A, V — B, w = C^ 

u =0, v' = 0, w' = 0. 

Hence, by Art. (280), 

H=A, K=B, L = C, 

and therefore (1) becomes 



U' 



+ 



P P 

A-- B-- 

P P 



7« IF" 

+ R = 0. 



G- 



If we clear this equation of fractions, the last term of the 

. . P . 

quadratic in — will have the same sign as 

WBG+V'CA-\-WAB 

= {Ax-\-AJ BC + [By + B'Y GA + {Cz+C'y AB 

= ABG {Aa? + Bf + (7a" + 'iA'x + ^B'y + 2 C'z) 
+ A'BG + F^'GA + CAB 

an invariable quantity. Thus the two principal radii of cur- 
vature have the same direction at all points or opposite direc- 
tions at all points. 
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Pkob. 17. To prove that a sphere described from the origin, 

with radius 

dbc 

be + ca '\- ab^ 
will touch the surface 

in umbilical points. 

Suppose Xy y, «, to be a point of contact between the two 
smfaces : then, ?, tw, w, being the direction-cosines of the tan- 
gent plane to the surface at this point, and \, ft, v^ of that to 
the sphere, we must have 

\ _ ft _ I' 
I m 71 ' 

and therefore a^x =by = c z^ (1). 

But, since, from the equation to the surface, we see that 

2 1 2 1 2 1 

w = — - ^ V = — , w? = — - 



ax by cz 

u' = 0, V = 0, w = 0, 

we have, from the conditions for umbilical points, equations 
coinciding with (1). The sphere therefore touches the surface 
at such points. 

From the equation to the gurface, combined with (1), it 
is easy to ascertain that 
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33. A PLANE is a surface traced out by a straight line, the 
generator^ which moves in such a maimer as always to pass 
through one given straight line, the director^ a&id to remain 
parallel to another. 

Let be the intersection of the director and generator in 
any position of the latter, P any point (aj, y^ z) in the generator, 
C a given point (a, ^, 7) in the director. Let Z, w^, n, be the 
direction-cosines of 0(7; ?, m\ n, those of OP; /, m^ w, are 
given, as also, OP being always parallel to a fixed line, T, tw', n'. 

Since the projection of a line joining the points (7, P, is 
equal to the sum of the projections of the parts of the broken 
line COP^ upon each of the axes, we have, r, /, representing 
(70, OP, respectively, 

a; — a = Zr + ZV, y — ^ =i mr + m'r^ z — y =^ nr -j- rir. 

Eliminating r, r\ between these three equations by cross- 
multiplication, we have 

[mn--mn) (x-a) + [nl-nV) (y-)8) + [Vm-lm) (« — 7) = 0. 

Since x, y, z^ are the coordinates of any point whatever of 
the generator in any position of the line, this is the equation 
to the locus of the generator, that is, to the plane. 

34. Let S represent the perpendicular distance of the origin 
of coordinates from any plane. Let a:, y, «, be the coordinates 
of any point whatever in this plane, and \, fi^ v^ the inclinations 
of S to the axes of coordinates. Now it is evident that the 
sum of the projections of the parts a?, y, z^ of the broken line 
a; + y + ^?, upon S, is equal to S. 
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Hence we see that 

X cosX + y cos/Lt + z cosv = S, 
which is the equation to the plane. 

Let a, J, c, be any given point in the plane: then, a, J, c, 
being substituted for x^ y, «, we see that 

a cos\ + h cos/Lfc + c cosi/ = S. 

43. The form J^a; + ^^?/ + ^/ = 3F, 

for the equation to the plane may easily be obtained in the 
following manner. 

Let the equation to the plane be 

X cos\ + y cos /A -h z cos v = S. 

Let A represent the area of the triangle formed by joining 
the three given points. 

Multiplying the equation to the plane by A^ we have 

x.A cosX + y>A cos ft + z.A cosi/ = hA. 

But A cosX = A^^ A cos fi = A^^ A cos v = -4,, BA ^ 3V. 

Hence the equation becomes 

A^x -h A^ -h A^z == 3V. 

48. To find the length of the perpendicular drawn from 
a given point on a plane, the equation of which is given. 

Let x\ y'y z'y be the coordinates of the given point, and 

Ix + my + n;? = S, 

the equation to the plane, Z, f?i, n, being its direction-cosines, 
and S the length of the perpendicular drawn to it from the 
origin. 

The equation to a plane parallel to tlhis and passing through 
the point x\ y\ z\ is 

he + my + w« = S' = &' + my' + nz\ 

The length of the required perpendicular is equal to the 
distance between the two planes, 

= ±(S-S') 

= ± {8 — {Lc -f my + nz')\ 
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CoH. Suppose the equation to the given plane to be ex- 
pressed in the more general form 

Ax -\' By -\- Cz = D. 
Then we may put 

A = kl^ B=^kni^ C = kn, D:=kSi 
whence A' -\- B' + G* = i?. 

Thus the required length is equal to 

49. To find the length of the perpendicular from a given 
point on a given straight line. 

Let the coordinates of the given point be x\ y'^ z*^ and the 
equations to the given line 

X — ay — Bz — y 

—J- ^- -^ -^r (1). 

The equation to a plane passing through the point (a:', y\ z') 
and cutting the line at right angles, is 

l[x—x) + m[y — y) + n [z — z') = (2). 

Let D be the required distance : then, (a?, y, z) representing 
the coordinates of the intersection of (1) and (2), it is plain that 

ly = [x-a^f + {y-yy + [z-zy (3). 

From (1) we have 

X — x' = Ir -\- a — x\ x 

y-y' ^fnr^-^-y\ \ (4)^ 

z — z! — nr-\-y — z^ J 

and therefore, by (2), 

r = Z(a;'-a) + m(y -^9) -\-n{J-i) (5). 

From (3), (4), (5), 

+ r' - 2r {Z(aj'-a) + m{y' - fi) + n (0' - 7)} 
This result may be obtained also concisely in the following 



manner. 



APPENDIX. 305 

Let »', y\ z\ be the coordinates of the given point P; 
a, y8, 7, those of a given point G in the given line. PQ^ meet- 
ing the given line in Q at right angles, is the required length. 
Join CP. 

J£ l^ m^ n^ be the direction-cosines of CQ; then the pro- 
jections of CP upon the coordinate axes are 

x'-.a, y-^, «'-7; 

the projections of these upon CQ are 

Z(aj'-a), 7n(y-^), ^(^'-7), 

and their sum Z (oj' — a) + w (^' - y8) + w [z — 7) 

will be equal to the projection of CP upon CQ^ that is, to CQ 
itself. 

Henc^ 

= (a:'-a)«+ (y- y3r -h (i5'- 7)«~ {Z(a:' -a) +m(y-)8) +7i (;.'-7)}«. 

50. To find the perpendicular distance between two straight 
lines not in the same plane. 

Let one of the lines pass through a given point (7, of which 
the coordinates are a, y8, 7, the direction-cosines of the line 
being Z, w, n. Let the other line pass through C", the coor- 
dinates of which are a', /8', 7', and let its direction-cosines be 
I'j m', n\ Let the required perpendicular distance cut the 
lines in P, P, and let \, ft, v, be its direction-cosines. 

Then, PP being perpendicular to both the lines, the pro- 
jection of (7(7 upon PP is equal to PP. Hence 

FF^X [a-a') + m {fi-ff) + v (7- 7') (1). 

But, by the conditions of perpendicularity, 

tk + mfi + wv = 0, r\ + m'fi + nV = 0, 

and therefore, 

^ - f^ - ^ =, (.), 



mn — mn nV '- nl Im — I'm 

p representing the value of each ratio. 
Hence, by the equation 

X« + ^« + v^ = 1, 



I 
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we see that 

/>* {{mW'-m'ny + {nV ^n'Tf + (Zm'-fm)*} = 1 (3). 

From (1), (2), (3), we see that 

pp, _ (^n - mn) (a - a) + (n?- nT) (i8-/y) + (Zw' - l^n) {y - j) 

■" [[mr^ - w'w)' + (nf - niy + [Im' - Tw)*}* * 

52. To find the equations to the straight line -which cuts 
at right angles two given straight lines. 

Let the equations to the given lines be 

X — oL^y — P^z — y 
I m n 



= »• (1), 



x-a _ y - ^ _ z-j _ ^, 
I 7n n 



= ^ (2). 



Let X, F, Z, be the coordinates of any point whatever in 
the line which is normal to both ; (ar, y, z) and (a?', y' ^ «') being 
the points in which this normal cuts (1) and (2) respectively. 

Now the projection of the distance between (JT, Y^ Z) and 
(a?, y, z) upon each of the lines (1) and (2) is zero. Hence 

l{X-x) + m(Y-y) + n^Z-'Z) = 0, 
l {X-x) + W (F-y) + ri [Z'-z) = 0, 
and therefore, by (1), 

Z(X-a) + m(F-y8) + n(Z-7)=r, 
and, 6 being the inclination of (1) to (2), 

r(Z-a) + m'(F-y8) +7i'(Z-7) = {W + mm' -^ nn') r 

= rcoQd, 
Eliminating between the last two equations, we have 
(r-fcos^)(X-a)+ (m'-wcos5)( F-i9) + (w'-ncos5)(^^ry)=o...(3). 

Similarly, by projecting the distance between ( JT, Y 2!) and 
(a;', y , z*) upon each of the given lines, we shall get 

[l-Vcose) (X- a')+(m- m'cose)( F-i9')+(w-n cos^) (^~ 7')= 0. . . (4). 

The equations (3) and (4) are those to the conunon normal of 
the two given lines. 
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V 

i 



176. The equations 



X — X V — V z — z 



y -y __^ - 



dx dy dz 

to the tangent line may be determined directly in the following 
manner. 

Let a straight line pass through the two points (oj, y, «), 
(ajj, y^^ «J, of the curve: then its equations will be, a;', y'^ z\ 
being its current coordinates, 

Qc — X y' — y z* — z 

^1 - «^ ~ 2^1 - y " ^1 - ^ " 

Suppose the second point to move up indefinitely near to 
the first, when a;^, y^, z^^ will approach indefinitely nearly in 
value to a?, y, z^ respectively : then, in the limit, the line will 
become a tangent at (a;, y, 2), and 

x^ — X \ y^ — y X z^ — z :\ dx \ dy \ dz. 

The equations to the tangent line are therefore 

x — X __y — y ^z — z 

i* 292. The following independent proof of the formula (27) 

j may be given. 

Since ?7= 0, we have, from (9) and (10), 

V 

and therefore 

p W ^ ' W W W 

Now, for one value of m'*, there are two values of Im \ hence 
the coefficient of Im must be zero ; this being established, it is 
•V obvious also that the coefficient of m^ must also be zero, m^ 
I being variable. Hence, when ?7= 0, we have the conditions 

Vv' = Ww, V'w •^W'v=[ V' + W) u-\-2 VWu'. 

Suppose that F= 0, W =0. Then, from the equations (9) 
and (10), ; 3= 0, m^ + n^ = 1, 
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and therefore 

P 

- = m^v + n*w + 2mnu' 

P 

= V + («r — v) n* + 2mnu\ 

Now, for one value of w*, there are two values of mn : hence 
the coefficients of n* and mn must each be zero. We have 
therefore, as conditions for an umbilicus, when 1^= and W=0 

V = Wj u' = 0. 



To find the partial differential equation to skew surfaces 
generated by the motion of a straight line which always passes 
through three given directors. 

In the following investigation we shall use an abbreviated 
notation for the partial differential coefficients of z with regard 
to X and y, as'derived from the equation to the surface. Let 

dz dz 

be denoted by », g' ; 

d^ d^ (Pz 

d^' dxdy' df' 
by ^, ^, s ; and 

d^ d^ d\ d^ 

dx'' dx'dy' dxdf ^' 
by w, w', V , V. 

Let the equations to any one of the rectilinear generators be 

y^^z^h] W- 

Now, z being a function of x and y in the surface, we have 

dz =pdx + qdy (2). 

Suppose that dx^ dy^ dz^ are taken on the supposition that 
X 4 dx^ y 4 dy^ z + cfe, is a point in the generator (1) conse- 
cutive to the point x^ y^ z\ then, from (1), a, /8, 7, S beinff 
constant throughout the same generator, we have 

dx = owfe, dy = ^dz^ 
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and therefore, by (2), 

1 = op + ^j. 

Differentiating this equation twice on the same hypothesis, we 

see that 

= a*r + 2aPt + ^s (3)r, 

and = o?u + Sa'ySt*' + ^a^v' + ^v ....(4). 

Multiplying (3) by a, ^, successively, we have 

= aV + 2o?^t + a^'a (5), 

and = a?pr + 2a^t + ^8 (6). 

Multiplying (4) by rs^ and then eliminating a^, ^, by means 

of (5) and (6), we shall get, dividing the resulting equation 

by a/3, 

a (3rW - 28tu — r\) 

+ fi {Srsv' - 2rtv - s'u) = (7). 

Eliminating a and ^8 between (3) and (7), we obtain 

r [Srsv' - 2rtv - s^f + 8 [%rsu - 28tu - r'vy 

= 2t {Sr8u - 2stu - r^v) {Srsv' - 2rtv - s%). 

By simple multiplication and the incorporation of like terms, 
we shall arrive at the partial differential equation 

uV + vV + 9r5 [u'^s + v'V) + 2uvt {Srs - 4^) 

+ 6 (2^ - rs) {uv8 + vu'r) - 6< (W/ + vv'r^) - 18t*Vr«^ = 0. 



To prove that the normal at an lunbilicus will intersect the 
normal at any consecutive point. 

The differential equations to the lines of curvature are 

Udx + Vdy + Wdz = (1), 

and {VdW-^WdV)dx+{WdU-'UdW)dy-{'{UdV-VdU)dz=0 

(2). 

But 

VdW-WdV^ V{vdx + udy + wdz) - W[w'dx + vdy 4- udz) , 

WdU --UdW^^ W[w'dy + vdz + udx) - U{v:dy +wdz + v'dx\ 

UdV - VdU = U{u'dz + wdx + i?Jy) - F(v tfe + udx + w?Wy). 
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Hence the equation (2) becomes 

dal' [Vv' --Ww') + df{Ww'-Uu') -I- dz'(Uu'^Vv') 
-hdydz{ Wv' - Vw^- U[v - w)] 
+ dzdx{Uw-Wu+V{w'-u)} 

+ dxdy{Vu " Uv'-\-W{u-v)} = (3). 

Now, from (1), we see that 



da?^'- 



j^{Vdy+Wdz)dx, 



rfy = - y{Wdz-^Udx)di/, 



dz* =:-- 



r=:{Udx-\-Vdi/)dz. 



Hence, substituting these expressions for do^, c?y, cfe*, in (3) 
we get, adopting the notation of Art. 280, 

^i^-L) + i:{L-H)+^iH-K) = (4). 



dx 



dy 



dz 



This equation and the equation (1) are differential equations 
to the lines of curvature. At an lunbilicus 

and therefore the equation (4) becomes an identical equation. 
Thus the differentials dx^ dy^ dz^ are subject to oidy one 
equation, and therefore the position of the point, consecutive 
to the umbilicus, the normal at which intersects that at the 
umbilicus, is arbitrary. 



THE END. 
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